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PREFACE

Quantum Probability was initiated by von Neumann as a new, intrin-

sically probabilistic Hilbert space theory of operator observables. Starting

with the 80’s of the last century the field was greatly enlarged and devel-

oped into a non-commutative analogue of Kolmogorov’s theory of stochas-

tic processes. One of its aims is to clarify the probabilistic foundations of

quantum theory and its statistical interpretation. The basic problems cen-

tre around non-commutative independence (including freeness), quantum

dynamic dependence (entanglement) and quantum stochastic dependence

(non-commutative Markov processes). Quantum Probability is now a het-

erogeneous subject with many connections to other areas of mathematics

and physics. On the pure mathematics side, it interacts with infinite dimen-

sional functional and non-commutative harmonic analysis, operator algebra

and operator space theory, non-commutative dynamics, non-commutative

K-theory.

The first results on Quantum Information and Quantum Statistics date

back to Stratonovich in the 60’s and Helstrom, Belavkin and Holevo in

the 70’s. In the 80’s Belavkin developed the dynamical theory of Quantum

Feedback Control based on quantum probabilistic foundations. Currently,

these fields enjoy a rapid expansion and have a direct impact on techno-

logical advances in Quantum Physics and Engineering. Significant applica-

tions to physics include quantum metrology, control of quantum networks,

validation of quantum state preparation through statistical inference. The

most recent advances along these lines are based on quantum stochastic

filtering theory as application of quantum stochastic calculus, all developed

in Nottingham and presented in this volume. Quantum filtering describes

the interface of classical events with quantum mechanics in the new Even-

tum Mechanics, the information dynamics based on constructive quantum

stochastic models of the unified quantum-classical mechanics. It gives the

dynamical solution of the long standing quantum measurement problem,

resolving many famous paradoxes of quantum physics.
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The Quantum Probability, Information and Control Symposium was or-

ganised during July 15-24, 2006 as the reunion of two closely related con-

ferences. Quantum Probability and Applications - QP 27, was the last of

a series of network events of the EU Research Training Network ‘Quantum

Probability and Applications to Physics, Information and Biology’. The

second event was dedicated to Quantum Information, Quantum Statistics,

Filtering and Control - QIC and was supported financially by the London

Mathematical Society and the Engineering and Physical Sciences Research

Council. The 60’s birthday of Professor Belavkin was celebrated in a spe-

cially dedicated session.

This proceedings volume contains a broad and representative selection

of papers on subjects ranging from Quantum Control, Statistics and Prob-

ability, to Operator Algebras and Non-commutative Analysis. The unifying

paradigm is the further integration between well established classical fields

such as Information Theory, Filtering and Control, Statistical Inference,

and their quantum counterparts, using the language of Hilbert space op-

erators and the probabilistic interpretation of quantum mechanics. This

synthesis is catalysed by recent developments and promising applications

in Quantum Engineering.

We thank John Gough, Martin Lindsay and Joachim Zacharias for their

support in the organisation of the Symposium. We also thank the members

of the Scientific Committee for their help in drawing up the conference

program.

V.P. Belavkin Nottingham, U.K.

M. Guţă 1 May 2008
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APPROXIMATION VIA TOY FOCK SPACE

— THE VACUUM-ADAPTED VIEWPOINT

ALEXANDER C. R. BELTON

School of Mathematical Sciences,

University College, Cork, Ireland

E-mail: a.belton@ucc.ie

Dedicated to Slava Belavkin on the occasion of his 60th birthday

After a review of how Boson Fock space (of arbitrary multiplicity) may be

approximated by a countable Hilbert-space tensor product (known as toy Fock

space) it is shown that vacuum-adapted multiple quantum Wiener integrals

of bounded operators may be expressed as limits of sums of operators defined

on this toy space, with strong convergence on the exponential domain. The

vacuum-adapted quantum Itô product formula is derived with the help of this

approximation and a brief pointer is given towards the unbounded case.

Keywords: Discrete approximation; quantum stochastic integration; vacuum

adaptedness.

1. Introduction

The idea of using discrete approximations in quantum stochastic calculus

goes back at least as far as Meyer’s notes [16], where he gave credit to

Jean-Lin Journé. Around the same time, articles by Parthasarathy [18] and

Lindsay and Parthasarathy [15] showed that certain quantum flows (which

are generalisations of classical diffusions) may be approximated by so-called

spin random walks, while Accardi and Bach produced (in an unpublished

preprint — see [1,17]) a central-limit theorem which may be viewed as a

result on toy-Fock-space approximation. These ideas have recently been the

subject of renewed interest.

Attal revisited and extended the Journé–Meyer ideas in [2], giving a

heuristic derivation of the quantum Itô product formula using the approxi-

mation, and this was followed by further work of Attal and Pautrat [3] and

of Pautrat [19]. Their point of view may be considered as physical, rather
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than probabilistic; in [9], Gough examined the physics of this set-up and

explained its connexion with Holevo’s time-ordered exponentials.

Meanwhile, Sinha [21] revived the ideas of [15], emphasising that, in

many cases, sufficiently strong convergence holds to enable one to deduce

that the limit flows are ∗-homomorphic. Further work in this direction has

done by Sahu [20], who moved away from the spin approach of Lindsay–

Parthasarathy–Sinha to adopt the same type of coupling between system

and noise as Attal–Pautrat; it is this direct (as opposed to spin) coupling

which is used below.

Many other people have worked with these concepts, including Bouten,

van Handel and James [6] (in quantum filtering), Brun [7] and Gough and

Sobolev [10] (who view the situation as physicists), Franz and Skalski [8]

(for constructing random walks on quantum groups), Kümmerer ([12] gives

a detailed physical interpretation of discrete models and is an excellent

introduction to his earlier work in this area) and Leitz-Martini [13] (who

expressed many of these approximation ideas rigorously using non-standard

analysis; for example, the discrete Itô table of Attal [2, Section VII] agrees

with the continuous-time version only in the limit, but in the non-standard

setting the anomalous terms are infinitesimal [13, (2.2.8)]).

Here, a vacuum-adapted approach to approximation is adopted and, as

might be expected, a very straightforward theory results. After revising the

embedding of toy Fock space into Boson Fock space in Section 2, modified

versions of the vacuum-adapted Wiener integral are defined in Section 3.

The natural ‘discrete integral’ (which is, of course, a sum) is examined in

Section 4 and is shown to be given, up to an error term, by the modified

integral previously defined. Section 5 extends this working to the case of

multiple integrals, Section 6 shows how the quantum Itô product formula

arises naturally from the discrete approximation and Section 7 points the

way to further developments involving unbounded operators. Applications

of these results will appear elsewhere [5].

1.1. Conventions and Notation

All sesquilinear inner products are conjugate linear in the first variable.

We follow [14] for the most part, although the ordering of certain objects is

changed: for us, the initial space always appears first (the ‘usual’ convention,

to quote Lindsay [14, p.183]).

The vector space of linear operators between vector spaces U and V is

denoted by L(U ;V ), or L(U) if U and V are equal; the identity operator on

a vector space V is denoted by IV . The operator space of bounded operators
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between Hilbert spaces H1 and H2 is denoted by B(H1; H2), abbreviated to

B(H1) if H1 equals H2. The tensor product of Hilbert spaces and bounded

operators is denoted by ⊗; the algebraic tensor product is denoted by ⊙.

The restriction of a function f to a set A is denoted by f |A; the indicator

function of A is denoted by 1A. If P is a proposition then the expression

1P has the value 1 if P is true and 0 if P is false.

2. Toy and Boson Fock spaces

Men more frequently require to be reminded than informed.
– Samuel Johnson, The Rambler, No. 2 (1749–50).

Notation 2.1. Let k be a complex Hilbert space (called the multiplicity

space) and let k̂ := C ⊕ k be its one-dimensional extension. Elements of k̂

will be written as column vectors, with the first entry a complex number

and the second a vector in k; if x ∈ k then x̂ :=
(

1
x

)
.

Definition 2.1. Toy Fock space is the countable tensor product

Γ :=

∞⊗

n=0

k̂(n) (1)

with respect to the stabilising sequence
(
ω(n) :=

(
1
0

)
)∞n=0, where k̂(n) := k̂

for each n; the subscript (n) is used here and below to indicate the relevant

copy. (For information on infinite tensor products of Hilbert spaces, see, for

example [11, Exercise 11.5.29].)

For all n ∈ Z+ := {0, 1, 2, . . .}, let

Γn) :=
n−1⊗

m=0

k̂(m) and Γ[n :=
∞⊗

m=n

k̂(m), (2)

where Γ0) := C. The identity Γ = Γn)⊗Γ[n is the analogue of the continuous

tensor-product structure of Boson Fock space.

Notation 2.2. For any interval A ⊆ R+, let FA denote Boson Fock space

over L2(A; k) and let F := FR+ . For further brevity, let K = L2(R+; k).

If τ := {0 = τ0 < τ1 < · · · < τn < · · · } is a partition of R+ (so that

τn → ∞ as n → ∞) then there exists an isometric isomorphism

Πτ : F ∼=−→ Fτ :=

∞⊗

n=0

F[τn,τn+1[; ε(f) 7→
∞⊗

n=0

ε(f |[τn,τn+1[), (3)

where the tensor product is taken with respect to the stabilising sequence(
Ω[τn,τn+1[ := ε(0|[τn,τn+1[)

)∞
n=0

and ε(g) denotes the exponential vector in
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FA corresponding to the function g ∈ L2(A; k). The set of all such partitions

of R+ is denoted by T.

Definition 2.2. For all τ ∈ T and n ∈ Z+, define the natural isometry

j[τ ]n : k̂ → F[τn,τn+1[;
(

λ
x

)
7→ λΩ[τn,τn+1[ + x1̃[τn,τn+1[, (4)

where 1̃A := 1A/‖1A‖L2(R+) is the normalised indicator function of the

interval A ⊆ R+, viewed as an element of the one-particle subspace of FA.

These give an isometric embedding

Jτ : Γ → Fτ ;
∞⊗

n=0

θn 7→
∞⊗

n=0

j[τ ]n(θn). (5)

Note that Qτ := Π∗
τJτJ∗

τ Πτ is an orthogonal projection on F and

J∗
τ Πτε(f) =

∞⊗

n=0

f̂τ (n) ∀ f ∈ K, (6)

where

fτ (n) :=
1√

τn+1 − τn

∫ τn+1

τn

f(t) dt ∀n ∈ Z+. (7)

Notation 2.3. Let T be the directed set of all partitions of R+, ordered

by inclusion; the expression ‘fτ → f as |τ | → 0’ means that the net (fτ )τ∈T

converges to f . For all τ ∈ T, let Pτ ∈ B(K) be the orthogonal projection

given by

Pτf :=
∞∑

n=0

1

τn+1 − τn

∫ τn+1

τn

f(t) dt 1[τn,τn+1[ ∀ f ∈ K. (8)

Lemma 2.1. The projection Pτ converges strongly to IK as |τ | → 0.

Proof. If f ∈ K is continuous and compactly supported, a uniform-

continuity argument may be used to show that Pτf → f uniformly; the

density of such functions in K completes the proof.

Theorem 2.1. As |τ | → 0, the projection Qτ converges strongly to IF .
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Proof. By (6) and (8), if f , g ∈ K then (compare [18, (2.10)])

〈ε(f), Qτε(g)〉 =

∞∏

n=0

(
1 + 〈fτ (n), gτ (n)〉

)

= exp

( ∞∑

n=0

log
(
1 +

∫ τn+1

τn

〈f(t), Pτg(t)〉dt
))

∼ exp

( ∞∑

n=0

∫ τn+1

τn

〈f(t), Pτg(t)〉dt

)
(9)

→ exp
(∫ ∞

0

〈f(t), g(t)〉dt
)

as |τ | → 0,

by Lemma 2.1, so Qτ → IF weakly on E , the linear span of the set of

exponential vectors; the asymptotic identity (9) holds because log(1+ z) =

z + O(z2) as z → 0. Since each Qτ is an orthogonal projection, strong

convergence on E , so on F , follows.

3. Modified QS integrals

Natura abhorret vacuum.

– François Rabelais, Gargantua et Pantagruel, Bk. 1, Ch. 5 (1534).

To examine the behaviour of the discrete approximations which will be

constructed in the following sections, it is useful first to introduce a slight

extension of the iterated QS integral (QS being, of course, an abbreviation

for quantum stochastic).

Notation 3.1. Let h be a fixed complex Hilbert space (the initial space)

and let F̃ := h⊗F , Γ̃ := h⊗Γ and Ẽ := h⊙E . As is customary, the tensor

sign will be omitted before exponential vectors: uε(f) := u ⊗ ε(f).

Definition 3.1. Given a Hilbert space H, an H-process X = (Xt)t∈R+
is a

weakly measurable family of linear operators with common domain H ⊙ E ,

i.e.,

Xt ∈ L(H ⊙ E ; H ⊗F) ∀ t ∈ R+ (10)

and t 7→ 〈uε(f), Xtvε(g)〉 is measurable for all u, v ∈ H and f , g ∈ K.

An H-process X is vacuum adapted if

〈uε(f), Xtvε(g)〉 = 〈uε(1[0,t[f), Xtvε(1[0,t[g)〉 (11)

for all t ∈ R+, u, v ∈ H and f , g ∈ K. Equivalently, the identity Xt =

(IH ⊗ Et)Xt(IH ⊗ Et) holds for all t ∈ R+, where Et ∈ B(F) is the second

quantisation of the multiplication operator f 7→ 1[0,t[f on K.
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An H-process X is semi-vacuum-adapted if (IH ⊗ Et)Xt = Xt for all

t ∈ R+; clearly every vacuum-adapted process is semi-vacuum-adapted.

If M ∈ B
(
K

)
then an h ⊗ k̂-process X is M -integrable if

‖X∇̂Mθ‖2
L2([0,t[;h⊗k̂⊗F)

=

∫ t

0

‖Xs∇̂M
s θ‖2 ds < ∞ ∀ θ ∈ Ẽ , t ∈ R+,

(12)

where the modified gradient ∇̂M : Ẽ → F̃⊕(h⊗K⊗F) is the linear operator

such that

uε(f) 7→ [u ⊗ M̂f ]ε(f) =

(
uε(f)

[u ⊗ Mf ]ε(f)

)
(13)

and the definition ∇̂M
s uε(f) := [u ⊗ M̂f(s)]ε(f) is extended by linearity.

Notation 3.2. Let ∆ ∈ B(h ⊗ k̂ ⊗ F) be the orthogonal projection onto

h ⊗ k ⊗F and ∆⊥ := I
h⊗k̂⊗F − ∆ the projection onto its complement, F̃ .

Theorem 3.1. Let M ∈ B
(
K

)
. If X is an M -integrable, semi-vacuum-

adapted h⊗ k̂-process, there exists a unique semi-vacuum-adapted h-process

ΛΩ(X; M), the modified QS integral of X, such that, for all t ∈ R+,

‖ΛΩ(X; M)tθ‖ ≤ ct‖X∇̂Mθ‖L2([0,t[;h⊗k̂⊗F) ∀ θ ∈ Ẽ , (14)

where ct :=
√

2 max{t, 1}, and

〈uε(f),ΛΩ(X; M)tvε(g)〉 =

∫ t

0

〈[u ⊗ f̂(s)]ε(f), Xs

(
[v ⊗ M̂g(s)]ε(g)

)
〉ds

(15)

for all u, v ∈ h and f , g ∈ K.

Proof. This follows from the behaviour of the Bochner integral and the

abstract Itô integral: for all t ∈ R+ and θ ∈ Ẽ let

ΛΩ(X; M)tθ :=

∫ t

0

∆⊥Xs∇̂M
s θ ds + It(∆X∇̂Mθ), (16)

where It is the Itô integral on [0, t[ (the adjoint of the adapted gradient). As

s 7→ ∆Xs∇̂M
s θ is an adapted vector process, i.e., ∆Xs∇̂M

s θ ∈ h⊗ k⊗F[0,s[

for (almost) all s ∈ R+, this is a good definition, and the isometric nature

of the Itô integral [4, Proposition 3.28] implies that

‖ΛΩ(X; M)tθ‖2 ≤ 2t

∫ t

0

‖∆⊥Xs∇̂M
s θ‖2 ds + 2

∫ t

0

‖∆Xs∇̂M
s θ‖2 ds

≤ c2
t

∫ t

0

‖Xs∇̂M
s θ‖2 ds, (17)
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as claimed. The identity (15) follows immediately and yields semi-vacuum-

adaptedness.

Remark 3.1. As may be seen from (15), the modified integral preserves

semi-vacuum-adaptedness but need not preserve vacuum-adaptedness. This

identity also shows that if A ∈ B(h) commutes with X, in the sense that

Xt(A ⊗ I
k̂⊗F ) = (A ⊗ I

k̂⊗F )Xt ∀ t ∈ R+, (18)

then A commutes with ΛΩ(X; M) in the same sense: ΛΩ(X; M)t(A⊗IF ) =

(A ⊗ IF )ΛΩ(X; M)t for all t ∈ R+.

Notation 3.3. For all n ≥ 1 and t ∈ R+, let

∆n(t) := {t := (t1, . . . , tn) ∈ [0, t[
n

: t1 < · · · < tn} ⊆ Rn
+ (19)

and, given M ∈ B(K), define (∇̂M )n ∈ L
(
Ẽ ; L2(∆n(t); h ⊗ k̂

⊗n ⊗ F)
)

such

that

(∇̂M )n
t uε(f) :=

(
(∇̂M )nuε(f)

)
(t) := [u ⊗ M̂f

⊗n
(t)]ε(f) (20)

for all u ∈ h, f ∈ K and t ∈ ∆n(t), where ĝ⊗n(t) := ĝ(t1) ⊗ · · · ⊗ ĝ(tn) for

all g ∈ K and t ∈ Rn
+.

Theorem 3.2. Let M ∈ B
(
K

)
. If n ≥ 1, X ∈ B(h ⊗ k̂

⊗n) and Y is a

locally uniformly bounded, semi-vacuum-adapted C-process then there exists

a unique semi-vacuum-adapted h-process Λn
Ω(X ⊗ Y ; M), the modified n-

fold QS integral, such that, for all t ∈ R+,

‖Λn
Ω(X ⊗ Y ;M)tθ‖2 ≤ c2n

t

∫

∆n(t)

‖(X ⊗ Yt1)(∇̂M )n
t θ‖2 dt (21)

for all θ ∈ Ẽ and

〈uε(f),Λn
Ω(X ⊗ Y ;M)tvε(g)〉

=

∫

∆n(t)

〈u ⊗ f̂⊗n(t), X[v ⊗ M̂g
⊗n

(t)]〉〈ε(f), Yt1ε(g)〉 dt (22)

for all u, v ∈ h and f , g ∈ K.

Proof. If n = 1 then the result follows by applying Theorem 3.1 to the

process X⊗Y : t 7→ X⊗Yt. Now suppose the theorem holds for a particular

n ≥ 1, let X ∈ B(h ⊗ k̂
⊗n+1) and define X ′ := R̃∗

n+1XR̃n+1, where the

unitary map R̃n+1 : h ⊗ k̂
⊗n+1 → h ⊗ k̂

⊗n+1 implements the permutation

u ⊗ x1 ⊗ x2 ⊗ · · · ⊗ xn+1 7→ u ⊗ x2 ⊗ · · · ⊗ xn+1 ⊗ x1.
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By replacing h with h ⊗ k̂, this assumption yields a semi-vacuum-adapted

h ⊗ k̂-process Λn
Ω(X ′ ⊗ Y ; M) such that, for all t ∈ R+, u, v ∈ h, x, y ∈ k̂

and f , g ∈ K,

〈(u ⊗ x)ε(f), Λn
Ω(X ′ ⊗ Y ;M)t(v ⊗ y)ε(g)〉

=

∫

∆n(t)

〈u ⊗ x ⊗ f̂⊗n(t), X ′[v ⊗ y ⊗ M̂g
⊗n

(t)]〉〈ε(f), Yt1ε(g)〉dt

=

∫

∆n(t)

〈u ⊗ f̂⊗n(t) ⊗ x,X[v ⊗ M̂g
⊗n

(t) ⊗ y]〉〈ε(f), Yt1ε(g)〉dt.

Letting

Λn+1
Ω (X ⊗ Y ; M) := ΛΩ(Λn

Ω(X ′ ⊗ Y ; M);M) (23)

gives the result: if t ∈ R+, u, v ∈ h and f , g ∈ K then

〈uε(f),Λn+1
Ω (X ⊗ Y ; M)tvε(g)〉

=

∫ t

0

〈[u ⊗ f̂(s)]ε(f), Λn
Ω(X ′ ⊗ Y ;M)s

(
[v ⊗ M̂g(s)]ε(g)

)
〉ds

=

∫ t

0

∫

∆n(s)

〈u ⊗ f̂⊗n+1(t, s), X[v ⊗ M̂g
⊗n+1

(t, s)]〉〈ε(f), Yt1ε(g)〉dt ds

=

∫

∆n+1(t)

〈u ⊗ f̂⊗n+1(t), X[v ⊗ M̂g
⊗n+1

(t)]〉〈ε(f), Yt1ε(g)〉dt;

the norm estimate (21) (and M -integrability of Λn
Ω(X ′ ⊗ Y ; M)) may be

shown similarly.

Proposition 3.1. If n ≥ 1, X ∈ B(h ⊗ k̂
⊗n) and X ⊗ E is the vacuum-

adapted h ⊗ k̂
⊗n-process given by setting (X ⊗ E)t := X ⊗ Et then

Λn
Ω(X) := Λn

Ω(X ⊗ E; IK) (24)

is a vacuum-adapted, bounded process: each Λn
Ω(X)t extends uniquely to

an element of B(F̃), the vacuum-adapted n-fold quantum Wiener integral

of X.

Proof. Note first that if Z is a locally uniformly bounded, vacuum-adapted

h ⊗ k̂-process and θ ∈ Ẽ then

‖Z∇̂θ‖2
L2([0,t[;h⊗k̂⊗F)

≤ ‖Z‖2
∞,t

∫ t

0

‖(I
h⊗k̂

⊗ Es)∇̂sθ‖2 ds

= ‖Z‖2
∞,t

∫ t

0

(
‖Esθ‖2 + ‖Dsθ‖2

)
ds

≤ ‖Z‖2
∞,t(t + 1)‖θ‖2, (25)
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where ‖ · ‖∞,t is the essential-supremum norm on [0, t[, ∇̂ := ∇̂IK and D is

the adapted gradient on F̃ [4, Proposition 3.27]. Hence ΛΩ(Z; IK)t extends

to a unique element of B(F̃) for all t ∈ R+ and ΛΩ(Z; IK) is a locally

uniformly bounded, vacuum-adapted h-process. The result now follows from

the inductive construction of Λn
Ω(X) given in the proof of Theorem 3.2.

Proposition 3.2. Let M , N ∈ B
(
K

)
. If n ≥ 1, X ∈ B(h ⊗ k̂

⊗n), Y is

a locally uniformly bounded, semi-vacuum-adapted C-process and t ∈ R+

then

∥∥(
Λn

Ω(X ⊗ Y ; M)t − Λn
Ω(X ⊗ Y ;N)t

)
uε(f)

∥∥2

≤ 2n−1c2n
t ‖Y ‖2

∞,t‖ε(f)‖2
n∑

m=1

Lm, (26)

for all u ∈ h and f ∈ K, where ‖ · ‖∞,t is the essential-supremum norm on

the interval [0, t[,

Lm :=

∫

∆n(t)

‖X
(
u⊗M̂f

⊗m−1
(tm))⊗[(M−N)f ](tm)⊗N̂f

⊗n−m
(t(m)

)
‖2 dt

(27)

tm) := (t1, . . . , tm−1) and t(m := (tm+1, . . . , tn).

Proof. Note that, with notation as in the proof of Theorem 3.2,

Λn+1
Ω (X ⊗ Y ; M) − Λn+1

Ω (X ⊗ Y ;N)

= ΛΩ(Λn
Ω(X ′ ⊗ Y ; M);M) − ΛΩ(Λn

Ω(X ′ ⊗ Y ;M);N)

+ ΛΩ

((
Λn

Ω(X ′ ⊗ Y ; M) − Λn
Ω(X ′ ⊗ Y ; N)

)
;N

)
.

Now use induction, together with (14), (21) and the fact that

‖(ΛΩ(Z; M)t − ΛΩ(Z; N)t)uε(f)‖2

≤ c2
t

∫ t

0

‖Zs

(
[u ⊗ [(M − N)f ](s)]ε(f)

)
‖2 ds, (28)

by (16).

Definition 3.2. If A is an ordered set and n ≥ 1 then An,↑ is the collection

of strictly increasing n-tuples of elements of A. Given τ ∈ T, let

[τp, τp+1[ := {t ∈ Rn
+ : τpi

≤ ti < τpi+1 (i = 1, . . . , n)} (29)

for all p = (p1, . . . , pn) ∈ Z
n,↑
+ and, for all t ∈ R+, let

∆τ
n(t) :=

⋃

p∈{0,...,m−1}n,↑

[τp, τp+1[ if t ∈ [τm, τm+1[. (30)
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Theorem 3.3. Let M ∈ B
(
K

)
. If n ≥ 1, τ ∈ T, X ∈ B(h⊗ k̂

⊗n) and Y is a

locally uniformly bounded, semi-vacuum-adapted C-process then there exists

a unique semi-vacuum-adapted h-process Λn
Ω(X ⊗ Y ;M)τ , the modified n-

fold QS integral subordinate to τ , such that, for all t ∈ R+,

‖Λn
Ω(X ⊗ Y ;M)τ

t θ‖2 ≤ c2n
t

∫

∆τ
n(t)

‖(X ⊗ Yt1)(∇̂M )n
t θ‖2 dt (31)

for all θ ∈ Ẽ and

〈uε(f), Λn
Ω(X ⊗ Y ; M)τ

t vε(g)〉

=

∫

∆τ
n(t)

〈u ⊗ f̂⊗n(t), X[v ⊗ M̂g
⊗n

(t)]〉〈ε(f), Yt1ε(g)〉dt (32)

for all u, v ∈ h and f , g ∈ K.

Proof. When n = 1, apply Theorem 3.1 to the process X⊗Y : t 7→ X⊗Yt

and let

Λ1
Ω(X ⊗ Y ; M)τ

t :=

∞∑

m=0

1t∈[τm,τm+1[ΛΩ(X ⊗ Y ; M)τm
.

Now suppose the theorem holds for a particular n ≥ 1, let X ∈ B(h⊗k̂
⊗n+1)

and define X ′ := R̃∗
n+1XR̃n+1 as in the proof of Theorem 3.2. The semi-

vacuum-adapted h⊗ k̂-process Λn
Ω(X ′⊗Y ; M)τ is such that, for all t ∈ R+,

u, v ∈ h, x, y ∈ k̂ and f , g ∈ K,

〈(u ⊗ x)ε(f), Λn
Ω(X ′ ⊗ Y ;M)τ

t (v ⊗ y)ε(g)〉

=

∫

∆τ
n(t)

〈u ⊗ f̂⊗n(t) ⊗ x,X[v ⊗ M̂g
⊗n

(t) ⊗ y]〉〈ε(f), Yt1ε(g)〉dt,

so, as

{0, . . . , m − 1}n+1,↑ =

m−1⋃

k=0

{
(p1, . . . , pn, k) : p ∈ {0, . . . , k − 1}n,↑

}
(33)

and therefore ∆τ
n+1(τm) =

⋃m−1
k=0

(
∆τ

n(τk) × [τk, τk+1[
)
, letting

Λn+1
Ω (X ⊗ Y ;M)τ :=

∞∑

m=0

1t∈[τm,τm+1[ΛΩ(Λn
Ω(X ′ ⊗ Y ;M)τ ; M)τm

(34)

gives the result.
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Proposition 3.3. Let M ∈ B(K). If n ≥ 1, τ ∈ T, X ∈ B(h⊗ k̂
⊗n) and Y

is a locally uniformly bounded, semi-vacuum-adapted C-process then

∥∥(
Λn

Ω(X ⊗ Y ; M)t − Λn
Ω(X ⊗ Y ;M)τ

t

)
θ
∥∥2

≤ 2n−1c2n
t

∫

∆n(t)\∆τ
n(t)

‖(X ⊗ Yt1)(∇̂M )n
t θ‖2 dt (35)

for all t ∈ R+ and θ ∈ Ẽ.

Proof. This follows by induction and the fact that if t ∈ [τm, τm+1[ then

the set

{(t, s) : s ∈ [0, τm[, t ∈ ∆n(s) \ ∆τ
n(s)} ∪ {(t, s) : s ∈ [τm, t[, t ∈ ∆n(s)}

is contained in ∆n+1(t) \ ∆τ
n+1(t).

4. The toy integral

I see salvation in discrete individuals
– Anton Chekhov, Letter to I.I. Orlov (22nd February, 1899).

Definition 4.1. For all n ∈ Z+ let s̃n : B(h ⊗ k̂) → B(Γ̃) be the normal

∗-homomorphism such that B ⊗ C 7→ B ⊗ IΓn)
⊗ C ⊗ Pω

[n+1, where

Pω
[n+1 : Γ[n+1 → Γ[n+1;

∞⊗

m=n+1

xn 7→
∞⊗

m=n+1

〈ω(m), xn〉ω(m) (36)

is the orthogonal projection onto the one-dimensional subspace of Γ[n+1

spanned by the vector ⊗∞
m=n+1ω(m).

Notation 4.1. For all τ ∈ T, let

Dτ := Ih ⊗ J∗
τ Πτ : F̃ → Γ̃; uε(f) 7→ u ⊗

∞⊗

n=0

f̂τ (n) (37)

and note that, as |τ | → 0,

D∗
τDτ = Ih ⊗ Π∗

τJτJ∗
τ Πτ = Ih ⊗ Qτ → IF̃ (38)

in the strong operator topology and

DτD∗
τ = Ih ⊗ J∗

τ ΠτΠ∗
τJτ = IΓ̃, (39)

since Πτ is an isometric isomorphism and Jτ an isometry.
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Remark 4.1. Let X ∈ B(h ⊗ k̂) and t ∈ R+ be fixed. For all τ ∈ T, let

n = n(τ) ∈ Z+ be such that t ∈ [τn, τn+1[ and note that

〈uε(f), D∗
τ s̃n(X)Dτvε(g)〉

=

n−1∏

m=0

(
1 + 〈fτ (m), gτ (m)〉

)
〈u ⊗ f̂τ (n), X[v ⊗ ĝτ (n)]〉 (40)

for all u, v ∈ h and f , g ∈ K. As |τ | → 0, τn ր t and

n−1∏

m=0

(
1 + 〈fτ (m), gτ (m)〉

)
= 〈J∗

τ Πτε(f), J∗
τ Πτε(1[0,τn[g)〉

= 〈Qτε(f), Eτn
ε(g)〉 → 〈ε(f), Etε(g)〉. (41)

To analyse the second term in the right-hand side of (40), let X = ( E F
G H ),

where E ∈ B(h), F ∈ B(h ⊗ k; h), G ∈ B(h; h ⊗ k) and H ∈ B(h ⊗ k). Then

〈u ⊗ f̂τ (n), X[v ⊗ ĝτ (n)]〉 = 〈u, Ev〉 + 〈u, F [v ⊗ gτ (n)]〉 + 〈u ⊗ fτ (n), Gv〉
+ 〈u ⊗ fτ (n),H[v ⊗ gτ (n)]〉; (42)

this equation shows the necessity of scaling the components of X in order

to obtain non-trivial limits. Replacing X by Xτ,n, where
(

E F

G H

)

τ,n

:=

(
(τn+1 − τn)E (τn+1 − τn)1/2F

(τn+1 − τn)1/2G H

)
(43)

=

(
(τn+1 − τn)1/2 0

0 1

)(
E F

G H

)(
(τn+1 − τn)1/2 0

0 1

)
, (44)

the right-hand side of (42) becomes
∫ τn+1

τn

(
〈u,Ev〉 + 〈u, F [v ⊗ g(t)]〉

+ 〈u ⊗ f(t), Gv〉 + 〈u ⊗ f(t),H[v ⊗ Pτg(t)]〉
)
dt

=

∫ τn+1

τn

(
〈u ⊗ f̂(t), X[v ⊗ ĝ(t)]〉 + 〈u ⊗ f(t),H[v ⊗ (Pτg − g)(t)]〉

)
dt.

(45)

Theorem 4.1. For all X ∈ B(h ⊗ k̂) and t ∈ R+,

Στ (X)t :=

∞∑

n=0

1τn+1∈[0,t]D
∗
τ s̃n(Xτ,n)Dτ → ΛΩ(X)t as |τ | → 0 (46)

strongly on Ẽ.
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Proof. It follows from (45) that Στ (X)t can be written as the sum of a

semi-vacuum-adapted QS integral and an Itô-integral remainder term. Let

Eτ
t :=

∞∑

n=0

1t∈[τn,τn+1[Eτn
∀ t ∈ R+ (47)

and note that t 7→ X ⊗ QτEτ
t is vacuum-adapted. If t ∈ [τm, τm+1[ then

〈uε(f), Στ (X)tvε(g)〉

=
m−1∑

n=0

〈Qτε(f), Eτn
ε(g)〉〈u ⊗ f̂τ (n), Xτ,n[v ⊗ ĝτ (n)]〉

=

∫ τm

0

〈[u ⊗ f̂(s)]ε(f), (X ⊗ QτEτ
s )

(
[v ⊗ ĝ(s)]ε(g)

)
〉 ds

+

∫ τm

0

〈[u ⊗ f(s)]ε(f),H[v ⊗ (Pτg − g)(s)] ⊗ QτEτ
sε(g)〉 ds. (48)

If Is denotes the abstract Itô integral on [0, s[ then this shows that

(Στ (X)t − ΛΩ(1[0,τm[X ⊗ QτEτ ; IK)t)vε(g)

= Iτm

(
H[v ⊗ (Pτg − g)(·)] ⊗ QτEτ

· ε(g)
)
; (49)

as the Itô integral is an isometry, the norm of this quantity is bounded

above by

‖H‖ ‖v‖ ‖Pτg − g‖L2([0,t[;k)‖ε(g)‖ → 0 as |τ | → 0.

Finally, since QτEτ
s → Es strongly as |τ | → 0 for all s ∈ R+, Theorem 3.1

and the dominated-convergence theorem imply that

ΛΩ(X)t−ΛΩ(1[0,τm[X⊗QτEτ ; IK)t = ΛΩ(X⊗(E−1[0,τm[QτEτ ); IK)t (50)

tends to 0 strongly on Ẽ as |τ | → 0, as required.

5. Multiple integrals

O, thou hast damnable iteration
– William Shakespeare, Henry IV, Part 1, Act I, Scene ii (1596).

Remark 5.1. For all X ∈ B(h ⊗ k̂
⊗2), t ∈ R+ and τ ∈ T, let

Σ2
τ (X)t :=

∞∑

n=0

n−1∑

m=0

1τn+1∈[0,t]D
∗
τ s̃m,n(Xτ,m,n)Dτ , (51)

where s̃m,n : B(h ⊗ k̂
⊗2) → B(Γ̃) is the normal ∗-homomorphism such that

B ⊗ C1 ⊗ C2 7→ B ⊗ IΓm)
⊗ C1 ⊗ Pω

[m+1,n) ⊗ C2 ⊗ Pω
[n+1, (52)
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with Pω
[m+1,n) and Pω

[n+1 the orthogonal projections onto
⊗n−1

k=m+1 Cω(k)

and
⊗∞

k=n+1 Cω(k), respectively.

To find the correct scaling for Xτ,m,n, note that if

Ψ[τ ]n :=

(
(τn+1 − τn)1/2 0

0 Ik

)
∈ B(k̂) ∀n ∈ Z+ (53)

and Y ∈ B(h ⊗ k̂) then Yτ,n = (Ih ⊗ Ψ[τ ]n)Y (Ih ⊗ Ψ[τ ]n), so let

Xτ,m,n := (Ih ⊗ Ψ[τ ]m ⊗ Ψ[τ ]n)X(Ih ⊗ Ψ[τ ]m ⊗ Ψ[τ ]n) (54)

for all (m,n) ∈ Z
2,↑
+ . Having examined the case of multiplicity two, the

general case is now clear.

Definition 5.1. For all n ≥ 1, X ∈ B(h ⊗ k̂
⊗n), t ∈ R+ and τ ∈ T, let

Σn
τ (X)t :=

∑

p∈Z
n,↑

+

1τpn+1∈[0,t]D
∗
τ s̃p(Xτ,p)Dτ , (55)

where s̃p : B(h ⊗ k̂
⊗n) → B(Γ̃) is the normal ∗-homomorphism such that

B ⊗C1 ⊗ · · · ⊗Cn 7→ B ⊗ IΓp1)
⊗C1 ⊗Pω

[p1+1,p2)
⊗ · · · ⊗Cn ⊗Pω

[pn+1, (56)

in which Cm acts on k̂(pm) for m = 1, . . . , n and Pω : x 7→ 〈x, ω〉ω acts on

k̂(q) for all q ≥ p1 such that q 6∈ {p1, . . . , pn}, and

Xτ,p := (Ih ⊗ Ψ[τ ]p1
⊗ · · · ⊗ Ψ[τ ]pn

)X(Ih ⊗ Ψ[τ ]p1
⊗ · · · ⊗ Ψ[τ ]pn

). (57)

This is the discrete analogue of the vacuum-adapted n-fold quantum Wiener

integral of X.

Theorem 5.1. If n ≥ 1, X ∈ B(h ⊗ k̂
⊗n) and t ∈ R+ then

Σn
τ (X)t = Λn

Ω

(
X ⊗ QτEτ ; Pτ

)τ

t
→ Λn

Ω

(
X

)
t

(58)

strongly on Ẽ as |τ | → 0.

Proof. If p ∈ Z
n,↑
+ then, with the obvious extension of notation,

〈uε(f), D∗
τ s̃p(Xτ,p)Dτvε(g)〉 =

p1−1∏

m=0

〈f̂τ (m), ĝτ (m)〉〈u ⊗
⊗

k∈p

f̂τ (k), Xτ,p[v ⊗
⊗

k∈p

ĝτ (k)]〉 (59)

for all u, v ∈ h and f , g ∈ K. Furthermore, as

Ψ[τ ]kf̂τ (k) =
1√

τk+1 − τk

∫ τk+1

τk

f̂(t) dt, (60)



Approximation via Toy Fock Space — the Vacuum-Adapted Viewpoint 17

it follows that

〈
u ⊗

⊗

k∈p

f̂τ (k), Xτ,p[v ⊗
⊗

k∈p

ĝτ (k)]
〉

=

∫

[τp,τp+1[

〈
u ⊗ f̂⊗n(t), X[v ⊗ P̂τg

⊗n
(t)]

〉
dt, (61)

which gives the identity. That the limit is as claimed may be established

by writing the difference Σn
τ (X) − Λn

Ω(X) as

Λn
Ω(X ⊗ QτEτ ; Pτ )τ − Λn

Ω(X ⊗ QτEτ ;Pτ )

+ Λn
Ω(X ⊗ (QτEτ − E);Pτ ) + Λn

Ω(X ⊗ E;Pτ ) − Λn
Ω(X ⊗ E; IK)

and employing Proposition 3.3, Theorem 3.2 and Proposition 3.2.

6. Product formulae

Entia non sunt multiplicanda praeter necessitatem.

– William of Ockham.

Remark 6.1. Given p = (p1, . . . , pm) ∈ Z
m,↑
+ and q = (q1, . . . , qn) ∈ Z

n,↑
+

with pm < q1, let

p ∪ q := (p1, . . . , pm, q1, . . . , qn) ∈ Z
m+n,↑
+ . (62)

If the normal ∗-homomorphism

σ̃n,m : B(h ⊗ k̂
⊗n ⊗ k̂

⊗m) → B(h ⊗ k̂
⊗m ⊗ k̂

⊗n)

is that determined by the transposition B ⊗ C ⊗ D 7→ B ⊗ D ⊗ C then,

letting

Y ⊲ X := [σ̃n,m(Y ⊗ I
k̂⊗m)](X ⊗ (Pω)⊗n) (63)

and X ⊳ Y := (X ⊗ (Pω)⊗n)[σ̃n,m(Y ⊗ I
k̂⊗m)], (64)

it is readily verified that

s̃q(Y )s̃p(X) = s̃p∪q(Y ⊲ X) and s̃p(X)s̃q(Y ) = s̃p∪q(X ⊳ Y ) (65)

for all X ∈ B(h ⊗ k̂
⊗m) and Y ∈ B(h ⊗ k̂

⊗n). Furthermore, for any τ ∈ T,

(Y ⊲ X)τ,p∪q = Yτ,q ⊲ Xτ,p and (X ⊳ Y )τ,p∪q = Xτ,p ⊳ Yτ,q, (66)

since Ψ[τ ]pCΨ[τ ]pP
ω = Ψ[τ ]pCPωΨ[τ ]p for all p ∈ Z+ and C ∈ B(k̂). The

following Proposition is an immediate consequence of these observations.
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Proposition 6.1 (Fubini). If X ∈ B(h⊗ k̂
⊗m) and Y ∈ B(h⊗ k̂

⊗n) then

Σm+n
τ (Y ⊲ X)t =

∑

q∈Z
n,↑

+

1τqn+1∈[0,t]D
∗
τ s̃q(Yτ,q)DτΣm

τ (X)τq1
(67)

and Σm+n
τ (X ⊳ Y )t =

∑

q∈Z
n,↑

+

1τqn+1∈[0,t]Σ
m
τ (X)τq1

D∗
τ s̃q(Yτ,q)Dτ (68)

for all τ ∈ T and t ∈ R+.

Theorem 6.1 (Quantum Itô product formula). If X, Y ∈ B(h ⊗ k̂)

then

Λ1
Ω(Y )Λ1

Ω(X) = Λ2
Ω(Y ⊲ X) + Λ2

Ω(Y ⊳ X) + Λ1
Ω(Y ∆X), (69)

where ∆ ∈ B(h ⊗ k̂) denotes the orthogonal projection onto h ⊗ k.

Proof. Note first that if ατ,n := (τn+1 − τn)1/2 for all τ ∈ T and n ∈ Z+

then

(Ih ⊗ Ψ[τ ]n)2 = Ih ⊗ Ψ[τ ]2n = ∆ + α2
τ,n∆⊥, (70)

whence

Yτ,nXτ,n = (X∆Y )τ,n + α2
τ,n(X∆⊥Y )τ,n. (71)

This working, the fact that s̃m is a homomorphism for all m ∈ Z+ and the

identities (67–68) with m = n = 1 imply that

Στ (Y )tΣτ (X)t = Σ2
τ (Y ⊲ X)t + Σ2

τ

(
Y ⊳ X)t + Στ (Y ∆X)t + Zτ

t (72)

for all τ ∈ T and t ∈ R+, where

Zτ
t :=

∞∑

m=0

1τm+1∈[0,t]α
2
τ,mD∗

τ s̃m

(
(Y ∆⊥X)τ,m

)
Dτ . (73)

Working as in the proof of Theorem 4.1 (compare (49)) shows that

Zτ
t uε(f) = ΛΩ(Y ∆⊥X ⊗ W τ ; IK)τn

uε(f)

+ Iτn

(
V [u ⊗ (Pτf − f)(·)] ⊗ W τ

· ε(f)
)

(74)

for all t ∈ [τn, τn+1[, u ∈ h and f ∈ K, where V := ∆Y ∆⊥X∆ and

W τ
t := Qτ

∞∑

n=0

1t∈[τn,τn+1[α
2
τ,nEτn

∀ t ∈ R+. (75)
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Now W τ
t → 0 in norm as |τ | → 0, since ‖W τ

t ‖ ≤ supn≥1 α2
τ,n for all t ∈ R+,

so Zτ,n → 0 strongly on Ẽ , by Theorem 3.1 and Itô isometry. Combining

this with Theorem 5.1, it follows that

Στ (Y )tΣτ (X)t → Λ2
Ω(Y ⊲ X)t + Λ2

Ω(Y ⊳ X)t + Λ1
Ω(Y ∆X)t (76)

strongly on Ẽ as |τ | → 0 and this gives the result.

Remark 6.2. The quantum Itô formula (69) may be compared to that

valid for the usual form of adaptedness [14, Exercise after Proposition 3.20].

7. Further development

Unbounded hopes were placed on each successive extension
– George Bernard Shaw, Socialism: Principles and Outlook, Shavian Tract

No. 4, The Illusions of Socialism and Socialism: Principles and Outlook (1956).

This section contains little analysis, but sets out the basic situation once

one moves beyond bounded integrands.

Definition 7.1. An admissible triple (h0, k0, S) is a dense subspace h0 ⊆ h,

a dense subspace k0 ⊆ k and a subset S ⊆ K such that

(i) each f ∈ S has compact support,

(ii) f(t) ∈ k0 for all t ∈ R+ and f ∈ S

and (iii) ES := lin{ε(f) : f ∈ S} is dense in F .

Definition 7.2. If X ∈ L(h0 ⊙ k̂0; h ⊗ k̂), where h0 is a subspace of h, k0

is a subspace of k and k̂0 := C ⊕ k0 ⊆ k̂, then

s̃n(X) := U∗
n(X ⊙ IΓn)

⊙ Pω
[n+1)Un ∈ L

(
h0 ⊙

∞⊙

m=0

k̂0; Γ̃
)

(77)

for all n ∈ Z+, where the unitary operator Un : Γ̃ → Γ̃ is such that

u ⊗
∞⊗

m=0

xm 7→ u ⊗ xn ⊗
n−1⊗

m=0

xm ⊗
∞⊗

m=n+1

xm (78)

and

∞⊙

m=0

k̂0 := lin
{ ∞⊗

m=0

xm

∣∣∣xm ∈ k̂0 ∀m ≥ 0, ∃ l ∈ Z+ : xl = xl+1 = · · · = ω
}

.

(79)
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Proposition 7.1. Let (h0, k0, S) be admissible. If X ∈ L(h0 ⊙ k̂0; h ⊗ k̂)

and t ∈ R+ are such that
∫ t

0
‖X[u ⊗ f̂(s)]‖2 ds < ∞ for all u ∈ h0 and

f ∈ S then

Στ (X)t :=
∞∑

n=0

1τn+1∈[0,t]D
∗
τ s̃n(Xτ,n)Dτ → ΛΩ(X)t (80)

weakly on ẼS := h0 ⊙ ES as |τ | → 0, where ΛΩ(X) := ΛΩ(X ⊙ E; IK).

Proof. Note that

〈uε(f), D∗
τ s̃n(X)Dτvε(g)〉

=
n−1∏

m=0

〈f̂τ (m), ĝτ (m)〉
∫ τn+1

τn

〈u ⊗ P̂τf(s), X[v ⊗ ĝ(s)]〉 ds (81)

for all n ∈ Z+, u, v ∈ h and f , g ∈ S, so if t ∈ [τn, τn+1[ then, as |τ | → 0,

〈uε(f), Στ (X)tvε(g)〉 =

∫ τn

0

〈u ⊗ P̂τf(s), X[v ⊗ ĝ(s)]〉〈ε(f), QτEτ
sε(g)〉ds

→
∫ t

0

〈u ⊗ f̂(s), X[v ⊗ ĝ(s)]〉〈ε(f), ε(1[0,s[g)〉 ds.

Remark 7.1. Similarly, if X ∈ L(h0 ⊙ k̂
⊙n
0 ; h ⊗ k̂

⊗n) and t ∈ R+ are such

that ∫

∆n(t)

∥∥X[u ⊗ f̂⊗n(t)]
∥∥2

dt < ∞ ∀u ∈ h0, f ∈ S (82)

then Σn
τ (X)t → Λn

Ω(X)t weakly on ẼS as |τ | → 0; the proper definitions of

Σn
τ (X) and Λn

Ω(X) should be clear from the above.
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We prove that the operators Ut solving a quantum stochastic differential equa-

tion dUt = F α
β

UtdΛ
β
α(t) with F α

β
bounded operators in the initial space map

vectors of the form u ⊗ e(f) in the domain of any power of field operators

Λ
µ
ν (t). This proves that compositions of operators like Λ

µ
ν (t)Ut make sense

on the usual domain of Hudson-Parthasarathy quantum stochastic calculus.

Applications to quantum continual measurements and quantum filtering are

pointed out.

Keywords: Quantum stochastic differential equation; unbounded operators;

regularity; output fields.

1. Introduction

Let U be a contractive solution of a right Hudson-Parthasarathy (H-P)

equation

dUt =
∑

α,β

Fα
β UtdΛβ

α(t), U0 = 1l. (1)

Here Fα
β are bounded operators on the initial space h satisfying the appro-

priated conditions for Ut to be a contraction and Λβ
α are the fundamental

noises of Boson Fock quantum stochastic calculus. In the applications of

quantum stochastic calculus to quantum measurement (see, for instance,

Barchielli1, Bouten, van Handel and James4) it is a quite natural question

to ask whether we can define operator processes like (U∗
t Λβ

α(t)Ut)t≥0 as

operator processes on the tensor product of h with the Fock space with a

domain including vectors of the form u⊗e(f). Indeed, this is the usual fun-

damental domain where all the operator processes of Hudson-Parthasarathy

quantum stochastic calculus must be defined.
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Clearly, since the operators Λβ
α(t) are unbounded, it is necessary to check

that the contractions Ut solving (1) map vectors u ⊗ e(f) in the domain

of Λβ
α(t). Following the terminology of classical PDE, this property will be

called regularity. Indeed, a function solving a PDE is often called regular if

it is differentiable, i.e. it belongs to the domain of some differential operator,

or it satisfies some growth condition at infinity, i.e. it belongs to the domain

of a multiplication operator by |x|k, or both.

In this note we prove that solutions of (1) are regular and composi-

tions of operators like Λµ
ν (t)Ut make sense of the usual domain of Hudson-

Parthasarathy quantum stochastic calculus. Our method is inspired by the

a priori estimate technique introduced by Fagnola and Wills6 to study H-P

equations with unbounded Fα
β of vectors Utu ⊗ e(f) in the graph norm of

a suitable operator.

2. Notation and preliminaries

We consider the usual framework of Hudson-Parthasarathy (see Hudson

and Parthasarathy7, Parthasarathy9) quantum stochastic calculus in Boson

Fock spaces.

The initial space h is a complex separable Hilbert space, the noise space

is the Boson Fock space F on L2(R+; k) where k is a complex separable

Hilbert space. Let (ek)k≥1 be an orthonormal basis of k and let

M =
{
f ∈ L2(R+; k) ∩ L∞

loc(R+; k) | 〈ek, f(t)〉 = 0

identically in t for all but a finite number of k’s
}

E = lin{e(f) : f ∈ M}.

where e(f) is the exponential vector associated to the test function f .

The quantum noises in F(L2(R+; k)), {Λα
β | α, β ≥ 0 } are defined by

Λ0
β(t) = A+(1[0,t] ⊗ |eβ〉) = A+

β (t) if β > 0,

Λα
β (t) = Λ(1[0,t] ⊗ |eβ〉〈eα|) if α, β > 0,

Λα
0 (t) = A(1[0,t] ⊗ 〈eα|) = Aα(t) if α > 0,

Λ0
0(t) = t 1lF

where A+, A, Λ denote respectively the creation, annihilation and gauge
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operators in F defined, for each u ∈ h and each e(f) ∈ F , by

A+(1[0,t] ⊗ |em〉)ue(f) =
d

dǫ
ue(f + ǫ1[0,t]em)

∣∣∣
ǫ=0

Λ(1[0,t] ⊗ |em〉〈eℓ|)ue(f) = −i
d

dǫ
ue(eiǫ1[0,t]⊗|em〉〈eℓ|f)

∣∣∣
ǫ=0

A(1[0,t] ⊗ 〈eℓ|)ue(f) =
〈
eℓ1[0,t], f

〉
ue(f).

Let H be the Hilbert space h ⊗ F . Operators defined on h or F will

be identified with their natural extensions to H. Vectors u ⊗ e(f) (u ∈ h,

f ∈ M) will be denoted by ue(f) omitting the tensor product.

We suppose that the reader has some familiarity with quantum stochas-

tic calculus and recall that the quantum Itô formula, as an algebraic rule

for multiplying stochastic differentials, reads as

dΛµ
νdΛβ

α = δ̂µ
αdΛβ

ν (2)

where δ̂µ
α = 1 if µ = α > 0 and δ̂µ

α = 0 otherwise. Summation over repeated

will be understood with the agreement that Greek indices start from 0 and

Roman indices start from 1.

Solutions (Ut)t≥0 to (1) are adapted operator processes on H such that

Ut = 1lH +
∑

α,β

∫ t

0

Fα
β UsdΛβ

α(s)

where the integral is the usual Hudson-Parthasarathy quantum stochastic

integral and 1lH denotes the identity operator on H. In order to avoid in-

dices and simplify computations with stochastic differential it is very useful

to introduce a “matrix notation” inspired by a similar one introduced by

Belavkin2.

The matrix of bounded operators [Fα
β ]α,β≥0 defines an operator F on

the Hilbert space h ⊗ (C ⊕ k) = h ⊕ (h ⊗ k). The operator on the same

space determined by the matrix diag(0, 1lh, . . . , 1lh) of operators on h will

be denoted by ∆(1lh). The operator ∆(1lh) is associated with the matrix

[δ̂α
β 1lh]α,β≥0. Quantum stochastic differentials Fα

β dΛβ
α(s) will be denoted

dΛF (s) and the quantum Itô formula (2), reads as

dΛG(s)dΛF (s) = dΛ
G∆(1lh)F

(s).

The condition necessary and sufficient condition for Ut to be a contraction

is now

F + F ∗ + F ∗∆(1lh)F ≤ 0. (3)
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Since all the operators Fα
β are bounded, this condition implies that the

operator F is bounded (see Lindsay and Wills8 Prop. 7.3).

The domain of an operator X will be denoted by Dom(X).

3. Regularity

We start by recalling some basic facts on domains of operators Λβ
α(t) that

have been introduced above as operators on the exponential domain E .

Let F(K) be the boson Fock space over a complex separable Hilbert

space K. Following Parthasarathy9 Ch.II Sect.20, we recall the definition of

number operator (or differential second quantization). Given a self-adjoint

operator H on K, consider the one-parameter unitary group (e−isH)s∈R on

K generated by −iH. The second quantization

Γ(e−isH)e(f) = e(e−isHf)

yields a strongly continuous one-parameter unitary group (Γ(e−isH))s∈R on

F(K). The Stone generator Λ(H) is self-adjoint by definition. Moreover, it

can be shown (see Parthasarathy9 Prop. 20.7) that the linear manifold E
of exponential vectors is an essential domain for Λ(H).

When K = L2(R+; k) and H = 1[0,t]⊗|eℓ〉〈eℓ| ((eℓ)ℓ≥1 is an orthonormal

basis of k) we find that Λ(H) is the unique self-adjoint extension of the

operators Λℓ
ℓ(t) defined in Sect. 2 on the domain E . When H = 1[0,t] ⊗ 1lk,

we denote by Nt the generator of the unitary group (Γ(e−isH))s∈R and call

number operator process the family (Nt)t≥0.

The operators Nt, Λ
1
1(t), . . . commute because the operators 1[0,t] ⊗

1lk, 1[0,t] ⊗ |e1〉〈e1|, . . . commute (Parthasarathy9 Prop. 20.7).

The following facts are easily checked.

Lemma 3.1. The operators Nt and Λℓ
ℓ(t) are positive. The domain

Dom(Λℓ
ℓ(t)) is contained in the domain Dom(Nt) and

Nt =
∑

ℓ≥1

Λℓ
ℓ(t)

the series being strongly convergent on Dom(Nt) for all t ≥ 0.

Proof. From the definition of Nt, for all g, f ∈ M, we have

〈e(g), Nt e(f)〉 = i
d

ds

〈
e(g), Γ

(
e−is1[0,t]⊗1lk

)
e(f)

〉 ∣∣∣
s=0

= i
d

ds
e〈g,e−is1[0,t]f〉

∣∣∣
s=0

= 〈g, 1[0,t]f〉e〈g,f〉.
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Therefore, for all ξ =
∑

j zje(fj) ∈ E (zj ∈ C, fj ∈ M), we have

〈ξ, Ntξ〉 =

〈∑

j

zjfj ⊗ e(fj),
(
1[0,t] ⊗ 1lk ⊗ 1lF

)
(∑

k

zkfk ⊗ e(fk)

)〉
≥ 0

because the operator 1[0,t] ⊗ 1lk ⊗ 1lF on L2(R+; k) ⊗ F is clearly positive.

In the same way, replacing 1[0,t] ⊗ 1lk ⊗ 1lF by 1[0,t] ⊗ |eℓ〉〈eℓ| ⊗ 1lF we find

〈ξ,Λℓ
ℓ(t)ξ〉 =

〈
ξ′,

(
1[0,t] ⊗ |eℓ〉〈eℓ| ⊗ 1lF

)
ξ′

〉
≥ 0

where ξ′ =
∑

k zkfk⊗e(fk). Therefore the identity holds on the exponential

domain E because
∑

ℓ≥1

1[0,t] ⊗ |eℓ〉〈eℓ| ⊗ 1lF = 1[0,t] ⊗ 1lk ⊗ 1lF

in the strong operator topology on L2(R+; k)⊗F . Since E is an essential do-

main for the commuting self-adjoint operators Nt and Λℓ
ℓ(t), it also implies

that Λℓ
ℓ(t) ≤ Nt and then (Λℓ

ℓ(t))
2 ≤ N2

t .

Let ξ ∈ Dom(Nt) and let (ξn)n≥1 be a sequence in E such that

lim
n→∞

ξn = ξ, lim
n→∞

Ntξn = Ntξ. (4)

The inequality (Λℓ
ℓ(t))

2 ≤ N2
t implies then

∥∥Λℓ
ℓ(t)(ξn − ξm)

∥∥2 ≤ ‖Nt(ξn − ξm)‖2
.

Therefore the sequence (Λℓ
ℓ(t)(ξn))n≥1 converges and ξ ∈ Dom(Λℓ

ℓ(t)) for

all ℓ ≥ 1. Finally we can check the identity on ξ ∈ Dom(Nt) approximating

ξ with ξn ∈ E .

We now study the domains of annihilation Aℓ(t) and creation A+
ℓ (t).

Both these operators are closed because they are mutually adjoint on E
and so they have a densely defined adjoint operator. We shall denote by

the same symbol also their closures.

Lemma 3.2. The domains Dom(Aℓ(t)) and Dom(A+
ℓ (t)) are contained in

Dom(Nt) and, for all ξ ∈ Dom(Nt), we have

∑

ℓ≥1

‖Aℓ(t)ξ‖2 = ‖N1/2
t ξ‖2.

Proof. We first check the above identity on vectors ξ ∈ E of the form∑n
k=1 zke(fk) with n ≥ 1, z1, . . . , zn ∈ C, f1, . . . , fn ∈ M. In this case we
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have

∑

ℓ≥1

‖Aℓ(t)ξ‖2 =
∑

ℓ≥1

n∑

j,k=1

〈zjf
ℓ
j , 1[0,t]〉〈1[0,t], zkf ℓ

k〉〈e(fj), e(fk)〉

=
n∑

j,k=1

〈e(fj), e(fk)〉
∑

ℓ≥1

〈zjfj , 1[0,t]eℓ〉〈1[0,t]eℓ, zkfk〉

=

n∑

j,k=1

〈e(fj), e(fk)〉
∫ t

0

〈zjfj(s), zkfk(s)〉kds.

Moreover we have also

‖N1/2
t ξ‖2 =

n∑

j,k=1

z̄jzk

∑

ℓ≥1

〈e(fj), Λ
ℓ
ℓ(t)e(fk)〉

=

n∑

j,k=1

z̄jzk

∑

ℓ≥1

∫ t

0

f̄ ℓ
j (s)f ℓ

k(s)ds 〈e(fj), e(fk)〉

=

n∑

j,k=1

〈e(fj), e(fk)〉
∫ t

0

〈zjfj(s), zkfk(s)〉kds

and the claimed identity holds on the domain E .

Now, for all ξ ∈ Dom(Nt), letting (ξn)n≥1 be a sequence satisfying

(4), we find that the sequence (Aℓ(t)ξn)n≥1 is convergent. This shows that

ξ ∈ Dom(Aℓ(t)). Moreover, the identity holds on Dom(Nt). The canonical

commutation relation Aℓ(t)A+
ℓ (t) = A+

ℓ (t)Aℓ(t) + t1l implies then

∥∥A+
ℓ (t)ξ

∥∥2
=

∥∥Aℓ(t)ξ
∥∥2

+ t‖ξ‖2 ≤ ‖Ntξ‖2
+ t‖ξ‖2.

Therefore we can prove that Dom(A+
ℓ (t)) is contained in Dom(Nt)) by the

same sequence argument.

The following formula, giving the stochastic differential of processes

(Nn
t )t≥0, is a special case of the quantum Itô formula in Belavkin’s pseudo-

Poisson form (see Belavkin3 ).

Lemma 3.3. For all n ≥ 1 we have

dNn
t =

∑

ℓ≥1

((Nt + 1)n − Nn
t ) dΛℓ

ℓ(t).

Proof. The above formula is clearly true for n = 1. Suppose it has been

established for an integer n, then, by the quantum Itô formula, for all
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f, g ∈ M, we can write
〈
e(g), Nn+1

t e(f)
〉

= 〈Nte(g), Nn
t e(f)〉 in the form

∫ t

0

{
〈e(g), Nn

s e(f)〉 + 〈Nse(g), ((Ns + 1)n − Nn
s )e(f)〉

+ 〈e(g), ((Ns + 1)n − Nn
s )e(f)〉

}
gℓ(s)f

ℓ(s)ds

=

∫ t

0

{
〈e(g), (Nn

s + (Ns + 1)((Ns + 1)n − Nn
s )) e(f)〉

}
gℓ(s)f

ℓ(s)ds.

This completes the proof.

Fix a positive integer n. For all ε > 0 consider the process (Zε
t )t≥0 given

by

Zε
t = (Nt + 1)ne−ε(Nt+1). (5)

The operators Zε
t are bounded. Indeed, it can be easily shown that ‖Zε

t ‖ ≤
nn(εe)−n.

Proposition 3.1. The adapted process (Zε
t )t≥0 satisfies

dZε
t =

∑

ℓ≥1

Y ε
t Zε

t dΛℓ
ℓ(t), Zε

0 = e−ε1l.

where (Y ε
t )t≥0 is the bounded operator process

Y ε
t =

(
(Nt + 2)(Nt + 1)−1

)n
e−ε − 1l

satisfying

−1l ≤ Y ε
t ≤ (2n − 1) 1l.

Proof. The function

ϕ : R → R, ϕ(x) = (x + 1)ne−ε(x+1)

is analytic. Therefore it suffices to apply Lemma 3.3.

Proposition 3.2. Suppose that the operators Fα
β are bounded and let U be

a contractive solution of the right QSDE (1). For all ε > 0, u ∈ h, f ∈ M
and t ≥ 0 we have

‖Zε
t Utue(f)‖2 ≤ exp

(
(4n − 1)(1 + 2‖F‖)‖f‖2

)
‖u‖2 (6)
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Proof. Computing the stochastic differential of Zε
t Ut by the Itô formula

we have

dZε
t Ut = Fα

β Zε
t UtdΛβ

α + Y ε
t Zε

t UtdΛℓ
ℓ + Fα

β Y εZε
t UtdΛℓ

ℓdΛβ
α

= Fα
β Zε

t UtdΛβ
α + δ̂α

β Y ε
t Zε

t UtdΛβ
α + δ̂ℓ

αFα
β Y εZε

t UtdΛβ
ℓ

=
(
Fα

β +
(
δ̂α
β + δ̂ℓ

αF ℓ
β

)
Y ε

t

)
Zε

t UtdΛβ
α.

Another application of the quantum Itô formula yields

〈Zε
t Utue(f), Zε

t Utue(f)〉 = e−2ε‖f‖2‖u‖2

+

∫ t

0

〈
Zε

sUsue(f), Mα
β (s)Zε

sUsue(f)
〉
fα(s)fβ(s)ds

where Mα
β are the operator processes on h given by

Mα
β (s) = Fα

β + F β
α

∗
+ F ℓ∗

α F ℓ
β +

(
δ̂ℓ
α + F ℓ

α

)∗ (
δ̂ℓ
β + F ℓ

β

) (
(Y ε

s )2 + 2Y ε
s

)
.

The operators Fα
β determine an operator F = [Fα

β ] on h ⊗ (C ⊕ k). In

the same way, for each s ≥ 0, the Mα
β (s) determine an operator M(s) on

h ⊗ (C ⊕ k) ⊗F . Notice that, by Proposition 3.1 we have

−1l ≤
(
(Y ε

s )2 + 2Y ε
s

)
≤ (4n − 1) 1l.

Therefore we obtain the inequality

M(s) ≤ (F + F ∗ + F ∗∆(1lh)F ) ⊗ 1lF

+ (4n − 1) (∆(1lh) + F )∗∆(1lh)(∆(1lh) + F ) ⊗ 1lF

where ∆(1lh) denotes the projection diag(0, 1lh, . . . ) on h ⊗ (C ⊕ k). The

contractivity condition (3) for U implies that the first term in the right-

hand side is a negative operator. Moreover, it impels that the operator F is

bounded (see Lindsay and Wills8) and, letting ∆(1lh)
⊥ = 1lh⊗(C⊕k)−∆(1lh),

the orthogonal of the projection ∆(1lh) on h ⊗ (C ⊕ k),

(∆(1lh) + F )∗∆(1lh)(∆(1lh) + F ) = ∆(1lh) + F ∗∆(1lh) + ∆(1lh)F + F ∗∆(1lh)F

≤ ∆(1lh) − F ∗∆(1lh)
⊥ − ∆(1lh)

⊥F

≤ (1 + 2‖F‖) 1lh⊗k.

Therefore we have

M(s) ≤ (4n − 1) (1 + 2‖F‖)1lH.

Then our computation with the quantum Itô formula leads finally to the

inequality

‖Zε
t Utue(f)‖2 ≤ e−2ε‖f‖2‖u‖2+(4n−1)(1+2‖F‖)

∫ t

0

‖Zε
sUsue(f)‖2 |f(s)|2ds.
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The conclusion follows then from the Gronwall’s Lemma.

The following Lemma is an immediate consequence of the spectral the-

orem

Lemma 3.4. Let X be a positive self-adjoint operator on a Hilbert space

K and let X(ε) be the bounded operator (X + 1l)e−ε(X+1l) (ε > 0). A vector

u ∈ K belongs to the domain of X if and only if

sup
ε>0

∥∥∥X(ε)u
∥∥∥

2

< ∞.

We can now prove that the operators Ut solving the right equation (1)

map all vectors ue(f) with u ∈ h, f ∈ M in the domain of the operators

Λβ
α(t).

Theorem 3.1. Let U be a contractive solution of the right equation (1).

Suppose that the operators Fα
β are bounded. Then, for all n ≥ 1, ℓ,m ≥ 1,

t, s ≥ 0, u ∈ h and f ∈ M, the vector Utue(f) belongs to the domain of the

operators Nn
t , (Λβ

α(t))n and

Aℓ(t)Ut =

∫ t

0

(
δ̂ℓ
β + F ℓ

β

)
UsdΛβ

0 (s) +

∫ t

0

Fα
β Aℓ(s)UsdΛβ

α(s) (7)

A+
ℓ (t)Ut =

∫ t

0

UsdA+
ℓ (s) +

∫ t

0

Fα
β A+

ℓ (s)UsdΛβ
α(s) (8)

Λℓ
m(t)Ut =

∫ t

0

(
δ̂ℓ
β + F ℓ

β

)
UsdΛβ

m(s) +

∫ t

0

Fα
β Λℓ

m(s)UsdΛβ
α(s) (9)

Proof. The right-hand side of the a priori estimate (6) is independent of ε.

Therefore, Utue(f) belongs to the domain of the operators Nn
t by Lemma

3.4. Moreover, it belongs also to Dom(Λβ
α(t)n) by Lemma 3.1 and Lemma

3.2.

Let u, v ∈ h and f, g ∈ M. By the Itô formula we have

〈
A†

ℓ(t)ve(g), Utue(f)
〉

=

∫ t

0

〈
A†

ℓ(s)ve(g), Fα
β Usue(f)

〉
gα(s)fβ(s)ds

+

∫ t

0

〈ve(g), Usue(f)〉 f ℓ(s)ds

+

∫ t

0

〈
ve(g), F ℓ

βUsue(f)
〉
fβ(s)ds.

Now, by Proposition 3.2 and Lemma 3.4, Usue(f) belongs to the domain

of Nt. Therefore, by Lemma 3.2, Usue(f) belongs to the domain of Aℓ(s).
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Therefore, since (Fα
β )∗ commutes with A†

ℓ(s), we find

〈
A†

ℓ(s)ve(g), Fα
β Usue(f)

〉
=

〈
A†

ℓ(s)(F
α
β )∗ve(g), Usue(f)

〉

=
〈
(Fα

β )∗ve(g), Aℓ(s)Usue(f)
〉

=
〈
ve(g), Fα

β Aℓ(s)Usue(f)
〉
.

Therefore we have

〈ve(g), Aℓ(t)Utue(f)〉 =

∫ t

0

〈
ve(g), Fα

β Aℓ(s)Usue(f)
〉
gα(s)fβ(s)ds

+

∫ t

0

〈
ve(g), (δ̂ℓ

β + F ℓ
β)Usue(f)

〉
fβ(s)ds.

This proves (7). The proof of (8), (9) is similar; we omit it.

Theorem 3.1 shows that, for any bounded operator X = [Xα
β ]α,β≥0 on

h ⊗ (C ⊕ k), the operator process (U∗
t ΛX(t)Ut)t≥0 is well defined on the

algebraic tensor product of the initial space h with the linear manifold E
of exponential vectors (with test function in M. Computing the stochastic

differential in the matrix notation we find immediately

dU∗
t ΛX(t)Ut = U∗

t dΛ(1+∆(1lh)F )∗X(1+F∆(1lh))−X)(t)Ut.

This allows us to write the QSDE satisfied by the operator process

(U∗
t ΛX(t)Ut)t≥0 by a simple matrix computation.
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FROM ALGEBRAIC TO ANALYTIC

DOUBLE PRODUCT INTEGRALS

ROBIN L. HUDSON

School of Mathematics, University of Loughborough,

Loughborough, Leicestershire LE11 3TU Great Britain

The algebraic theory of double product integrals and particularly its role in the

quantisation of Lie bialgebras is described. When the underlying associative

algebra is that of the Itô differentials of quantum stochastic calculus such

product integrals are formally represented as operators which are infinite sums

of iterated integrals in Fock space. In this paper we describe some of the analytic

problems encountered in making such sums rigourously meaningful, as well as

the expected properties of such analytic double product integrals.

Keywords: double product integral, quantum stochastic integral, iterated inte-

gral, quantum Yang-Baxter equation

1. Introduction

An algebraic theory of double product integrals consisting of formal power

series and thereby avoiding convergence questions has been developed. The

original motivation for this theory was to construct a solution of the quan-

tum Yang-Baxter equation from the datum of a generator in the form of

a solution of the classical Yang-Baxter equation , thereby effecting a gen-

eral quantisation procedure for quasitriangular Lie bialgebras in the sense

of3,12. It emerged10 that in general the relevant double product integral was

not generated directly by the corresponding cYBe solution but by a formal

power series with vanishing zero-order coefficient of which the given solu-

tion was the first-order coefficient and whose higher-order coefficients are

determined by a hierarchy of inhomogeneous linear equations previously

considered in a related but distinct context in2.

More recently the analytic double product integral generated by dA†⊗
dA−dA⊗dA†,where A† and A are the creation and annihilation processes

of quantum stochastic calculus13,14, was constructed in the form of a family

of operators in Fock space satisfying quantum stochastic differential equa-
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tions7, as second quantisations of an explicitly evaluated double continuous

product of infinitesimal rotations8. The existence of a general theory of

quantum stochastic double product integrals in Fock space is impeded by

the fact that one of the simplest such integrals, that generated by zdΛ⊗
dΛ where Λ is the conservation process of quantum stochastic calculus14, is

divergent in the sense that its matrix elements between exponential vectors

have zero radius of convergence as power series in z. Another disincentive

to constuction of such a general theory is awareness that the algebraic dou-

ble products of most interest, those that furnish solutions of the qYBe,

have generators which are themselves formal power series as noted above

and thus give rise, when converted to Fock space objects using quantum

stochastic calculus by replacing the formal parameter by a complex vari-

able, to analytic quantum stochastic differential equations of a novel type

for which the usual arguments for convergence of the series obtained by the

Picard iterative method of solution do not apply without modification.

In this paper we consider some aspects of the transition from the alge-

braic, or “formal” in the language of some analysts, to an analytic theory

of double product integrals in Fock space In Section 2 we recall so-called

Itô Hopf algebra over an underlying associative algebra which reduces to

the shuffle product Hopf algebra2 when the underlying algebra is trivial, all

products vanishing. In Section 3 we review the algebraic theory of double

product integrals and their characterisation by their behaviour under the

coproduct and in Section 4 their use to construct solutions of the quan-

tum Yang-Baxter equation which are double product integrals and to use

them to quantise Lie bialgebras. In Section 5 we show how, when the un-

derlying algebra is that of Itô differentials in quantum stochastic calculus,

the Itô Hopf algebra possesses a family of representations in Fock space

in which homogeneous product tensors are mapped to iterated stochastic

integrals, and through which the coproduct is related to the continuous

tensor product splittings of Fock space (Theorem 5). Finally in Section 6

we consider some analytic problems arising when double product integrals

are transferred to processes in Fock space by this mechanism.

2. The Itô-Hopf algebra.

Let there be given a not necessarily unital associative algebra L over the

complex field C. The vector space

T (L) =C⊕L⊕ (L ⊗ L) ⊕ (L ⊗ L⊗ L)⊕ · · · ⊕ (⊗nL) ⊕ · · ·
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of all tensors over L becomes a Hopf algebra when equipped with the fol-

lowing structure.

• The associative product is defined by αβ = γ = (γ0, γ1, γ2, . . .),

where the nth rank component γn of γ is

γn =
∑

A∪B={1,2,...,n}

αA
|A|β

B
|B|,

where the sum is over the 3n decompositions of {1, 2, . . . , n} into

the union of two subsets, we use the place notation so that αA
|A|

indicates that the |A|th rank component of α is to be placed in

those copies of L within
⊗n L which are labelled by elements of

A, βB
|B| is defined analogously and if A∩B 6= ∅ double occupancies

of copies of L are reduced by multiplication in L.

• The unit element is (1, 0, 0, . . .).

• The coproduct ∆ is defined by its action on homogeneous product

tensors

∆(L1⊗L2⊗· · ·Ln) =

n∑

j=0

(L1⊗L2⊗· · ·Lj)
⊗

(Lj+1⊗Lj+2⊗· · ·Ln).

(1)

• The counit ε is defined by

ε(α0, α1, α2, . . .) = α0.

• The antipode S acts on homogeneous product tensors embedded

in T (L) as

S(L) = −L;

S(L1 ⊗ L2 ⊗ · · ·Ln) = (−1)n(Ln ⊗ Ln−1 ⊗ · · ·L1) + lower rank terms.

Note that when L is trivial, all products vanishing, the sum defin-

ing the product reduces to one over pairs of disjoint subsets whose union

{1, 2, . . . , n}, and the Hopf algebra is then the shuffle product Hopf algebra

of2. The proof that it is indeed a Hopf algebra for general L, in particular

that the coproduct remains multiplicative for the modified product, is in9.

The kernel K(ε) of the counit consists of all tensors with vanishing zero-

rank component. The map

ε1 : K(ε) ∋(0, α1, α2, . . .) 7→ α1 ∈ L

is a homomorphism of associative algebras from K(ε) to L.
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Let U(L) denote the universal enveloping algebra of the Lie algebra got

by equipping L with the commutator product. Then the map

φ : L ∋ L 7→ (0, L, 0, 0, . . .) ∈ T (L) (2)

is a Lie algebra homomorphism from the Lie algebra L to T (L) when the

latter is also equipped with the commutator Lie bracket. Denote its univer-

sal extension by Φ.

Theorem 2.1. Φ is an isomorphism of Hopf algebras from U(L) onto the

sub-Hopf algebra of T (L) consisting of symmetric tensors.

Proof. That Φ is an isomorphism of unital associative algebras is proved

in11 in the context that L is the algebra of Itô differentials of quantum

stochastic calculus, and the proof does not depend on this context. To

prove that

∆Φ = (Φ ⊗ Φ)∆ (3)

where on the right hand side ∆ is the coproduct of U(L), which is the

universal extension of the Lie algebra homomorphism

L ∋ L 7→ L ⊗ 1 U(L) + 1 U(L) ⊗ L ∈ U(L) ⊗ U(L),

note first that (3) holds for actions on arbitrary L ∈ L ⊂ U(L) by (2)

and (1). That (3) holds in full generality now follows from the facts that

U(L) is generated as an algebra by L and that both coproducts and the

maps Φ and Φ⊗Φ are multiplicative. That Φ intertwines antipodes follows

similarly from the facts that it does so by definition when applied to each

L ∈ L ⊂ U(L) (whose antipode in U(L) is −L), that Φ is multiplicative

and that antipodes are antimultiplicative. ¤

We introduce the (right) differential map d from T (L) to T (L) ⊗ L by

linear extension of its action on homogeneous product tensors

d(1 T (L)) = 0, d(L1 ⊗ L2 ⊗ · · ·Ln) = (L1 ⊗ L2 ⊗ · · ·Ln−1) ⊗ Ln;

equivalently, for arbitrary T,

d(T ) = (id T (L) ⊗ ε1)(∆(T ) − T ⊗ 1 T (L)).

Here the right hand side is well defined because ∆(T ) − T ⊗ 1 T (L) ∈
T (L) ⊗K(ε), as is clear by linear extension of the case when T is a ho-

mogeneous product tensor which follows from (1).

Note that d maps U(L) to U(L)⊗ L.
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3. Algebraic theory of double product integrals.

Let A be a unital associative algebra which we call the system alge-

bra and let k[h] ∈ h(A⊗ L)[[h]] be a formal power series with van-

ishing zero-order term and coefficients in the tensor product algebra

A⊗ L. We define the forward and backward product integrals generated

by k[h], using place notation, as the formal power series with coefficients in

A⊗ T (L) =
⊕∞

n=0 A⊗ (
⊗n L)

−→∏
(1 + dk[h]) =

∞∑

n=0

k[h]0,1k[h]0,2 . . . k[h]0,n

←−∏
(1 + dk[h]) =

∞∑

n=0

k[h]0,nk[h]0,n−1 . . . k[h]0,1

where the zero-order term of the series is defined to be 1A⊗T (L) in each

case. Equivalently they are the solutions X[h] and Y [h] of the algebraic

stochastic differential equations

(idA ⊗ d)X[h] = X[h]1,2k[h]1,3, (idA ⊗ ε)X[h] = 1A

(idA ⊗ d)Y [h] = k[h]1,3Y [h]1,2, (idA ⊗ ε)Y [h] = 1A.

If A is non-unital we may still define the decapitated product integrals
−̂→∏

(1 + dk[h]) and
←̂−∏

(1 + dk[h]) either by omitting the zero-order term in

the series expansions or as the solutions X̂[h] and Ŷ [h] of

(idA ⊗ d)X̂[h] =
(
X̂[h]1,2 + 12

T (L)

)
k[h]1,3, (idA ⊗ ε)X̂[h] = 0A

(idA ⊗ d)Ŷ [h] = k[h]1,3
(
Ŷ [h]1,2 + 12

T (L)

)
, (idA ⊗ ε)Ŷ [h] = 0A.

Note that these belong to h(L ⊗ T (L))[[h]]. Analogous definitions of the

product integrals
−→∏

(1 + dk[h]),
←−∏

(1 + dk[h]),
−̂→∏

(1 + dk[h]) and
←̂−∏

(1 +

dk[h]), now belonging to (T (L) ⊗A) [[h]]= (
⊕∞

n=0 (
⊗n L) ⊗A) [[h]] and

to h (T (L) ⊗A) [[h]] respectively, hold for a generator k[h] ∈ h(L ⊗A)[[h]].

Now let r[h] ∈ h(L ⊗ L)[[h]] be a formal power series with vanishing

zero-order term and coefficients in L ⊗ L. Taking the first copy of L in

L⊗L as the system algebra we may form the decapitated product integral
←̂−∏

(1 + dr[h]) ∈ h(L ⊗ T (L))[[h]]. Using this as a generator we may then

form
−→∏

(1 +
←̂−∏

(1 + dr[h])). Alternatively, taking the second copy of L as

the system algebra we may form first
−̂→∏

(1 + dr[h]) ∈ h(T (L) ⊗L)[[h]] and

then using this as a generator,
←−∏

(1 +
−̂→∏

(1 + dr[h])). In fact9 these two
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constructions yield one and the same element of (T (L) ⊗ T (L))[[h]] which

we define to be the forward-backward double product integral

→←∏
(1 + dr[h]) =

−→∏
(1 +

←̂−∏
(1 + dr[h])) =

←−∏
(1 +

−̂→∏
(1 + dr[h])).

The double product integrals
←→∏

(1 + dr[h]),
→→∏

(1 + dr[h]) and
←←∏

(1 +

dr[h]) are defined similarly by appropriate reversals of arrows.

Double product integrals can be characterised as elements (T (L) ⊗
T (L))[[h]] of by their behaviour under the actions of the coproduct9. For

example the forward-backward integral is characterised as follows

Theorem 3.1. Let W [h] be a nonzero element of (T (L)⊗T (L))[[h]]. Then

the following are equivalent:

• There exists r[h] ∈ h(L ⊗ L)[[h]] such that W [h] =
→←∏

(1 + dr[h]).

•
(
∆ ⊗ id T (L)

)
W [h] = W [h]1,3W [h]2,3

(
id T (L) ⊗ ∆

)
W [h] = W [h]1,3W [h]1,2.

Similar characterisations for otherwise directed double product integrals

are found by reversing arrows in the first condition and reversing products

in the second.

For r[h] ∈ h(L⊗ L)[[h]] the quasi-inverse is the unique element r′[h] of

h(L ⊗ L)[[h]] such that

r[h] + r′[h] + r[h]r′[h] = r′[h] + r[h] + r′[h]r[h] = 0.

The following theorem is proved in10.

Theorem 3.2. The inverse of
→←∏

(1 + dr[h]) is
←→∏

(1 + dr′[h]) where

r′[h] is the quasi-inverse of r[h].

4. The quantum Yang-Baxter equation and quantisation of

Lie bialgebras.

In10 the following theorem is proved.

Theorem 4.1. A necessary and sufficient condition that R[h] =
→←∏

(1 +

dr[h]) satisfy the quantum Yang-Baxter equation

R[h]1,2R[h]1,3R[h]2,3 = R[h]2,3R[h]1,3R[h]1,2
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in (T (L) ⊗ T (L) ⊗ T (L)[[h]]is that r[h] satisfy

r[h]1,2r[h]1,3 + r[h]1,2r[h]2,3 + r[h]1,3r[h]2,3 + r[h]1,2r[h]1,3r[h]2,3

= r[h]1,3r[h]1,2 + r[h]2,3r[h]1,2 + r[h]2,3r[h]1,3 + r[h]2,3r[h]1,3r[h]1,2 (4)

in (L ⊗ L⊗ L)[[h]].

Note that the condition (4) is equivalent to 1 + dr[h] satisfying the

quantum Yang-Baxter equation in the algebra (L′ ⊗L′ ⊗L′)[[h]] where L′

is got by adjoining a unit element 1 to L.

Equating coefficients of powers of h in (4) we obtain, for the lowest order

coefficient r1 ∈ L ⊗ L,

r1,2
1 r1,3

1 + r1,2
1 r2,3

1 + r1,3
1 r2,3

1 = r1,3
1 r1,2

1 + r2,3
1 r1,2

1 + r2,3
1 r1,3

1 ,

that is, r1 satisfies the classical Yang-Baxter equation

CY B(r1) ≡
[
r1,2
1 , r1,3

1

]
+

[
r1,2
1 , r2,3

1

]
+

[
r1,3
1 , r2,3

1

]
= 0,

while for higher order coefficients CY B(rn),is equal to a polynomial ex-

pression in rj.k
1 , rj.k

2 , . . . rj.k
n−1, (j, k) = (1, 2), (1, 3), (2, 3). It can be shown2

that, for given r1 satisfying CY B(r1) = 0, the resulting hierarchy of in-

homogeneous linear equations for the successive higher order equations

has solutions so that a corresponding solution r[h] of (4) can be con-

structed. For example, if dr1 = dΛ ⊗ dA − dA ⊗ dΛ. where dΛ and dA

are the Itô differentials of the conservation and annihilation processes Λ

and A of quantum stochastic calculus satisfying (dΛ)
2

= dΛ, dAdΛ = dA,

dΛdA = (dA)2 = 0, then it may be verified, firstly, that CY B(dr1) = 0,

and, secondly, that the hierarchy is satisfied by taking each drn = 0 for

n ≥ 2. Hence
→←∏

(1 + h(dΛ ⊗ dA − dA ⊗ dΛ)) satisfies the quantum Yang

Baxter equation.

A solution of the quantum Yang-Baxter equation of form

R[h] =
→←∏

(1 + dr[h])

may be used to construct a deformation coproduct

∆[h](α[h]) = R[h]∆(α[h])R[h]−1

in particular for the algebra A[[h]]of formal power series with coefficients

in T (L) whose zero order coefficients lie in the symmetric subalgebra

S(L) ⊂ T (L). Indeed it is clear that the map ∆[h] defined by this equa-

tion inherits multiplicativity from ∆, while its coassociativity follows from

that of ∆ together with the quantum Yang-Baxter equation for R[h] and
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R[h]−1. The resulting deformation Hopf algebra provides a simple method

of quantisation of the Lie bialgebra got by equipping the Lie algebra L with

the cobracket δ which is the infinitesimal of ∆[h], given by

δ(L) =
1

h

(
∆[h](L) − ∆op[h](L)

)
+ o(h)

= (L ⊗ 1 + 1 ⊗ L)(r1 − τ(2.1)r1) − (r1 − τ(2.1)r1)(L ⊗ 1 + 1 ⊗ L).

Here ∆op[h] denotes the opposite coproduct, ∆op[h] = τ(2.1)∆[h] where

(for an arbitrary vector space V) τ(2.1) is the flip linear transformation in

V ⊗ V which exchanges the components of product tensors.

Thus the Lie bialgebra L is the quasitriangular Lie bialgebra generated

by the solution r1 of the classical Yang Baxter equation3,12 and we have an

effective general method for the quantisation of such Lie bialgebras.

5. Representation and corepresentation properties in Fock

space.

In this section we take L to be the algebra L = C〈dΛ β
α;α, β =

0, 1, 2, . . . , N〉 of Itô differentials of N -dimensional quantum stochastic

calculus, with product defined by

dΛ β
αdΛ γ

δ = δ̂ γ
αdΛ β

δ

where δ̂ γ
α = 1 if α = γ 6= 0 and δ̂ γ

α = 0 otherwise. The corresponding

processes consist of operators in the Fock space F(L2(R+; CN )) over the

Hilbert space L2(R+; CN ) = L2(R+) ⊗ CN acting on the exponential do-

main, with matrix elements between exponential vectors given by

〈
e(f),Λ β

α(t)e(g)
〉

=

∫ t

0

f β(s)gα(s) ds 〈e(f), e(g)〉

where for f = (f1, f2, . . . , fN )T ∈ L2(R+; CN ), f0 ≡ 1 and f α(s) = f̄α(s).

The iterated stochastic integral
∫

a<s1<s2<···<sn<b

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn)

between a < b ∈ R+ may be defined by its matrix elements between expo-

nential vectors〈
e(f),

∫

a<s1<s2<···<sn<b

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn)e(g)

〉

=

∫

a<s1<s2<···<sn<b

fβ1(s1)gα1
(s1)f

β2(s2)gα2
(s2) . . . fβn(sn)gαn

(sn) 〈e(f), e(g)〉 .
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The action of its adjoint on exponential vectors is obtained by exchanging

α and β indices while conserving the order of the terms in the integrator;

(∫
dΛβ1

α1
(s1) dΛβ2

α2
(s2) . . . dΛβn

αn
(sn)

)†

=

∫
dΛα1

β1
(s1) dΛα2

β2
(s2) . . . dΛαn

βn
(sn),

where the integrals are performed over the domain a < s1 < s2 < · · · <

sn < b.

For a < b ∈ R+ and X ∈ T (L) we define an operator Jb
a(X) on the

exponential domain by linear extension of the prescription

Jb
a

(
dΛβ1

α1
⊗ dΛβ2

α2
⊗ . . . ⊗ dΛβn

αn

)

=

∫

a<s1<s2<···<sn<b

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn).

Then the map Jb
a is a weak representation of the algebra T (L) in the sense

that11.

Theorem 5.1. For arbitrary X, Y ∈ T (L) and exponential vectors

e(f), e(g)
〈(

Jb
a(X)

)†
e(f), Jb

a(Y )e(g)
〉

=
〈
e(f), Jb

a(XY )e(g)
〉
.

Note that each operator belonging to the range of Jb
a is biadapted to

the interval ]a, b] in the sense that it takes the form of a double ampliation

idF(L2(R+;]0,a];CN ) ⊗ P b
a ⊗idF(L2(R+;]b,∞];CN ) in the joint splitting at a and

b.

F(L2(R+; CN ))

= F(L2(R+; ]0, a]; CN ) ⊗F(L2(R+; ]a, b]; CN ) ⊗F(L2(R+; ]b,∞]; CN ) (5)

where P b
a is an operator on the exponential domain in F(L2(R+; ]a, b]; CN ).

The following theorem must be well-known to many quantum proba-

bilists but a formal proof seems to be lacking in the literature, so one is given

here. For a < b < c ∈ R+ we denote by F c
a(b) the splitting isomorphism

from F(L2(R+; ]a, c]; CN ) to F(L2(R+; ]a, b]; CN )⊗F(L2(R+; ]b, c]; CN ) un-

der which each exponential vector e(f) is mapped to the product vector

e(f |]a,b])⊗ e(f |]b,c]). We identify elements of the range of Jb
a with the oper-

ators of which they are the double ampliations corresponding to the double

splitting (5).
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Theorem 5.2. For a < b < c ∈ R+

F c
a(b) · Jc

a = (Jb
a ⊗ Jc

b )∆. (6)

Proof. Expressing the simplex

∆c
a(n) = {(s1, s2, . . . , sn) ∈ Rn

+ : a < s1 < s2 < · · · < sn < c}

as the disjoint union of Cartesian products

∆c
a(n) =

n⋃

j=0

(
∆b

a(j) × ∆c
b(n − j)

)
,

where, by definition, the Cartesian product of a set with ∆b
a(0)

or with ∆c
b(0) is itself, we have for arbitrary n ∈ N and

α1, α2, . . . , αn, β1, , β2, . . . , βn ∈ {0, 1, 2, . . . , N}

F c
a(b)Jc

a(dΛβ1
α1

⊗ dΛβ2
α2

⊗ . . . ⊗ dΛβn
αn

)

= F c
a(b)

∫

a<s1<s2<···<sn<c

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn)

= F c
a(b)

∫

(s1,s2,...,sn)∈∆c
a(n)

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn)

= F c
a(b)

∫

(s1,s2,...,sn)∈
⋃

n
j=0(∆b

a(j)×∆c
b
(n−j))

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβn
αn

(sn)

=
n∑

j=0

∫

(s1,s2,...,sj)∈∆b
a(j)

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβj
αj

(sj)

⊗
∫

(sj+1,sj+2,...,sn)∈∆c
b
(n−j)

dΛβj+1
α1+1

(sj+1) dΛβj+2
αj+2

(sj+2) . . . dΛβn
αn(sn)

=

n∑

j=0

∫

a<s1<s2<···<sj<b

dΛβ1
α1

(s1) dΛβ2
α2

(s2) . . . dΛβj
αj

(sj)

⊗
∫

b<sj+1<sj+2<···<sn<c

dΛβj+1
α1+1

(sj+1) dΛβj+2
αj+2

(sj+2) . . . dΛβn
αn(sn)

=

n∑

j=0

Jb
a(dΛβ1

α1
⊗ dΛβ2

α2
⊗ . . . ⊗ dΛβj

αj
) ⊗ · · · · ·Jc

b (dΛβj+1
αj+1

⊗ dΛβj+2
αj+2

⊗ . . . ⊗ dΛβn
αn

)

= (Jb
a ⊗ Jc

b )∆(dΛβ1
α1

⊗ dΛβ2
α2

⊗ . . . ⊗ dΛβn
αn

).

The result now follows by linearity of both sides of (6). ¤
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6. Double product integrals in Fock space.

Given intervals a < b and c < d in R+ and a double product such as

R[h] =
→←∏

(1 + dr[h]) where the coefficients of dr[h] belong to the algebra

L of Itô differentials we may try to construct a corresponding operator on

the exponential domain in the double Fock space

F(L2(R+; CN )) ⊗F(L2(R+; CN )) = F(L2(R+; CN ) ⊕ L2(R+; CN ))

by applying the homomorphism Jb
a ⊗ Jd

c to the coefficients of the formal

power series R[h]and replacing h by a complex variable z. Assuming conver-

gence we may thus define a family of operators on the exponential domain

Rb,d
a,c(z) =

→←∏

(s,t)∈]a,b]×]c,d]

(1 + r(z; ds, dt)) =
(
Jb

a ⊗ Jd
c

) →←∏
(1 + dr[h]) |h=z .

In view of Theorem 3 and Theorem 6 we should expect these to satisfy

Rb,d
a,c(z) = Rx,d

a,c (z)Rb,d
x,c(z) = Rb,d

a,y(z)Rb,y
a,c(z), a < x < b, c < y < d, (7)

at least in the weak sense where the operator products are circumvented

by moving the first operator to its adjoint in exponential matrix elements,

that is, for arbitrary exponential vectors e(f), e(g), e(p), e(q)

〈
e(f) ⊗ e(g), Rb,d

a,c(z)e(p) ⊗ e(q)
〉

=
〈(

Rx,d
a,c (z)

)†
e(f) ⊗ e(g), Rb,d

x,c(z)e(p) ⊗ e(q)
〉

=
〈(

Rb,d
a,y(z)

)†
e(f) ⊗ e(g), Rb,y

a,c(z)e(p) ⊗ e(q)
〉

,

as well as




→←∏

(s,t)∈]a,b]×]c,d]

(1 + r(z; ds, dt))




†

=

←→∏

(s,t)∈]a,b]×]c,d]

(1 + r†(z̄; ds, dt))




→←∏

(s,t)∈]a,b]×]c,d]

(1 + r(z; ds, dt))




−1

=

←→∏

(s,t)∈]a,b]×]c,d]

(1 + r
′

(z; ds, dt))

where r†[h] is formed by appling the tensor product involution to the coef-

ficients of r[h] and r′[h] is the quasiinverse of r[h], the latter again at least
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in the weak sense that

〈e(f) ⊗ e(g), e(p) ⊗ e(q)〉

=

〈
←→∏

(s,t)

(1 + r†(z̄; ds, dt))e(f) ⊗ e(g),

←→∏

(s,t)

(1 + r
′

(z; ds, dt))e(p) ⊗ e(q)

〉

=

〈
→←∏

(s,t)

(1 + r′†(z; ds, dt))e(f) ⊗ e(g),

→←∏

(s,t)

(1 + r(z; ds, dt))e(p) ⊗ e(q)

〉
,

where (s, t) ∈]a, b]×]c, d].

However an analytic theory of double product integrals in Fock space

of this kind is obstructed by divergence problems. It is evident that if the

formal power series r[h] has many nonzero coefficients these may be of a

novel and possibly intractable kind. But even if we make the simpifying

assumption that only the first order coefficient r1 is nonzero (which we do

henceforth) divergence problems remain. For example the (commutative)

double product
∏

(1 + zdΛ ⊗ dΛ),where Λ is the conservation process of

one-dimensional quantum stochastic calculus is divergent for all nonzero

values of z in the sense that for arbitrary f and g non-zero on ]a, b] and

f ′, g′ non zero on ]c, d], the exponential matrix element
〈

e(f) ⊗ e(f ′),
∏

(s,t)∈]a,b]×]c,d]

(1 + zdΛ(s) ⊗ dΛ(t))e(g) ⊗ e(g′)

〉

has zero radius of convergence in z. On the other hand it is clear (since

(dA)2 = 0) that
∏

(s,t)∈]a,b]×]c,d](1+zdA(s)⊗dA(t)) exists in this sense and

is given by exp
(
a(χb

a) ⊗ a(χd
c)

)
where a(χb

a) is the annihilation operator cor-

responding to the indicator function of the interval ]a, b]. More interestingly

the double product
∏

(s,t)∈]a,b]×]c,d](1+ z(dA†(s)⊗ dA(t)− dA(s)⊗ dA†(t))

exists (for all real z) as a unitary operator satisfying (7)7,8. It is conjectured

that
∏

(s,t)∈]a,b]×]c,d](1 + z(dΛ(s)⊗ dA(t)− dΛ(s)⊗ dA†(t)) exists and con-

tinues to satisfy the quantum Yang-Baxter equation in F(L2(R+; CN )) ⊗
F(L2(R+; CN )) ⊗F(L2(R+; CN )).
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IN VIEW

MICHAEL SKEIDE∗
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The theory of product systems both of Hilbert spaces (Arveson systems) and
product systems of Hilbert modules has reached a status where it seems ap-
propriate to rest a moment and to have a look at what is known so far and
what are open problems. However, the attempt to give an approximately com-
plete account in view pages is destined to fail already for Arveson systems
since Tsirelson, Powers and Liebscher have discovered their powerful methods
to construct large classes of examples. In this survey we concentrate on that
part of the theory that works also for Hilbert modules. This does not only
help to make a selection among the possible topics, but it also helps to shed
some new light on the case of Arveson systems. Often, proofs that work for
Hilbert modules also lead to simpler proofs in the case of Hilbert spaces. We
put emphasis on those aspect that arise from recent results about commutants
of von Neumann correspondences, which, in the case of Hilbert spaces, explain
the relation between the Arveson system and the Bhat system associated with
an E0–semigroup on B(H).

K eywords: Quantum dynamics, quantum probability, Hilbert modules, prod-
uct systems, E0–semigroups. 2000 AMS-Subject classification: 46L53; 46L55;
46L08; 60J25; 81S25; 12H20.

1. Introduction

A product system of Hilbert spaces is a family E⊗ =
(
Et

)
t∈R+

of Hilbert

spaces that factor as

Es+t
∼= Es ⊗Et

by means of an associative bilinear multiplication Es × Et ∋ (xs, yt) 7→

xsyt ∈ Es+t. (Depending on the application, there are also technical con-

∗MS is supported by research funds of the University of Molise and the Italian MIUR
(PRIN 2005).
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ditions about continuity or measurability of sections. We speak about

this later on.) The definition of such product systems is due to Arve-

son.Arv89a It is motivated by Arveson’s construction that associates with

every E0–semigroup (a semigroup of normal unital endomorphisms) of the

B(H) of all adjointable operators on a Hilbert space H a product system

EA⊗
. If H is infinite-dimensional and separable, then the product system

determines the E0–semigroup up to cocycle conjugacy. In a series of four

articlesArv89a,Arv90a,Arv89b,Arv90b Arveson showed the fundamental theorem,

namely, that every product system of Hilbert spaces is the one associated

with a suitable E0–semigroup. Thus, there is a one-to-one correspondence

between product systems (up to isomorphism) and E0–semigroups (up to

cocycle conjugacy). In the sequel, we will speak about an Arveson system

if we intend a product system of Hilbert spaces. In particular, we will speak

about the Arveson system associated with an E0–semigroup on B(H).

Meanwhile, product systems of Hilbert bimodules or correspondences

made appearance in many contexts. Bhat and SkeideBS00 constructed a

product system of correspondences over a (unital) C∗–algebra B from

a (unital) CP-semigroup on B. (See also the discussion of Muhly and

SolelMS02 in Remark 6.6.) This construction overcomes constructions by

BhatBha96 and by ArvesonArv96 who construct an Arveson system starting

from a CP-semigroup on B(H) by, first, dilating in a unique way the CP-

semigroup to a minimal E0–semigroup and, then, constructing the Arve-

son system of that E0–semigroup. The construction of,BS00 instead, is di-

rect and allows, then, to construct the minimal dilation in a transparent

way. Only later, SkeideSke02,Ske05a,Ske04 associated in several ways with an

E0–semigroup a product system. Now the E0–semigroup acts on the algebra

Ba(E) of all adjointable maps on a Hilbert B–module E. Although histori-

cally earlier, the approach to product systems from CP-semigroups (that is,

irreversible quantum dynamics) has the disadvantage that not all product

systems arise in that way. While one of the latest results (Skeide;Ske07 still

in preparation) asserts that cum grano salis every product system comes

from an E0–semigroup (that is, reversible quantum dynamics in a sense

we specify later on). So the approach via E0–semigroups allows a more

coherent discussion. In this survey we will concentrate on this connection

between product systems and E0–semigroups, while we will have no space

to discuss also the connections with CP-semigroup and their dilations; see

Skeide.Ske03b Also basic classification of product systems must be sacrificed;

see Skeide.Ske03b,Ske06g
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The basic factorization property of the symmetric Fock space

Γ(H1 ⊕H2) = Γ(H1)⊗ Γ(H2)

(H1 and H2 some Hilbert spaces) has drawn attention since a long time. In

the form

Γ(L2([r, t], K)) = Γ(L2([r, s], K))⊗ Γ(L2([s, t], K)), r ≤ s ≤ t (∗)

(K a Hilbert space) it made appearance in the work of ArakiAra70 and

StreaterStr69 on current representations of Lie algebras, in the work of

Parthasarathy and SchmidtPS72 about Lévy processes (culminating in

Schürmann’s workSch93 on quantum Lévy processes) and in quantum

stochastic calculus on the symmetric Fock space initiated by Hudson and

Parthasarathy.HP84

Let us put Et = Γ(L2([0, t], K)). Then, from the beginning, there are

two possibilities to use (∗) in order to define an isomorphism Es⊗Et
∼= Es+t,

namely,

Es ⊗Et
∼= StEs ⊗Et

∼= Es+t and Es ⊗Et
∼= Es ⊗ SsEt

∼= Es+t,

where St : Γ(L2([0, s], K))→ Γ(L2([t, t+ s], K)) is the time shift. If we con-

sider the CCR-flow, that is, the E0–semigroup induced on B
(
Γ(L2(R+, K))

)

by the time shift, then the associated Arveson system is Et with the second

choice of an isomorphism, that is, with the time shift acting on the right

factor in Es⊗Et. However, Bhat discovered a second possibility to associate

an Arveson with an E0–semigroup. In the case of the CCR-flow one obtains

the same Hilbert spaces Et but with the first choice of an isomorphism, that

is, with the time shift acting on the left factor in Es ⊗Et. More generally,

the Bhat system associated with any E0–semigroup shows always to be

anti-isomorphic to the associated Arveson system.

This ambivalence in the tensor product of Hilbert spaces, where we may

switch the order of factors without changing (up to canonical isomorphism)

the resulting space, is by far less innocent than it appears at the first sight.

Nothing like this is true in the module case for the tensor product of cor-

respondences over B. (It is very well possible that in one order their tensor

product is {0}, while in the other order it is not.) In fact, we will see that

the construction of a product system of correspondences over B from an

E0–semigroup on Ba(E) for some Hilbert B–module E corresponds to the

construction of the Bhat system of an E0–semigroup on B(H). Also the con-

struction of product system following the ideas of Arveson is still possible.

However, it yields a product system of correspondences over the commutant

B′ of B and works nicely only for von Neumann algebras B. The relation
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between these two product systems is that one is the commutant of the

other. The commutant of a correspondence was introduced in Skeide.Ske03a

Let B be a C∗–algebra. Recall that a pre-Hilbert B–module is a right

B–module E with a sesquilinear inner product 〈•, •〉 : E×E → B satisfying

〈x, x〉 ≥ 0 for all x ∈ E (positivity), 〈x, yb〉 = 〈x, y〉b for all x, y ∈ E; b ∈ B

(right linearity), and 〈x, x〉 = 0 =⇒ x = 0 (definiteness). If definiteness is

missing, then E is a semi-Hilbert B–module. (Properties like 〈x, y〉∗ =

〈y, x〉 and 〈xb, y〉 = b∗〈x, y〉 are automatic.) The most basic property of

the inner product in a semi-Hilbert B–module is the following Cauchy-

Schwartz inequality

〈x, y〉〈y, x〉 ≤ ‖〈y, y〉‖ 〈x, x〉.

By Cauchy-Schwartz inequality it is possible to quotient out length-zero

elements. By Cauchy-Schwartz inequality ‖x‖ :=
√
〈x, x〉 defines a norm on

the pre-Hilbert module E. If E is complete in that norm, then E is a Hilbert

B–module. By Cauchy-Schwartz inequality the operator norm turns the

algebra of bounded adjointable operators Ba(E) on the pre-Hilbert module

E into a pre–C∗–algebra. Recall that a map a on E is adjointable, if it

admits an adjoint a∗ such that 〈x, ay〉 = 〈a∗x, y〉 for all x, y ∈ E. Every

adjointable map is closeable. Therefore, by the closed graph theorem, an

adjointable map on a Hilbert module is bounded, automatically.

In order to speak about product systems we need the (internal) tensor

product, and the tensor product is among bimodules or correspondences.

If A is another C∗–algebra, then a correspondence from A to B (or a

A–B–correspondence) is a Hilbert B–module with a nondegenerate rep-

resentation of A by adjointable operators. If A = B, then we speak also of a

correspondence over B or of a B–correspondence.a The (internal) tensor

product of a correspondence E from A to B and a correspondence F from

B to C is the unique correspondence E ⊙ F from A to C that is generated

by elementary tensors x⊙ y with inner product

〈x⊙ y, x′ ⊙ y′〉 =
〈
y′, 〈x, x′〉y′

〉
(1)

and the obvious bimodule operation. Uniqueness is, in the sense of a uni-

versal property, up to canonical isomorphism. (In two realizations, sim-

ply identify the elementary tensors. For a construction take the vector

aThe nondegeneracy condition is crucial in all what follows. For the right action of B on

a Hilbert B–module it is automatic. (Exercise: Why?) But, there are left actions that
act degenerately. However, in that case we will never say A–B–module, but rather speak
of a (possibly degenerate) representation of A.
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space tensor product E ⊗ F , define a semiinner product by (1) and di-

vide by the length-zero elements.) The tensor product applies also if E is

just a Hilbert B–module, as every Hilbert B–module E may be viewed as

a correspondence from Ba(E) to B. This also shows that E ⊙ F carries

a canonical nondegenerate left action of a ∈ Ba(E) which we denote by

a⊙ idF or, sometimes, simply by a, too. (Attention! The unital embedding

Ba(E) → Ba(E) ⊙ idF ⊂ Ba(E ⊙ F ) need not be faithful.) By Ba,bil(F )

we denote the space of those elements a ∈ Ba(F ) that are bilinear , that

is, which fulfill a(by) = b(ay) for all b ∈ B, y ∈ F . There is an embed-

ding Ba,bil(F ) → idE ⊙Ba,bil(F ) ⊂ Ba(E ⊙ F ). If E is full , that is, if the

range ideal BE := span〈E, E〉 in B is B, then one may show that this

embedding is an isomorphism onto the relative commutant of B
a(E)⊙ idF

in Ba(E ⊙ F ).

If (v, w) 7→ v · w is bilinear or sesquilinear operation, then V W is the

set {v · w : v ∈ V, w ∈ W}. We do not adopt the convention that V W =

spanV W or even V W = spanV W .

2. The product system associated with an E0–semigroup

Let S be one of the (additive) semigroups R+ or N0 (with identity 0). We

will refer to S = R+ also as the continuous time case and to S = N0 as

the discrete case. We are mainly interested in the continuous time case. In

associating with an E0–semigroup a product system, there is no difference

between the discrete and the continuous time case. But knowing how to

deal with the discrete case will play a crucial role in showing the converse

statement in Sections 3 and 4. For the forward direction in this section, we

will discuss first the Hilbert space case and then gradually pass to modules.

Let ϑ =
(
ϑt

)
t∈S

be an E0–semigroup on the algebra B(H) of all ad-

jointable operators on a Hilbert space H . Recall that an E0–semigroup

ϑ on a unital ∗–algebra is a semigroup of unital endomorphisms. If the

∗–algebra is B(H), then we will require that these endomorphisms are

normal, while for the time being we do note pose continuity conditions

regarding time dependence of ϑt. We mentioned already, that there are es-

sentially two ways to associate with ϑ a product system of Hilbert spaces

(Arveson system , for short). The first one is Arveson’s original construc-

tion from,Arv89a the second one is due to Bhat.Bha96 However, only the sec-

ond construction due to Bhat allows for a direct generalization to Hilbert

modules. Arveson’s construction works nicely only for von Neumann mod-

ules and results in a different product system, the commutant system. Even

for Hilbert spaces the results of the constructions need not coincide; see
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Footnote q. Moreover, he results are related to the original E0–semigroup

in different ways, namely, one (Arveson) by what we will call a right di-

lation and the other (Bhat) by what we will call a left dilation. Starting

with this section we will discuss product systems and their relations with

E0–semigroups in terms that correspond rather to Bhat’s construction. The

generalization of Arveson’s approach requires the commutant of a von Neu-

mann correspondence. We will discuss these things starting from Section

5.

InBha96 Bhat chooses a unit vector ξ ∈ H and defines the Hilbert sub-

spaces

EB
t := ϑt(ξξ

∗)H (2)

of H . (Once for all, for an element x in a space with an inner product,

we define the map x∗ : y 7→ 〈x, y〉. Consequently, xy∗ is the rank-one

operator z 7→ x〈y, z〉.) It is easy to show that the bilinear maps

(x, yt) 7−→ xyt := ϑt(xξ∗)yt and (xs, yt) 7−→ xsyt := ϑt(xsξ
∗)yt

(3)

define isometries vt : H ⊗EB
t → H and us,t : EB

s ⊗EB
t → EB

s+t. (Exercise:

Check that us,t is into Es+t.) Using a bounded approximate unit of finite-

rank operators and normality, one may show that vt is surjective. (We

discuss this in a minute in the more general context; see Equation (4) and

the exercise suggested there.) Now us,t is just the restriction of vt to the

subspace EB
s ⊗ EB

t of H ⊗ EB
t and v∗t maps the subspace Es+t of H into

Es ⊗Et. (Exercise!) This shows that us,t is onto Es+t. We find

(xys)zt = ϑt((xys)ξ
∗)zt = ϑt(ϑs(xξ∗)ysξ

∗)zt

= ϑs+t(xξ∗)ϑt(ysξ
∗)zt = ϑs+t(xξ∗)(yszt) = x(yszt)

and, by restriction, (xrys)zt = xr(yszt). Therefore, the family EB⊗
=(

EB
t

)
t∈S

is an (algebraic) Arveson systemb and the vt iterate associatively

with that product system structure. We call EB⊗
the Bhat system as-

sociated with ϑ.c

b“Algebraic” refers to that we are not posing any continuity or measurability condition
on EB⊗

.
cOf course, the construction of EB⊗

depends on ξ. But we explain in Proposition 2.4
that all Arveson systems we obtain from different choices are isomorphic. Moreover, we

will single out the result of yet another construction as the Bhat system of ϑ. (That
construction has the advantage that it works with choosing a distinguished unit vector.
But, even in the Hilbert space case, its simple proof cannot be understood without
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In general, whenever for an Arveson system E⊗ we have a Hilbert space

L 6= {0} and a family w⊗ of unitaries vt : L ⊗ Et → L that iterates asso-

ciatively with the product system structure, we call the pair (v⊗, L) a left

dilation v⊗ of E⊗ to L.d In that case, by setting ϑv
t (a) := vt(a⊗ idt)v

∗
t we

define an E0–semigroup ϑv on B(L). (The semigroup property corresponds

exactly to the associativity condition.) Moreover, it is easy to check that the

Bhat system of ϑv is E⊗ by identifying xt ∈ Et with vt(ξ⊗xt) ∈ ϑv
t (ξξ

∗)L.

(Exercise: Verify that this identification does not only preserve the spaces

but also the product system structure.) In the case of the Bhat system EB⊗

of an E0–semigroup ϑ on B(H) and the left dilation vt of EB⊗
to H as

constructed before, it follows from

vt(a⊗ idt)v
∗
t (xyt) = vt(a⊗ idt)(x⊗ yt) = vt(ax⊗ yt)

= ϑt(axξ∗)yt = ϑt(a)ϑt(xξ∗)yt = ϑt(a)(xyt)

that ϑv
t = ϑt. We summarize:

2.1 Proposition. Let E⊗ be an (algebraic) Arveson system. The problem

of finding an E0–semigroup that has E⊗ as associated Bhat system is equiv-

alent to the problem of finding a left dilation of E⊗.

Now suppose that ϑ is an E0–semigroup acting on Ba(E) where E is a

Hilbert B–module. In order to obtain a representation theory of Ba(E) on

E in analogy with that of B(H), we need a condition that replaces normal-

ity. The crucial point is that a normal representation of B(H) is determined

completely by what it does to the rank-one operators. In particular, if the

representation is nondegenerate, then already the action of the rank-one

operators alone has to be nondegenerate. (For a unital representation of

B(H), this nondegeneracy condition is equivalent to normality!) We will

require that all unital endomorphisms ϑt of B
a(E) are nondegenerate in

that sense, that is, we require that for all t ∈ S the set ϑt(EE∗)E is to-

tal in E. It can be shown that this is equivalent to say that the unital

representation ϑt is strict ; see, for instance,MSS06

To begin with, suppose that E has a unit vector ξ, that is, 〈ξ, ξ〉 =

1 ∈ B. That means, in particular, that B is unital and that E is full. We

knowing Hilbert modules; see Remark 2.3.) If we want to emphasize the unit vector ξ,
we will say the Bhat system of ϑ based on ξ.
dNote that by associativity and the requirement that u0,0 is the canonical identification,

it follows that also v0 is the canonical identification. Indeed, suppose u is the unique
unitary in B(L) such that v0(x⊗1) = ux. Then ux = v0(x⊗1) = v0((v0(u∗x⊗1))⊗1) =
v0(u∗x ⊗ u0,0(1 ⊗ 1)) = v0(u∗x ⊗ 1) = uu∗x = x, so that u = idL.
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showed in SkeideSke02 that, in this case, the whole construction of a product

system à la Bhat cum grano salis goes through, as before. As in (2), we

define Hilbert B–submodules Et := ϑt(ξξ
∗)E of E. The grano salis we had

to add inSke02 is the definition of a left action of B on Et that turns it into

a correspondence over B. This left action is

bxt := ϑt(ξbξ
∗)xt.

(Exercise: Check that this defines a unital representation of B by opera-

tors on Et.) Once more, the (balanced C–bilinear) mappings in (3) define

isometries vt : E ⊙ Et and us,t : Es ⊙ Et → Es+t. (We invite the reader to

check that these maps, indeed, preserve inner products.) To see that vt is

surjective, simply observe that the elements of the total subset ϑt(EE∗)E

can be written as

ϑt(xy∗)z = ϑt(xξ∗ξy∗)z = ϑt(xξ∗)ϑt(ξy
∗)z = vt(x⊙ ϑt(ξy

∗)z) (4)

where, clearly, ϑt(ξy
∗)z ∈ Et. (Exercise: Go back to the Hilbert space

case and give a formal proof of surjectivity under the apparently weaker

assumption of normality, modifying the preceding argument suitably.) Of

course, also here ϑv
t (a) := vt(a⊙ idt)v

∗
t gives back ϑt(a). Surjectivity of us,t

can be checked as in the Hilbert space case. And by

bus,t(xs ⊙ yt) = ϑs+t(ξbξ
∗)ϑt(xsξ

∗)yt

= ϑt(ϑs(ξbξ
∗)xsξ

∗)yt = ϑt(bxsξ
∗)yt = us,t(bxs ⊙ yt)

we see that the unitaries us,t are even bilinear.

We summarize: The family E⊙ =
(
Et

)
t∈S

with the unitaries us,t ∈

Ba,bil(Es⊙Et, Es+t) is an (algebraic) product system of correspondences

over B. That means, the product (xs, yt) 7→ xsyt := us,t(xs⊙ yt) is associa-

tive, E0 = B and ut,0 and u0,t are the canonical identifications. Moreover,

the product system is full in the sense that each Et is full, and the pair

(v⊙, E) with v⊙ =
(
vt

)
t∈S

is a left dilation of E⊙ to E. By this we mean

that the unitaries vt ∈ Ba(E⊙Et, E) iterate associatively with the product

system structure and that E is full. The E0–semigroup ϑv =
(
ϑv

t

)
t∈S

is the

ϑ we started with.

2.2 Remark. Note that if (v⊙, L) is a left dilation, then BL ⊂ BEt
so that

full L implies that every Et is full. The condition that L be full replaces

the condition L 6= {0} of nontriviality in the Hilbert space case. In fact, the

only Hilbert space that is not a full Hilbert C–module is {0}. For nonfull

E⊙ the concept of left dilation is not defined.
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The idea of left dilation is that, if a product system E⊙ gives rise to

an E0–semigroup ϑv via a left dilation (v⊙, L), then the E0–semigroup

should determine that product system uniquely. By this we mean, if we

have another product system with a left dilation to the same L such that

the induced E0–semigroups coincide, then the two product systems should

be isomorphic. For full L this is a special case of Proposition 2.4 below. If

we would weaken to not necessarily full L, then uniqueness fails as soon

as L is not full. (An extrem example would be L = {0} to which every

product system could be “dilated”.) If we have a pair (v⊙, L) that fulfills

all conditions of a left dilation except fullness of L, then we speak of a

left quasi dilation . Also a quasi dilation defines an E0–semigroup ϑv on

Ba(L).

Every product system E⊙ of correspondences over B with a quasi dila-

tion v⊙ to L has a subsystem F⊙ of full correspondences

Ft :=
⋂

t1+...+tn=t

span
(
BLEtn

BL . . .BLEt1BL

)

over BL. It is easy to check (exercise!) that the restriction of the quasi

dilation of E⊙ to that subsystem F⊙ is, now, a left dilation of F⊙ to the

full Hilbert BL–module L inducing the same E0–semigroup on Ba(L). By

Proposition 2.4, which holds also for nonunital BL, such a product system

is determined uniquely by ϑv.

We owe the reader to say a few words about the construction of the

unique product system of an E0–semigroup in the general case. (The reader

who is satisfied considering only the full unital case, may skip this and pass

to Proposition 2.4, immediately.) Again this is nothing but the theory of

(strict) representations of Ba(E), now in its most general form. The theory

of unital strict representations ϑ of Ba(E) on another Hilbert module F

over a possibly different C∗–algebra C and the theory of arbitrary repre-

sentations on a von Neumann module have been settled in Muhly, Skeide

and Solel.MSS06 In the strict and unital case there is a correspondence Fϑ

from B to C such that F ∼= E ⊙ Fϑ and ϑ(a) is just amplification a⊙ idFϑ
.

In the not necessarily strict case, the representation on a von Neumann

module decomposes into a strict unital part, and a part that annihilates

the algebra of finite-rank operators F(E) := spanEE∗ and, therefore,

also the C∗–algebra of compact operators K(E) = F(E).

We repeat briefly what the construction asserts in the case of an

E0–semigroup ϑ on Ba(E) as discussed in Skeide.Ske04 To begin with, we

do not assume that the Hilbert B–module E is full. For every t ∈ S we

turn E into a correspondence tE from B
a(E) to B by defining the left
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action ax = ϑt(a)x. By the nondegeneracy condition we posed on ϑt, al-

ready the action of F(E) ⊂ Ba(E) alone on tE is nondegenerate. In other

words, we may also view tE as correspondence from K(E) to B. We turn

E∗ = {x∗ : x ∈ E} into a correspondence from B to Ba(E) by defining the

inner product 〈x∗, y∗〉 := xy∗ and the bimodule action bx∗a := (a∗xb∗)∗.

As Ba(E)E∗ = K(E) and BEE∗ is total in E∗ we may view E∗ also as a

full correspondence from BE to K(E).

It is easy to verify that E ⊙ E∗ ∼= K(E) via x ⊙ y∗ 7→ xy∗ and E∗ ⊙

E ∼= BE via x∗ ⊙ y 7→ 〈x, y〉, as correspondences over K(E) and over BE,

respectively.e If we define the correspondence Et := E∗⊙ tE over BE , then

E ⊙Et = E ⊙ (E∗ ⊙ tE) ∼= (E ⊙E∗)⊙ tE ∼= K(E)⊙ tE ∼= tE

via

vt : x⊙ (y∗ ⊙t z) 7−→ ϑt(xy∗)z,

where we denote the elementary tensor of elements y∗ ∈ E∗ and z ∈ tE as

y∗ ⊙t z. Note that this is an isomorphism of correspondences from Ba(E)

to B so that the canonical action a⊙ idt of a ∈ Ba(E) on the left-hand side

corresponds to the canonical action ϑt(a) of a on the right-hand side. It is

readily verified (exercise!) that

(x∗ ⊙s y)⊙ (x′∗ ⊙t y′) 7−→ x∗ ⊙s+t (ϑt(yx′∗)y′)

defines an (obviously, bilinear) unitary us,t : Es ⊙Et → Es+t and that this

product is associative. In other words, E⊙ =
(
Et

)
t∈S

is a product system of

BE–correspondences and v⊙ =
(
vt

)
t∈S

is a left dilation of E⊙ to E giving

back ϑ as ϑv. If we want to have a concise construction that works for

all E0–semigroups, then we speak about this E⊙ as the product system

associated with ϑ.

eEffectively, as K(E)–BE–correspondence, E is a Morita equivalence from K(E) to BE

and E∗ its inverse under tensor product. In general, what we nowadays call a Morita

equivalence from A to B, is a full correspondence F from A to B for which the canonical
homomorphism A → Ba(F ) defines an isomorphism onto K(F ). (Rieffel,Rie74a who
introduced the concept, called F an imprimitivity bimodule.) With this isomorphism the
B–K(F )–correspondence F ∗ can be viewed as B–A–correspondence. As B is canonically
isomorphic to K(F ∗), also F ∗ is a Morita equivalence. Almost all what follows, essentially
noting that tensoring with a Morita equivalence may be undone by tensoring with its

inverse, was already known to Rieffel. What we added to his imprimitivity theorem
[Rie74a, Theorem 6.23], essentially the representation theory of F(E) on a Hilbert space,
is the extension to Ba(E) and that the representation space may be a Hilbert module.
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2.3 Remark. There is a price to be paid, for that this construction works

for all E0–semigroups. The members Et = E∗⊙tE are abstract tensor prod-

ucts, while in every other construction, also Arveson’s for Hilbert spaces,

the Et are subspaces of one fixed Banach space (of E in the construction

à la Bhat with a unit vector and of B(H) in Arveson’s construction; see

Section 5).

Also, the proof is very elegant and simple. But, unlike the other proofs,

even in the Hilbert space case it requires some basic knowledge of Hilbert

modules. (H∗ is a correspondence from C to K(H) and we have to calculate

tensor products with this correspondence.) We recommend as an intriguing

exercise to redo the theory of normal representation of B(H) along the

preceding proof. See [Ske05a, Remark 2.2] and [MSS06, Example 1.5].

After the preceding discussion of the general nonunital and even nonfull

case, we will now concentrate on full product systems. What happens if we

have two left dilations (v1⊙, L1) and (v2⊙, L2) of a full product system E⊙?

In the case of Hilbert spaces Arveson’s answer (in terms of left dilation) is,

the two E0–semigroups ϑv1 and ϑv2 must be cocycle conjugate. However,

this statement relies on the fact that Arveson’s E0–semigroups all act on

a B(H) where H is infinite-dimensional and separable. In other words,

the Hilbert spaces L1 and L2 have the same dimension and, therefore, are

isomorphic. The general case of Hilbert modules, is an (interesting) open

problem.f However, if the Hilbert modules L1 and L2 are isomorphic, then

we have the same result as Arveson.g In SkeideSke02 we discussed the case

with unit vectors. Here we state a slightly more general result directly in

terms of left dilations.

2.4 Proposition. Let L be a Hilbert B–module. Then for two left dilations

(vi⊙, L) of two full product systems Ei⊙ (i = 1, 2) to L the product systems

are isomorphic (that is, there is a family ut : E1
t → E2

t of bilinear uni-

taries fulfilling us+t(xsyt) = us(xs)ut(yt) and u0 = idB), if and only if the

fLeft (quasi) dilations of the same product system admit direct sums. We expect that
it is possible to develop a decomposition theory for left dilations in terms of smallest
building blocks.
gWe have even more: Suppose Ba(L1) and Ba(L2) are strictly isomorphic, so that there is

a Morita equivalence M such that L2 = L1⊙M ; see Footnote e. Then two E0–semigroups

ϑvi
on Ba(Li) (i = 1, 2) are cocycle conjugate (in the obvious way), if and only if their

product systems Ei⊙ are Morita equivalent via the same Morita equivalence M , that
is, there is an isomorphism between the product systems E1⊙ and M ⊙ E2⊙ ⊙ M∗ :=
(

M ⊙ E2
t ⊙ M∗

)

t∈S
. For that, L1 and L2 need not even be modules over the same

C∗–algebra. See SkeideSke04 for details.
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E0–semigroups ϑv1

and ϑv2

are cocycle conjugate (that is, there is a fam-

ily ut ∈ Ba(L) of unitaries with u0 = idL such that ϑv1

s+t(us+t) = usϑ
v1

s (ut)

and ϑv2

t (a) = utϑ
v1

t (a)u∗t ).

Proof. (Sketch.) If there is a family ut, then ut := v2
t (idL⊙ut)v

1
t

∗
fulfills

the desired properties. (Exercise!) For the backward direction recall that L

is necessarily full. Therefore, Ei
t = L∗ ⊙L⊙Ei

t as correspondences over B.

Moreover, L ⊙ Ei
t is isomorphic to tL

i via vi
t, if we define tL

i as L when

viewed as correspondence from Ba(L) to B via ϑi
t. Clearly, ut : L→ L is an

isomorphism of correspondences when viewed as mapping tL
1 → tL

2. In

other words, ut := idL∗ ⊙v2
t

∗
utv

1
t is an isomorphism E1

t = L∗ ⊙ L ⊙ E1
t →

L∗ ⊙ L ⊙ E2
t = E2

t . These ut form an isomorphism of product systems.

(Exercise!)

We summarize: Every E0–semigroup ϑ on Ba(E) leads to a product

system E⊙. If E is full, then so is E⊙ and E⊙ is related to ϑ via a left

dilation v⊙ to E giving back ϑ as ϑv. Every other left dilation of E⊙ to E

leads to an E0–semigroup cocycle conjugate to ϑ and two E0–semigroups

on Ba(E) have isomorphic product systems, if and only if they are cocycle

conjugate.

If E is not full, then we may still associate with an E0–semigroup ϑ

on Ba(E) a product system E⊙. This product system consists of full cor-

respondences over BE . So if we simply restrict to BE , then we are in the

full situation. There is no problem to consider Et as a (no longer full)

correspondence over B. However, if we insist in having a product system of

correspondences over B, then we must replace E0 = BE with B. This causes

a sharp discontinuity at t = 0. Such a product system with BEt
= BE 6= B

for t > 0 will never be continuous in the sense of Definition 4.2 below.

Product systems where BEt
increases in continuous way to B may have

interesting left quasi dilations if there is a nontrivial subalgebra C of B such

that BEt
⊃ C for all t. But the investigation of quasi dilations, so far, has

not yet been tackled.

Even if
⋂

t∈S
BEt

= {0} we obtain interesting structures, if we weaken,

in the definition of left quasi dilation, unitarity of vt to isometry.

2.5 Example. Put E = B = C0(0,∞), define the Hilbert submodules

Et = C0(t,∞) of B, and let St denote the usual right shift. We turn Et

into a correspondence over B by defining the left action b.xt := St(b)xt. We

leave it as an exercise to check that vt(x⊙yt) = St(x)yt defines an isometry

E⊙Et → E, and that the restriction us,t to Es⊙Et defines a bilinear unitary
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onto Es+t. Clearly, the us,t turn E⊙ =
(
Et

)
t∈S

into a product system and

the vt iterate associatively with the product system structure. Note that

vt is not adjointable, so it is not possible to define an E–semigroup (that

is, a semigroup of not necessarily unital endomorphism) ϑv on Ba(E) =

Cb(0,∞), the multiplier algebra M(B) of B. (In fact, such a semigroup

should have to send the identity of Ba(E) to the indicator function II [t,∞)

which is not in Cb(0,∞).) But, St does define an E–semigroup on K(E) = B,

and E⊙ may be considered as the product system of that E–semigroup. The

difficulty disappears for von Neumann modules; see Bhat and LindsayBL05

and SkeideSke04,Ske06e for the obvious generalizations from E0–semigroups

to E–semigroups.

The question whether to every full product system E⊙ there exists a

left dilation and, therefore, an E0–semigroup that has E⊙ as associated

product system is the subject of the following two sections.

3. Arveson systems and E0–semigroups

One of the most important results about Arveson systems is that every

Arveson system is the Arveson system associated with an E0–semigroup;

see Section 5 for the terminology we use here. Therefore we refer to this

result as the fundamental theorem about Arveson systems. By Observation

3.1, below, this is equivalent to say that every Arveson system is the Bhat

system associated with an E0–semigroup as described in Section 2 or, by

Proposition 2.1, to say that every Arveson system admits a left dilation.

Arveson showed the fundamental theorem in the last of the four arti-

cles.Arv89a,Arv90a,Arv89b,Arv90b After laying the basis in,Arv89a inArv90a he in-

troduced the spectral C∗–algebra of an Arveson system, that is, essentially,

the C∗–algebra generated by the representing operators of a sufficiently

faithful representation (see below) of the Arveson system. A universal prop-

erty asserts that representations of the Arveson system are in one-to-one

correspondence with representations of the spectral algebra. InArv89b he an-

alyzed that sort of representations, the singular representations, that do not

lead to E0–semigroups. (In the discrete case, a singular representation cor-

responds to the defining representation of a Cuntz algebra on the full Fock

space.) InArv90b he used the precise knowledge of the singular representa-

tions to construct an essential representation to every Arveson system, and

this is equivalent to constructing an E0–semigroup (Proposition 5.1). In-

dependently of proving the fundamental theorem, the spectral algebra and

the deep analysis of its representations inArv90a,Arv89b,Arv90b is interesting
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in its own right and has been subject to intense research, among others,

by Zacharias and Hirshberg.Zac00a,Zac00b,HZ03,Hir04,Hir05b,Hir05a We shall not

discuss the spectral algebra.

In the meantime, there is a proof due to Liebscher,Lie03 which is sim-

ilarly involved as Arveson’s. (See also Footnote j.) Since SkeideSke06a we

have a proof of the fundamental theorem that fits into a few pages. Shortly

after, ArvesonArv06 presented a proof which frees the construction inSke06a

from a not actually difficult but quite tedious verification of the associa-

tivity condition. In SkeideSke06d it is shown that the result of Arveson’s

constructionArv06 is, indeed, unitarily equivalent to (a special case of) the

construction in.Ske06a While Arveson’s approachArv90a,Arv89b,Arv90b via the

spectral algebra definitely is not applicable to the case of Hilbert modules,

the proof(s) inSke06a,Arv06,Ske06d generalize in a (more or less) straightfor-

ward way to Hilbert modules; seeSke06c (E0–semigroups) andSke06f (essen-

tial representations) for Hilbert modules andSke07 (in preparation) for von

Neumann modules.

In this section we discuss the case of Hilbert spaces. The versions we

have, so far, for modules we discuss in Section 4. We should like to say that

we will describe the construction of a left dilation, because it is this con-

struction which generalizes to Hilbert modules. What Arveson constructs

(be it inArv89b or inArv06) is an essential representation or, what is the

same, a right dilation; see the end of this section. For Hilbert spaces these

concepts may be easily translated into each other; see Observation 3.1. (In

fact, inSke06d we translatedSke06a into a right dilation in order to compare

with.Arv06 Here we will proceed the other way round.)

The hard problem is the continuous time case S = R+ in absence of

so-called units. A unit for an Arveson system E⊗ is a family ξ⊗ =
(
ξt

)
t∈S

of elements ξt ∈ Et that fulfills

ξsξt = ξs+t (5)

and ξ0 = 1. Arveson excludes the trivial case where ξt = 0 for all t > 0.

We do not want to exclude it at all as a possibility. Nevertheless, in these

notes we shall assume tacitly that a unit is nontrivial.h We say a unit ξ⊗

is unital , if 〈ξt, ξt〉 = 1 for all t ∈ S.

If E⊗ has a unital unit ξ⊗, then already Arveson [Arv89a, appendix]

hIf we speak about continuous units, as almost everywhere in the Hilbert modules case,
then nontriviality is automatic. Instead, it is a well-known obstacle in semigroup theory
that just measurability is not enough.
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constructed a right dilation by an inductive limit. We discuss here the

version for left dilations fromBS00,BBLS04 that will work also for Hilbert

modules. For every s, t ∈ S we define an isometric embedding Et → Es+t

by xt 7→ ξsxt. The Et together with these embeddings form an inductive

system. We denote by L its inductive limit. The factorization us,t : Es ⊗

Et → Es+t under the limit s→∞ gives rise to a factorization vt : L⊗Et →

L. Associativity of the product system structure us,t guarantees that the

vt form a left dilation of E⊗. All the ξt ∈ Et in the inductive limit appear

as the same vector ξ and vt(ξ ⊗ ξt) = ξ. We leave it as an exercise to show

that the Bhat system associated with the E0–semigroup ϑv via ξ is E⊗.

The problem is that, in the continuous time case, there are loads of

product systems without units.i However, it is always possible to find a

unit for a product system in the discrete case S = N0. Simply take any unit

vector ξ1 ∈ E1 and put ξn = ξn
1 . Then ξ⊗ =

(
ξn

)
n∈N0

is a unital unit for

E⊗. Existence of left dilations for discrete Arveson systems is the starting

point of the construction in Skeide.Ske06a

So let E⊗ =
(
Et

)
t∈R+

be an Arveson system. Suppose we have a left

dilation v̆n of the discrete subsystem
(
En

)
n∈N0

of E⊗ to L̆. (This can be the

preceding inductive limit construction based on a unit vector ξ1 ∈ E1, but

it need not.) We try now to “lift” this left dilation of the discrete subsystem

to a left dilation of the whole system.j To that goal we consider the direct

integrals
∫ b

a
Eα dα (0 ≤ a < b ≤ ∞). We put L := L̆ ⊗

∫ 1

0
Eα dα. For

t ∈ R+ we define n := [t], the unique integer such that t− n ∈ [0, 1). Then

iPowersPow87 showed existence of nonspatial E0–semigroups on B(H) by rather indirect
means. And nonspatiality is equivalent to that the associated Arveson (or Bhat) system
is unitless. The first constructive examples are due to Tsirelson.Tsi00b Bhat and Srini-
vasanBS05 started a systematic investigation of Tsirelson’s probabilistic constructions in
a more functional analytic way, and discovered a large class of examples.
jThis very similar to Riesz’ proof of Stone’s theorem; see Riesz and Sz.-Nagy.RSN82

But, there are also similarities to Liebscher’s proof in.Lie03 However, the E0–semigroup
Liebscher constructs is pure, while ours is definitely nonpure.
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the following identifications

L⊗Et = L̆⊗

(∫ 1

0

Eα dα

)
⊗Et

∼= L̆⊗

∫ 1+t

t

Eα dα

∼=

(
L̆⊗En ⊗

∫ 1

t−n

Eα dα

)
⊕

(
L̆⊗En+1 ⊗

∫ t−n

0

Eα dα

)

∼=

(
L̆⊗

∫ 1

t−n

Eα dα

)
⊕

(
L̆⊗

∫ t−n

0

Eα dα

)
= L (6)

define a unitary vt : L ⊗ Et → L. In the step from the second line to the

third one we have made use of the identifications v̆n : L̆ ⊗ En → L̆ and

v̆n+1 : L̆ ⊗ En+1 → L̆ coming from the dilation of
(
En

)
n∈N0

. Existence of

the dilation of the discrete subsystem means that L̆ absorbs every tensor

power of E1. Just that how many factors E1 have to be absorbed depends

on whether α + t− n is bigger or smaller than 1.

The identifications in (6) suggest operations that act directly on sec-

tions
(
x̆⊗ yα

)
α∈[0,1)

and give as result again a section in
(
L̆ ⊗ Eα

)
α∈[0,1)

.

It is a tedious but straightforward verification (one page inSke06a) directly

on sections that these identifications iterate associatively. But a word need

to be said about the direct integrals, because these do no longer make

sense without technical conditions.k The technical conditions on an Arve-

son system are such that
(
Et

)
t>0

is isomorphic to (0,∞) ×H0 as a Borel

bundle, where H0 is an infinite-dimensional separable Hilbert space such

that Et
∼= H0, and such that the product (xt, ys) 7→ xtys is measurable.

We will have to speak more about good choices of technical conditions in

the module case. Here it is enough to know that the direct integrals gain a

sense as
∫ b

a
Eα dα = L2([a, b), H0). The fundamental theorem, in its precise

formulation, involves the statement that under the technical conditions on

an Arveson system, the constructed E0–semigroup is strongly continuous

in time. The self-contained proof inSke06a is done by involving Observation

3.2. (More precisely, we construct in the same way also a right dilation of

E⊗ to R, and show that the unitary group ut on L⊗R defined in Observa-

tion 3.2 is weakly measurable, hence, by separability, strongly continuous.

kThe direct integrals make sense immediately, if for α we choose the counting measure,
that is, as direct sums. In this case, the E0–semigroup we obtain from the left dilation has

no chance to satisfy any reasonable continuity condition, because the left dilation involves
a shift of sections. (Also the time shift on ℓ2[0, 1) is not weakly continuous.) Anyway:
Every algebraic Arveson system admits a left dilation, though not always continuous.
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And, this turns over to the E0–semigroup ϑ.

ArvesonArv06 was able to simplify considerably the proof of associativity

in the special case, when the left dilation of the discrete subsystem
(
En

)
n∈N0

is obtained as an inductive limit over the unit
(
ξn
1

)
n∈N0

obtained from a

unit vector ξ1 ∈ E1. Starting with that unit vector, Arveson defines the

space of stable sections, that is, of all locally square integrable sections(
yα

)
α∈R+

that fulfill

ξ1yα = yα+1 (7)

for all sufficiently big α. It is not difficult to show that for two such sections

y and z the expression
∫ a+1

a
〈yα, zα〉 dα is eventually constant, so that

〈y, z〉 := lim
a→∞

∫ a+1

a

〈yα, zα〉 dα

defines a semiinner product on the space of stable sections. The kernel of this

semiinner product consists of those stable sections which are eventually 0

almost everywhere. The quotient is a Hilbert space. InSke06d we have shown

that this Hilbert space is canonically isomorphic to L.l For a stable section

y and an element xt ∈ Et Arveson defines the stable section yxt by setting

(yxt)α =

{
yα−txt t ≥ α,

0 else.

Then y⊗xt 7→ yxt defines an isometry that, in the picture L, coincides with

vt (from which also surjectivity is immediate). The advantage of Arveson’s

approachArv06 is that associativity is immediate and that it gives an inter-

pretation of the inductive limit in very concrete terms. The construction

inSke06a is slightly more general. It starts from the well-known observation

that it is easy to obtain a left dilation for the discrete subsystem and the

basic idea in (6) how to transform that dilation into a dilation of the whole

system.

We close this section with some explanations about left and right dila-

tions. Whenever for an Arveson system E⊗ we have a Hilbert space R 6= {0}

and a family w⊗ of unitaries wt : Et⊗R→ R that iterates associatively with

the product system structure, we call the pair (w⊗, R) a right dilation

w⊗ of E⊗ to R.m

lRoughly speaking, in the construction of L̆⊗
∫ 1
0

Eα dα one has to interchange inductive
limit and direct integral. In other words, one considers an inductive limit over En ⊗
∫ 1
0

Eα dα =
∫ n+1
n

Eα dα. This space corresponds to the subspace of stable sections that
satisfy (7) for all α ≥ n.
mAlso here it is automatic that w0 is the canonical identification; cf. Footnote d.
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A representation of an Arveson system E⊗ on a Hilbert space R is a

family of maps ηt : Et → B(R) such that

ηt(xt)
∗ηt(yt) = 〈xt, yt〉 idR, ηt(xt)ηs(ys) = ηt+s(xtys).

A representation is nondegenerate (or essential inArv89a), if each ηt is

nondegenerate, that is, if span ηt(Et)R = R for all t ∈ S.

If we have a representation, then it is easy to check that wt : xt ⊗ y 7→

ηt(xt)y defines an isometry wt : Et⊗R→ R. These isometries iterate asso-

ciatively with the product system structure. If the representation is nonde-

generate, then the wt form a right dilation. Conversely, if we have a right

dilation wt, then ηt(xt) : y 7→ wt(xt ⊗ y) defines a nondegenerate repre-

sentation. Therefore, it is the same to speak about a right dilation or a

nondegenerate representation. InArv89a,Arv90a,Arv89b,Arv90b Arveson showed

his fundamental theorem by establishing existence of a representation for

every Arveson system E⊗.

3.1 Observation. For an Arveson system E⊗ we define the opposite

Arveson system E′⊗ as the same family of Hilbert spaces (with the same

measurable structure) but opposite multiplication (xs, yt) 7→ ytxs. We may

transform a left dilation (v⊗, L) of E⊗ into a right dilation (w′⊗, L) of

the opposite system and a right dilation (w⊗, R) of E⊗ into a left dilation

(v′⊗, L) of the opposite system. We simply have to reverse in all tensor

products the order of the factors, that is, we put w′
t(xt ⊗ y) := vt(y ⊗ xt)

and v′t(x⊗ yt) := wt(yt ⊗ x).

For correspondences the operation(xs, yt) 7→ ytxs will rarely define an

isometry. In general, there is no opposite system for product systems of

correspondences. However, for product systems of von Neumann correspon-

dences there is the commutant, and the commutant of an Arveson system

coincides with its opposite system; see Example 6.4.

3.2 Observation. Suppose (v⊗, L) and (w⊗, R) are a left and a right dila-

tion, respectively, of E⊗. Then ut := (vt ⊗ idR)(idL⊗w∗
t ) defines a unitary

group in B(L⊗R). Moreover, the automorphism group αt := ut •u
∗
t leaves

invariant B(L) ⊗ idR for t ≥ 0 and idL⊗B(R) for t ≤ 0. Then the re-

striction αt (t ≥ 0) to B(L) ⊗ idR
∼= B(L) defines an E0–semigroup ϑ on

B(L) which has E⊗ as associated Bhat system, while the restriction αt

(t ≤ 0) to idL⊗B(R) ∼= B(R) defines an E0–semigroup θ on B(R) which

has E′⊗ as associated Bhat system. Canceling from the last phrase all state-

ments about product systems, this is exactly the situation when Powers and

RobinsonPR89 say ϑ and θ are paired .
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Note that the E0–semigroup θ on B(R) has E⊗ as associated Arveson

system in the sense ofArv89a and ϑ has E′⊗ as associated Arveson system.

We explain this in Section 5.

4. Continuous product systems and E0–semigroups

Let E⊙ =
(
Et

)
t∈S

be a product system of correspondences over a unital

C∗–algebra B. Like in the Hilbert space case, a unit for E⊙ is a family

ξ⊙ =
(
ξt

)
t∈S

of elements ξt ∈ Et fulfilling (5) and ξ0 = 1. We do not

define what a unit is, if B is nonunital! The unit is unital , if 〈ξt, ξt〉 = 1

for all t ∈ S. The construction of an E0–semigroup from a unital unit

works as for Hilbert spaces: We define isometric embeddings Et → Es+t by

xt 7→ ξsxt. Then, the inductive limit L factors as vt : L⊙Et → L via a left

dilation v⊙.

4.1 Remark. For Hilbert spaces the isometric embedding could be defined

as xt 7→ xtξt, leading to a right dilation. In fact, this is what Arveson did in

the appendix ofArv89a and what we did inSke06d in the discrete case when we

compared Arveson’s construction of a right dilation inArv06 with.Ske06a From

the beginning, such a construction of a right dilation can not be done for

Hilbert modules: xt 7→ xtξt is, in general, not an isometry. More precisely, it

is an isometry, if and only if the unital unit ξ⊙ is central , that is, if bξt = ξtb

for all t ∈ S, b ∈ B. Product systems that admit a central unital unit are

classified as spatial (SkeideSke06g) and admit classification results parallel

to those for spatial Arveson systems. Product systems of von Neumann

modules that admit (continuous) units are spatial automatically (Barreto,

Bhat, Liebscher and SkeideBBLS04), while for Hilbert modules existence of a

continuous unit is not enough to guarantee spatiality. We see, the problem

of constructing an E0–semigroup is difficult only for nonspatial product

systems.

If in a discrete product system E⊙ =
(
En

)
n∈N0

the member E1 has a

unit vector, then we may construct a left dilation of that discrete product

system. However, there are discrete product systems where no member

except E0 has a unit vector. It is one of the main results of SkeideSke04

to show that every full discrete product system of correspondences over a

unital C∗–algebra admits a left dilation; see Footnote p.

Now let us discuss the continuous time case. Let E⊙ =
(
Et

)
t∈R+

be a

full product system of correspondences over a unital C∗–algebra B. BySke04

we may choose a left dilation (v̆⊙, L̆) of the discrete subsystem
(
Et

)
t∈N0

. We
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would like to proceed as in Section 3, defining the direct integrals
∫ b

a
Eα dα

and L = L̆ ⊙
∫ 1

0
Eα dα so that (6) had a chance to define a left dilation.

Without posing precise technical conditions, this works only for direct sums,

leading to noncontinuous E0–semigroups; cf. Footnote k.

To motivate the technical conditions we will pose, we start from what,

in the end, we wish to have. Given a full product system E⊙ =
(
Et

)
t∈R+

of correspondences over a unital C∗–algebra, we wish to have a full Hilbert

module L and a left dilation vt : L⊙Et → L such that the E0–semigroup ϑv

on Ba(L) is strongly continuous, that is, for all a ∈ Ba(L) and all x ∈ L,

the function t 7→ ϑv
t (a)x is continuous. (As usual with semigroups, it is

sufficient to require strong continuity around 0. Since the ϑv
t are bounded

uniformly, it is also sufficient to check continuity for a and x from total

subsets of B
a(L) and L, respectively.)

So suppose we have a strongly continuous E0–semigroup ϑ on B
a(E)

where E is a full Hilbert module over a unital C∗–algebra B. What can we

say about the associated product system? How is continuity of ϑ reflected

by the bundle structure of the product system? As a first step, we have to

fix a version of the product system and of the left dilation relating it to ϑ.

We have to take into account that the structures we derive might depend on

that choice. To have a start, let us suppose that E has a unit vector ξ and

construct product system E⊙ and left dilation vt of that product system

from the unit vector ξ à la Bhat. The essential observation is that in this

approach all Et are identified as submodules of E. Moreover, for every

x ∈ E the function t 7→ ϑt(ξξ
∗)x ∈ Et ⊂ E is continuous. Of course, if

x = yt ∈ Et, then the section t 7→ xt := ϑt(ξξ
∗)x assumes the value xt = yt

at t. It is not difficult to check that, whenever we have two sections x, y of

E⊙ such that the functions t 7→ xt ∈ Et ⊂ E and t 7→ yt ∈ Et ⊂ E are

continuous, then also the function (s, t) 7→ xsyt ∈ Es+t ⊂ E is continuous;

see Skeide.Ske03b This motivates the following definition from.Ske03b,Ske06c

4.2 Definition. Let E⊙ =
(
Et

)
t∈R+

be a product system of correspon-

dences over a C∗–algebra B with a family i =
(
it

)
t∈R+

of isometric embed-

dings it : Et → Ê into a Hilbert B–module Ê. Denote by

CSi(E
⊙) =

{
x =

(
xt

)
t∈R+

: xt ∈ Et, t 7→ itxt is continuous
}

the set of continuous sections of E⊙ (with respect to i). We say E⊙ is

continuous (with respect to i), if the following conditions are satisfied.
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(1) For every yt ∈ Et we can find a continuous section x ∈ CSi(E
⊙) such

that xt = yt.

(2) For every pair x, y ∈ CSi(E
⊙) of continuous sections the function

(s, t) 7−→ is+t(xsyt)

is continuous.

We say two embeddings i and i′ have the same continuous structure, if

CSi(E
⊙) = CSi′(E

⊙).

4.3 Remark. The definition says, roughly speaking, that E⊙ is a subbun-

dle of the trivial Banach bundle [0,∞)× Ê. Note that this is even weaker

than Arveson’s requirement that the part t > 0 of an Arveson system be

Borel isomorphic to the trivial bundle (0,∞)×H0. Of course, this bundle

is also a Banach bundle, and the condition just means that the Borel struc-

ture of an Arveson system is that induced from the continuous structure of

a trivial Banach bundle. We allow even for subbundles.

The only difference between a continuous Arveson system (that is, an

algebraic Arveson system that is continuous in the sense of Definition 4.2)

and a measurable Arveson system (that is, an Arveson system in the sense

of ArvesonArv89a) consists in whether multiplication is required continuous

or just measurable. (Note that inSke06a we used Arveson’s condition, that

is, just measurable multiplication.) If, for a general product system, we

pose just measurability as assumption, then the construction we describe

in the sequel should provide us with a (weakly) measurable E0–semigroup.

Only under separability assumptions this will be enough to show strong

continuity. We did not yet put into practice a measurable version.

In Definition 4.2 we do not require that E⊙ is full, nor that B is unital.

However, if B is unital, then we have the following lemma from.Ske06a

4.4 Lemma. If B is unital, then a continuous product system E⊙ of corre-

spondences over B contains a continuous section ζ ∈ CSi(E
⊙) that consists

entirely of unit vectors and fulfills ζ0 = 1. In particular, every Et contains

a unit vector (and, therefore, is full).

The proof relies on the fact that the invertible elements of B form an

open subset (so that there is a continuous section that consists of unit

vectors at least for all sufficiently small t), and on the fact that the tensor

product of unit vectors is again a unit vector (so that small pieces of that

section can be used to compose a global continuous section of unit vectors).
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We see that not only the continuous product system is full automati-

callyn, but that all of its members contain a unit vector. That is, we may not

only use a unit vector in E1 to construct a left dilation of the discrete sub-

system, but we may even adapt Arveson’s construction of an E0–semigroup

word by word as described in Section 3.

4.5 Remark. Note that, like in the construction of the dilation of the

discrete subsystem, also for imitating Arveson’s proof it is indispensable

that we define the space of stable sections as in (7), by multiplying the unit

vector from the left. Multiplying from the right (as inArv06) will cause that

the inner product
∫ a+1

a
〈yα, zα〉 dα is no longer eventually constant.

Arveson’s proof in,Arv06 once understood the idea, is easier to carry

out than our proof in.Ske06a This is, why inSke06c we followed Arveson’s

road to prove the fundamental theorem for continuous product systems of

correspondences over a unital C∗–algebra. The result:

4.6 Theorem. Every continuous product system of correspondences over a

unital C∗–algebra is the continuous product system associated with a strictly

continuous E0–semigroup that acts on the algebra of all adjointable opera-

tors on a Hilbert module with a unit vector.

Note that the technically most difficult part in the proof of that theo-

rem is to show that the continuous structure induced by the constructed

E0–semigroup and the unit vector, is the same we started with.

4.7 Remark. So suppose, once more, we have a strongly continuous

E0–semigroup ϑ on Ba(E) where E is a full Hilbert module over a uni-

tal C∗–algebra B. If E has a unit vector, then it is not difficult to show

that the continuous structure induced on the product system E⊙ associ-

ated with ϑ does not depend on the choice of that unit vector. As a sort of

surprise, if the members of a product system (continuous or not) derived

from an E0–semigroup on Ba(E) have unit vectors, this does not mean

that the full Hilbert module E need have a unit vector.o However, if a

nNote that this may fail, if B is nonunital. Indeed, the product system from Example
2.5 with the canonical embedding C0(t,∞) → C0(0,∞) is continuous. But, none of the
Et is full but E0.
oAs a trivial example, take the Hilbert M2–modules E = C2 where we put Cn := (Cn)∗.
The only E0–semigroup ϑ on Ba(E) = C is ϑt = idC, its product system simply Et = M2

with multiplication as identification Es⊙Et = Es+t. Also the left dilation vt is simply the
canonical identification E ⊙ M2 = E. Nontrivial examples may be obtained by working
in the present one via direct sum constructions.
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full E does not have a unit vector, then a little lemma fromSke04 asserts

that a finite direct sum En of copies of E will have a unit vector. (The

proof uses, again, that the invertibles form an open subset, and Cauchy-

Schwartz inequality: If E is full, then 1 is approximated by finite sums

b =
∑n

i=1〈xi, yi〉. If the approximation is sufficiently good, then b is invert-

ible. b can be interpreted as inner product of elements in X, Y ∈ En. A sim-

ple application of Cauchy-Schwartz inequality shows that also 〈X, X〉 must

be invertible so that X
√
〈X, X〉−1 is a unit vector in En.)p The strongly

continuous E0–semigroup ϑ on Ba(E) may be lifted to a strongly contin-

uous E0–semigroup on Ba(En) = Mn(Ba(E)) (acting pointwise with ϑ on

the matrix elements), having the same product system E⊙ as ϑ. Now E⊙

can be induced from a unit vector En. Also here the continuous structure

depends neither on how big n is, nor on which unit vector we choose.

It is an open problem how to define a continuous structure on E⊙ with-

out reference to a unit vector. A solution might be to give a definition of

continuous product systems in terms of Banach bundles (as Hirshberg’sHir04

for Borel bundles), that is, by giving explicitly a set of sections that are

supposed to be continuous and that determine the structure of the bundle.

The product system will, then, be considered as obtained via.MSS06,Ske04 A

candidate for the generating set of continuous sections would be the set
{(

x∗ ⊙t y
)
t∈R+

| x, y ∈ E
}
.

It is unclear in how far a definition of continuous product system as Banach

bundle (generated by a compatible set of continuous sections) is already

sufficient to run through the proof of.Ske06c It might be necessary to find

a further condition that substitutes the condition being a subbundle of a

trivial bundle.

4.8 Remark. We mentioned in Remark 4.1 that Arveson’s construction of

pThis result is key in the proof ofSke04 that every full discrete product system E⊙ =
(

En

)

n∈N0
of correspondences over a unital C∗–algebra admits a left dilation. In fact, if

En
1 contains a unit vector, then intuitively also Mn·∞,∞(E1) = M∞(E) should contain

a unit vector. The problem is that M∞(E1), usually, is not big enough, but a suitable
strict completion is. This problem does not appear in the version for von Neumann
modules. The price to be paid is that the analogue of the lemma for von Neumann
modules requires a direct sum En

1 with arbitrary cardinality n. Now Mn(E1) is nothing
but Bn ⊙ E1 ⊙Bn . In other words, the tensor powers of Mn(E1) form a product system
Bn ⊙ E⊙ ⊙ Bn Morita equivalent to E⊙ in the sense of Footnote g. Once a unit vector

in Mn(E1) is established, we find a left dilation of Bn ⊙E⊙ ⊙Bn . And one of the major
results ofSke04 asserts that a product system admits a left dilation, if (and only if) it is
Morita equivalent to another product system that admits a left dilation.
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a right dilation (that is, of an essential representation) for the Hilbert space

case, with tensoring a unit vector from the right, fails for modules. However,

in SkeideSke06f we pointed out that the construction, indeed, can be saved

if we tensor something different from the right. This “something different”

is a unit vector not for E1 but for the member E′
1 of the commutant of the

product system E⊙. And an element of Et can be tensored with en element

from E′
s in a reasonable way. We explain the commutant of a product

system in Section 6. But we do not have the space to explain any detail (in

particular, how the C∗–setting of this section fits into the von Neumann–

setting of Section 6) and refer the reader to.Ske06f However, we mention that

the existence of a unit vector in E ′
1 follows by Hirshberg’s resultHir05a that

every full discrete product system with faithful left action admits a right

dilation. This result is dual toSke04 in the sense of commutant. And, as a

matter of fact, the condition that the left actions of the product system

be faithful is dual to fullness under commutant. For right dilations it is as

indispensable as fullness is for left dilations.

5. The Arveson system of an E0–semigroup on B(H)

Preparing Section 6, in this section we review Arveson’s construction of an

Arveson system from an E0–semigroup ϑ on B(H) and compare it with

Bhat’s. Arveson defines for every ϑt the intertwiner space

EA
t :=

{
x′

t ∈ B(H) : ϑt(a)x′
t = x′

ta (a ∈ B(H))
}
.

It is readily verified that x′∗
t y′

t ∈ B(H)′ = C idH , so that x′∗
t y′

t = 〈x′
t, y

′
t〉 idH

defines a an inner product turning EA
t into a Hilbert space. Similarly, it is

an easy exercise to check that the bilinear mappings

(x′
t, y) 7−→ x′

ty (x′
t, y

′
s) 7−→ x′

ty
′
s

define isometries w′
t : EA

t ⊗H → H and u′
t,s : EA

t ⊗EA
s → EA

t+s. Less obvious

is that w′
t is surjective. (Here, normality of ϑt is essential; see Lemma 6.1

in the more general context.) But, from surjectivity of w′
t, w′

s and w′
t+s it is

immediate (exercise!) that also u′
t,s is surjective. From (x′

ty
′
s)z

′
r = x′

t(y
′
sz

′
r)

we see that the u′
t,s iterate associatively on multiple tensor products. In

other words, the family EA⊗
=

(
EA

t

)
t∈S

forms an (algebraic) Arveson

system. We call EA⊗
the Arveson system associated with ϑ. But, we

have more than just the Arveson system of ϑ. From (x′
ty

′
s)z = x′

t(y
′
sz) it

follows that the w′
t define a right dilation (w′⊗, H) of EA⊗

.

In general, if (w⊗, R) is a right dilation of E⊗, by setting ϑw
t (a) :=

wt(idt⊗a)w∗
t we define an E0–semigroup ϑw on B(R). It is easy to check
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that the Arveson system of ϑw is E⊗ by identifying xt ∈ Et with the

intertwiner

wt(xt ⊗ idR) : z 7−→ wt(xt ⊗ z).

In the case of the Arveson system EA⊗
of an E0–semigroup ϑ on B(H) and

the right dilation w′
t of EA⊗

to H as constructed before, it follows from

(w′
t(idt⊗a)w′∗

t )(x′
ty) = w′

t(idt⊗a)(x′
t ⊗ y)

= w′
t(x

′
t ⊗ ay) = x′

tay = ϑt(a)(x′
ty)

that ϑw′

t = ϑt. We summarize:

5.1 Proposition. Let E⊗ be an (algebraic) Arveson system. The problem

of finding an E0–semigroup that has E⊗ as associated Arveson system is

equivalent to the problem of finding a right dilation of E⊗ or, equivalently,

a nondegenerate representation.

Let us return to the E0–semigroup ϑ on B(H) and ask what the relation

is between EA⊗
and EB⊗

. Of course, the dimension of the multiplicity space

of an endomorphism ϑt is unique, no matter whether we factor it out to

the left (right dilation) or to the right (left dilation). Therefore, EA
t
∼= EB

t

as Hilbert spaces. But what happens to the identifications u′
t,s and us,t?

Can we identify EA
t with EB

t in such a way that these identifications are

preserved? At this point the reader will have noticed that in the discussion

of the Arveson system of ϑ we discussed an identification of EA
t ⊗EA

s with

EA
t+s, while for EB⊗

we chose the opposite direction of times. From this,

the reader might guess what the answer will be: EA⊗
and EB⊗

turn out to

be anti-isomorphic, that is , EA⊗
is the opposite product system of EB⊗

.

The two need not be isomorphic.q

Let us see why EA⊗
and EB⊗

are anti-isomorphic. Let xt ∈ EB
t and

define x′
t : h 7→ ϑt(hξ∗)xt (= vt(h⊗ xt)). It follows that

ϑt(a)x′
th = ϑt(a)ϑt(hξ∗)xt = ϑt(ahξ∗)xt = x′

tah,

qTsirelsonTsi00a provided us with an explicit example of a product system that is not
isomorphic to its opposite product system. However, taking into account the notion of
paired E0–semigroup from Powers and RobinsonPR89 (see Observation 3.2) together

with their information that the relation defined by pairing fails to be transitive, one may
deduce the same result from [Arv89a, Theorem 3.4]: Two E0–semigroups on B(H) are
paired, if and only if their product systems are anti-isomorphic.
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so that x′
t ∈ EA

t . Clearly, ut : xt 7→ x′
t is an isometry. Now let x′

t ∈ EA
t and

define xt = x′
tξ. Then

ϑt(ξξ
∗)xt = ϑt(ξξ

∗)x′
tξ = x′

t(ξξ
∗)ξ = x′

tξ = xt,

so that xt ∈ EB
t . Clearly, u′

t : x′
t 7→ xt is an isometry. Moreover,

(utu
′
tx

′
t)h = (utx

′
tξ)h = ϑt(hξ∗)x′

tξ = x′
t(hξ∗)ξ = x′

th.

In other words, ut and u′
t are a pair of inverse unitaries. Now let us see

what u′
t+s does to a tensor product u′

t,s(x
′
t ⊗ y′

s).

u′
t+su

′
t,s(x

′
t ⊗ y′

s) = u′
t+s(x

′
ty

′
s) = (x′

ty
′
s)ξ = x′

t(y
′
sξ)

= x′
t(u

′
sy

′
s) = x′

t((u
′
sy

′
s)ξ

∗)ξ = ϑt((u
′
sy

′
s)ξ

∗)x′
tξ

= ϑt((u
′
sy

′
s)ξ

∗)(u′
tx

′
t) = us,t((u

′
sy

′
s)⊗ (u′

tx
′
t)).

In other words, u′
t+su

′
t,s = us,t(u

′
s ⊗ u′

t), that is, the family u′
t establishes

an anti-isomorphism EA⊗
→ EB⊗

.

6. E0–Semigroups and product systems à la Arveson:

Commutants of von Neumann correspondences

Of course, the construction in Section 2 of the product system associated

with an E0–semigroup on Ba(E) works also if E is a von Neumann module.

(After all a von Neumann module is also a Hilbert module.) In presence

of a unit vector it is even clear that the product system consists of von

Neumann modules. (The ranges of projections on von Neumann modules

are von Neumann modules.) The point is that in the assumptions on the

E0–semigroup it is sufficient that the endomorphisms of the von Neumann

algebra Ba(E) be only normal, not necessarily strict. In SkeideSke05a we

provided a generalization of Bhat’s approach (without unit vectors, not

along the lines ofMSS06) that works for every von Neumann module (and,

of course, gives a product system isomorphic to that constructed along the

lines ofMSS06). As all modifications to be done are plain, we do not discuss

them here.

The approach we want to discuss here, is the generalization of Arve-

son’s approach, as discovered in SkeideSke03a together with the commutant

of von Neumann correspondences. To that goal we have to spend some time

to review the necessary notions and facts about von Neumann modules, von

Neumann correspondences and their commutants. The correspondence be-

tween a von Neumann algebra and its commutant is bijective. In order

that this desirable property remains true for commutants of von Neumann
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correspondences and does not degenerate to an equivalence, we have to

choose our categories carefully. The correct category that allows to view

the commutant as a bijective functor is the category of concrete von Neu-

mann correspondences; Skeide.Ske06b In the sequel, we discuss only the case

relevant to us, namely, correspondences over B. (See also Remark 6.3.)

Before we can speak about concrete von Neumann correspondences, we

have to speak about concrete von Neumann modules. Recall that a von

Neumann algebra is a strongly closed ∗–algebra B ⊂ B(G) of operators

acting nondegenerately on a Hilbert space G. As usual, by B′ ⊂ B(G)

we denote the commutant of B. Similarly, a concrete von Neumann

B–module is a subset E of B(G, H), where H is another Hilbert space,

such that

(1) E is a right B–submodule of B(G, H), that is, EB ⊂ E,

(2) E is a pre-Hilbert B–module with inner product 〈x, y〉 = x∗y, that is,

E∗E ⊂ B,

(3) E acts nondegenerately on G, that is, spanEG = H , and

(4) E is strongly closed in B(G, H).

If we wish to underline the Hilbert space H , we will also write the pair

(E, H) for the concrete von Neumann B–module. One may show (see

SkeideSke00,Ske05b) that a subset E of B(G, H) fulfilling 1–3 (that is, E is

a concrete pre-Hilbert B–module) is a concrete von Neumann B–module, if

and only if E is self-dualr, that is, if and only if E is a W ∗–module over the

von Neumann algebra B ⊂ B(G) considered as a W ∗–algebra. By cvNB we

denote the category of concrete von Neumann B–modules with the

adjointable maps a ∈ Ba(E1, E2) as morphisms. The definition of concrete

von Neumann modules and their category is due to Skeide,Ske06b while the

definition of von Neumann modules is due to Skeide;Ske00 see Footnote s.

Identifying xg ∈ H with x ⊙ g ∈ E ⊙ G, we see from 3 that H and

E ⊙G are canonically isomorphic.s Giving E as a subset of B(G, H) from

rRecall that a Hilbert B–module is self-dual , if every bounded right linear map E → B
has the form x 7→ 〈y, x〉 for a suitable y ∈ E.
sIn fact, if E is a pre-Hilbert module over a pre-C∗–algebra B ⊂ B(G), then one may
construct the Hilbert space E ⊙ G with an embedding x 7→ Lx ∈ B(G, E ⊙ G) where
we put Lxg := x ⊙ g, transforming E into a concrete pre-Hilbert B–module (E, E ⊙ G).
For a von Neumann algebra B ⊂ B(G) we defined inSke00 that E is a von Neumann
B–module, if its image in B(G, E ⊙ G) is strongly closed. Of course, in that way also

a W ∗–module over a W ∗–algebra M may be turned into a von Neumann module after
choosing a faithful normal unital representation of M on a Hilbert space G, thus, turning
M into a von Neumann algebra.
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the beginning, is crucial for that the commutant, later on, will be bijective.

The fact that H is canonically isomorphic to the tensor product E ⊙G is,

however, by far more inspiring from the algebraic point of view.

For instance, every adjointable operator a ∈ Ba(E1, E2) amplifies to an

operator a ⊙ idG ∈ B(E1 ⊙ G, E2 ⊙ G). Consequently, a gives rise to and

is determined uniquely by an operator in B(H1, H2) that acts as x1g 7→

(ax1)g. We shall denote this operator by the same symbol a and identify

in that way Ba(E1, E2) as a subset of B(H1, H2). It is easy to show that

B
a(E1, E2) is strongly closed in B(H1, H2). In particular, B

a(E) ⊂ B(H)

is a von Neumann algebra acting on H .

Those operators on the second factor G in E ⊙ G that embed into

B(E ⊙ G) are the B–C–linear operators on G. Of course, Bbil(G) = B′ is

nothing but the commutant of B. So, the (clearly, normal and nondegen-

erate) representation b′ 7→ idE ⊙b′ of B′ on E ⊙ G gives rise to a normal

nondegenerate representation ρ′ of B′ on H which acts as ρ′(b′)xg = xb′g.

We call ρ′ the commutant lifting associated with E.

From the commutant lifting ρ′ we obtain back E as the space

E = CB′(B(G, H)) :=
{
x ∈ B(G, H) : ρ′(b′)x = xb′ (b′ ∈ B′)

}
(8)

of intertwiners for the natural actions of B′. This was known already to

Rieffel.Rie74b InSke05b we proved it by simply calculating the double com-

mutant of the linking von Neumann algebra in B(G⊕H):

(

B E∗

E B
a(E)

)′′

=

{
(

b′ 0
0 ρ′(b′)

)

: b′ ∈ B′

}′

=
(

B C
B

′(B(H, G))
C

B
′(B(G, H)) ρ′(B′)′

)

.

This proof also shows that the commutant ρ′(B′)′ of the range of ρ′ in B(H)

may be identified with the von Neumann algebra Ba(E) ⊂ B(H). By doing

the computation for E = E1 ⊕ E2 one also shows that Ba(E1, E2) is just

Bbil(H1, H2), the space of operators that intertwine the commutant liftings

ρ′2 and ρ′1.) Conversely, if (ρ′, H) is a normal nondegenerate representation

of B′ on the Hilbert space H , then E := CB′(B(G, H)) as in (8) defines

a concrete von Neumann B–module in B(G, H), which gives back ρ′ as

commutant lifting. The only critical task, nondegeneracy in Condition 3, is

settled by the following result.

6.1 Lemma (Muhly and Solel [MS02, Lemma 2.10]). If ρ′ is a

nondegenerate normal representation of B′ on a Hilbert space H, then the

intertwiner space CB′(B(G, H)) acts nondegenerately on G.t

tDenote by P ∈
(

B E∗

E B
a(E)

)

′

=
(

(

b′ 0

0 ρ′(b′)

)

: b′ ∈ B′

)

the projection onto the invariant
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We find that

(E, H) ←→ (ρ′, H) a ∈ B
a(E1, E2) ←→ a ∈ B

bil(H1, H2) (9)

establishes a bijective functor between the category cvNB of concrete von

Neumann B–modules and the category B′cvN of normal nondegenerate

representations of B′ with the intertwiners Bbil(H1, H2) as morphisms.

(The preceding correspondence was established in SkeideSke03a as an equiv-

alence between the category von Neumann B–modules and B′cvN. As a

von Neumann B–module E, first, must be turned into a concrete von Neu-

mann B–modules (E, E ⊙G), the correspondence is not bijective but only

an equivalence. The precise formulation above, where the functor is, really,

bijective and not only an equivalence, is due to.Ske06b)

A concrete von Neumann correspondence over a von Neumann

algebra B is a concrete von Neumann B–module (E, H) with a left action

of B such that ρ : B → B
a(E)→ B(H) defines a normal (nondegenerate, of

course) representation of B on H . We call ρ the Stinespring representa-

tion associated with E.

6.2 Remark. The GNS-correspondence of a (normal) CP-map T on B is

the unique Hilbert (von Neumann) B–correspondence E which has a vector

ξ ∈ E that generates E as a (von Neumann) correspondence and gives

back T as T (b) = 〈ξ, bξ〉; see Paschke.Pas73 For this GNS-correspondence

E, the representation ρ is, indeed, the Stinespring representation, while ρ′

is (a restriction of) the representation constructed by ArvesonArv69 in the

section called “lifting commutants”.

By BcvNB we denote the category of concrete von Neumann cor-

respondences from B to B with the bilinear adjointable maps a ∈

Ba,bil(E1, E2) as morphisms. (For adjointable maps, only left B–linearity

has to be checked.) We observe that ρ(B) ⊂ Ba(E) = ρ′(B′)′, that is, ρ′

and ρ have mutually commuting ranges. As this is very close to correspon-

dences in the sense of ConnesCon80 (if B is in standard form, then B′ ∼= Bop),

we introduce the category of concrete Connes correspondences BcCB

whose objects are triples (ρ′, ρ, H) such that ρ′ and ρ are a pair of normal

nondegenerate representations of B′ and of B, respectively, on H with mu-

tually commuting ranges, and with those maps in B(H1, H2) as morphisms

subspace span

(

B E∗

E B
a(E)

)(

G

H

)

. This subspace contains G so that P =
(

1 0

0 ρ′(1)

)

. Since ρ′ is

nondegenerate, the statement follows.
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that intertwine both actions that of B′ and that of B. Extending the corre-

spondence between concrete von Neumann B–modules and representations

of B′, we find a find bijective functor between the category of concrete von

Neumann B–correspondences (E, H) and the category of concrete Connes

correspondences (ρ′, ρ, H). InSke03a we observed this as an equivalence for

von Neumann correspondences, while the bijective version for concrete von

Neumann correspondences is from.Ske06b

A last almost trivial observation (once again inSke03a up to equivalence

and in,Ske06b really, bijective) consists in noting that in the representation

picture the roles of the representations ρ′ and ρ are absolutely symmetric.

That is, BcCB
∼= B′cCB′ . Therefore, if we switch B and B′, that is, if we

interprete ρ as commutant lifting of B, the commutant of B′, and ρ′ as

Stinespring representation of B′, by

E′ := CB(B(G, H)) :=
{
x′ ∈ B(G, H) : ρ(b)x′ = x′b (b ∈ B)

}
(10)

we obtain a von Neumann B′–module which is turned into a von Neu-

mann B′–correspondence by defining a left action via ρ′. We call E′ the

commutant of E. The commutant is a bijective functor from the cat-

egory of concrete von Neumann B–correspondences onto the category of

concrete von Neumann B′–correspondences (in each case with the bi-

linear adjointable maps as morphisms that are, really, the same alge-

bra Ba(E) ∩ Ba(E′) = ρ′(B′)′ ∩ ρ(B)′ of operators in B(H)). Obviously,

E′′ := (E′)′ = E.

6.3 Remark. Muhly and SolelMS04 have discussed (independently) a ver-

sion of the commutant for W ∗–algebras, called σ–dual, where σ is a faithful

representation of the underlying W ∗–algebra, that must be chosen, and the

σ–dual depends on σ (up to Morita equivalence of correspondencesMS05a).

An extension to correspondences from A to B was first done in the set-

ting of σ–duals in.MS05a InSke06b we discussed the version for von Neumann

algebras and (concrete) von Neumann correspondences.

We remark that the functor cvNB ↔ B′cvN in (9) fits canonically into

the setting of the commutant functor as CcvNB ←→ B′cvNC′ , if we consider

C = C
′ ⊂ B(C) = C as a von Neumann algebra.

The tensor product of Connes correspondences is tricky to describe in

terms that do not explicitly involve the von Neumann correspondences

to which they correspond. It requires that the von Neumann algebra is a

W ∗–algebra in standard form and parts from Tomita-Takesaki theory and

the result depends manifestly on the choice of a normal semifinite weight;
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see, for instance, Takesaki [Tak03, Section IX.3]. Also the tensor product of

W ∗–correspondences, although definitely less involved, still has the problem

that the usual tensor product must be completed in a suitable σ–topology,

and this topology is defined rather ad hoc.

The tensor product two of von Neumann correspondences E1 and E2

is easy to obtain (and unique up to unitary equivalence): Simply construct

E1⊙E2⊙G and determine the strong closure of E1⊙ E2 in B(G, E1⊙E2⊙G)

or, equivalently, determine the intertwiner space CB′(B(G, E1 ⊙ E2 ⊙G)),

a purely algebraic problem, like determining the double commutant of a

∗–algebra of operators. Up to canonical isomorphism it is not important

whether we construct first E1⊙ E2 and then (E1⊙ E2)⊙G or first E2⊙G

and then E1⊙ (E2⊙G). If we have concrete von Neumann correspondences

(E1, H1) and (E2, H2) it occurs to be more adapted to construct E1 ⊙

H2 as the space H2, canonically isomorphic to E2 ⊙ G, is given from the

beginning. By slight abuse of notation we shall denote the concrete von

Neumann correspondence obtained in that way by E1⊙E2 ⊂ B(G, E1⊙H2),

using the same symbol ⊙ as for the tensor product of C∗–correspondences.

Anyway, no matter how we obtained E1 ⊙ E2 ⊙ G, as (E1⊙ E2) ⊙ G, as

E1 ⊙ (E2 ⊙G) or as E1 ⊙H2, to fix an isomorphism from the concrete von

Neumann correspondence (E1⊙E2, E1⊙E2⊙G) to a concrete von Neumann

correspondence (F, K) simply means to fix a unitary u ∈ B(E1⊙E2⊙G, K)

that intertwines both the commutant liftings of B′ and the Stinespring

representations of B.

The notations established so far allow to state and prove that the com-

mutant establishes a bijective functor between the category cvN
⊙

B of prod-

uct systems of concrete von Neumann B–correspondences and the cate-

gory cvN
⊙

B′ of product systems of concrete von Neumann B′–correspond-

ences; see SkeideSke03a,Ske06e and Muhly and Solel.MS05b A morphism be-

tween two objects E⊙ and F⊙ in cvN
⊙

B is a family a⊙ =
(
at

)
t∈S

of maps

at ∈ Ba,bil(Et, Ft) that fulfills as ⊙ at = as+t and a0 = idB.

We sketch this very briefly. Suppose E⊙ is a product system of

concrete von Neumann correspondences (Et, Ht) over B and denote by

(ρ′t, ρt, Ht) the corresponding concrete Connes correspondence. The familiy

us,t : Es⊙Et → Es+t that determines the product system structure, in the

picture of Hilbert spaces is captured by unitaries us,t ∈ B(Es ⊙Ht, Hs+t)

that intertwine both the actions of B and the actions of B′ on these

Hilbert spaces. The associativity condition reads ur,s+t(xr⊙us,t(ys⊙ht)) =

ur+s,t(ur,s(xs⊙yr)⊙ht). The double meaning in this formula of ur,s+t, us,t,
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ur+s,t as operators between Hilbert spaces and of ur,s as operator between

correspondences is not exactly satisfactory. We will circumvent this (purely

formal) difficulty inSke07 by giving a different definition of the product sys-

tem structure in terms of representations of Hilbert modulesu where the

us,t will appear no longer as a defining object but as a derived one. Here

we limit ourselves to explain how the product system structure of E⊙ gives

rise to a product system structure of E ′⊙ by a giving some (canonical)

isomorphisms as we did in.Ske03a

Indeed, to define a (bilinear) unitary E′
t⊙E′

s → E′
t+s we have to estab-

lish a unitary u′
t,s : E′

t ⊙ Hs → Ht+s intertwining the relevant representa-

tions. We have

Es ⊙Et ⊙G ∼= Es ⊙E′
t ⊙G ∼= E′

t ⊙Es ⊙G ∼= E′
t ⊙E′

s ⊙G,

where we used two times Et ⊙ G ∼= Ht
∼= E′

t ⊙ G and, in the middle, an

isomorphism that, indeed, simply flips xs ⊙ y′
t ⊙ g to y′

t ⊙ xs ⊙ g. (This

flip is the only place where we have to compute something.) Attaching

elements b ∈ B and b′ ∈ B′ in every part to the places where they act

naturally, we see that the suggested isomorphism intertwines their actions.

This chain of isomorphisms written down for an arbitrary tensor product

of correspondences (even over different von Neumann algebras; see Remark

6.3) shows clearly that the commutant flips orders in tensor products:

(E ⊙ F )′ ∼= F ′ ⊙E′; (11)

see [Ske03a, Theorem 2.3] and [MS05a, Lemma 3.3]. For our scope here,

defining u′
t,s, it is sufficient to look at the chain

E′
t⊙Hs = E′

t⊙span(EsG) ∼= Es⊙span(E′
tG) = Es⊙Ht

us,t

∼= Hs+t. (12)

This chain shows clearly how us,t enters and that the flip of the elements x′
t

ans ys is the only thing where we are really doing something.v It is routine

to show that the u′
t,s defined in that way turn E′⊙ into a product system,

the commutant system of E⊙.

6.4 Example. Suppose E⊗ is an Arveson system. We turn Et in to the

concrete von Neumann correspondence (Et, Ht = Et) by identifying xt ∈ Et

uThis is not to be confused with the term covariant representation of a correspondence
in the work of Muhly and Solel starting with.MS98

vBehind this flip there is a sort of tensor product among a von Neumann B–module

and a von Neumann B′–module, resulting into a von Neumann (B∩B′)′–module. In the
picture of Connes correspondences this is closely related to Sauvageot.Sau80,Sau83 We
will discuss this in detail in.Ske07
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with the map λ 7→ xtλ in B(C, Et). Both the Stinespring representation of

C ⊂ B(C) and the commutant lifting of C′ = C are simply the map λ 7→

λ idt. So E′
t = CC(B(C, Et)) = Et. But, the unitary u′

t,s : E′
t ⊗ E′

s → E′
t+s

suggested by (12) means: Take x′
t⊗ y′

s, express y′
s ∈ Hs = Es as ys1 ∈ EsC

with ys = y′
s, flip the tensors to ys⊗x′

t1 and interpret x′
t1 ∈ E′

tC as element

in xt ∈ Ht = Et = E′
t. In this special case, thanks to Et = E′

t (a formula,

that in the general case has no sense), everything can be done at once by

defining u′
t,s(x

′
t ⊗ y′

t) := us,t(y
′
s ⊗ x′

t).

As a more elaborate example we discuss now the construction fromSke03a

that, first, generalizes Arveson’s construction of a product system from

an E0–semigroup and, then, shows that the commutant of that system is

the product system associated with the E0–semigroup. So let (E, H) be a

strongly full von Neumann module over a von Neumann algebra B ⊂ B(G).

Strongly full means that 〈E, E〉 generates B as von Neumann algebra. It is

easy to show (exercise!) that E is strongly full, if and only if the associated

commutant lifting (ρ′, H) is faithful. Let ϑ be an E0–semigroup of (normal

unital) endomorphisms ϑt of Ba(E) ⊂ B(H). Like Arveson we define the

intertwiner spacew

E′
t :=

{
x′

t ∈ B(H) : ϑt(a)x′
t = x′

ta (a ∈ B
a(E))

}
.

Since x′∗
t y′

t ∈ Ba(E)′ = ρ′(B′) and ρ′ is faithful, we may define an inner

product

〈x′
t, y

′
t〉 := ρ′−1(x′∗

t y′
t)

on E′
t with values in B′. It is plain to verify that E′

t with this inner product

and the bimodule operation b′1x
′
tb

′
2 := ρ′(b′1)x

′
tρ

′(b′2) is a von Neumann

correspondence over B′. Observe that E′
t acts nondegenerately on H by

Lemma 6.1 and that it is the only space of intertwiners of ϑt and idBa(E)

with this property. It follows that

x′
t ⊙ y′

s 7→ x′
ty

′
s

defines an isomorphism from E′
t⊙E′

s onto E′
t+s turning E′⊙ =

(
E′

t

)
t∈S

into

a product system.

Like the Arveson system of an E0–semigroup on B(H), the prod-

uct system E′⊙ associated à la Arveson with the E0–semigroup ϑ on

wNote that the interwiners are calculated in B(H) of which Ba(E) is a von Neumann
subalgebra. Taking the analogy withArv89a too literally would mean to determine only
the interwiners in Ba(E) what is not approximately as useful.
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Ba(E) ⊂ B(H) comes along with a faithful nondegenerate representa-

tion η′
t : E′

t → B(H) on the Hilbert space H . By this we mean two things:

Firstly, the η′
t are isometric in the sense that η′

t(x
′
t)

∗η′
t(y

′
t) = η′

0(〈x
′
t, y

′
t〉),

and the η′
t are multiplicative in the sense that η′

t(x
′
t)η

′
s(y

′
s) = η′

t+s(x
′
ty

′
s).

From this it follows that for each t the pair (η′
t, η

′
0) is an isometric covariant

representation of E′
t in the sense of Muhly and Solel.MS98 In particular, η′

0

is a representation of B′. And, secondly, the η′
t are normal and faithful in

the sense that their unique extension to a representation of the von Neu-

mann linking algebra
(

B
′ E′∗

t

E′

t B
a(E′

t)

)

on B(H⊕H) = M2(B(H)) is normal and

faithful. One may show that this is the case, if and only if η′
0 is normal

and faithful. In our case, η′
t is simply the canonical embedding E′

t → B(H).

In particular, η′
0 = ρ′. Like for Arveson systems, speaking about a faithful

nondegenerate representation is the same as speaking about a right di-

lation of E′⊙ to R in the sense that R is Hilbert space with a faithful

normal representation ρ′ of B′ and w′
t : E′

t ⊙R→ R is a family of unitaries

in Bbil(E′
t⊙R, R) that iterates associatively with the product system struc-

ture. If we have such a right dilation then ϑw′

t (a) = w′
t(idE′

t
⊙a)w′∗

t defines

an E0–semigroup on the concrete von Neumann B–module (L, R) deter-

mined by (ρ′, R), giving back E′⊙ as product system of intertwiners. Note

that faithfulness of ρ′ implies that L is strongly full and that the left action

of B′ on all E′
t is faithful. We say the product system E ′⊙ is faithful .

Returning to the E0–semigroup ϑ on Ba(E) and its product system à la

Arveson E′⊙, let us turn E′
t into a concrete von Neumann correspondence

(Ht, σt, σ
′
t) by defining the Hilbert space Ht = E′

t ⊙ G, the commutant

lifting σt(b) = idE′
t
⊙b of (B′)′ = B, and the Stinespring representation

σ′
t(b

′) = b′ ⊙ idG of B′. Then its commutant

Et := CB′ (B(G, Ht)) =
{
xt ∈ B(G, Ht) : σ′

t(b
′)xt = xtb

′ (b′ ∈ B′)
}

is a concrete von Neumann correspondence over B with left action via σt.

If we now apply (11) to E′
t⊙H what we find is H ′⊙Et = E ⊙Et, because

(H ′, H), the commutant of (H, H) ∈ B′cvNC, is nothing but (E, H); see

Remark 6.3. The (bilinear!) isomorphisms w′
t : E′

t ⊙ H → H give, there-

fore, rise to isomorphisms vt := (w′
t)

′ : E ⊙ Et → E. (Again, we do not

show that associativity is respected.) This transition between right dila-

tions of E′⊙ and left dilations of E⊙ does not depend on that we started

from an E0–semigroup on Ba(E). In fact, we have the complete analogue

of Observation 3.1 including that E⊙ is strongly full, if and only if E′⊙ is

faithful. We mention that this correspondence between left dilations of E⊙

(that is, E0–semigroup having E⊙ as associated product system) and
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right dilations of E′⊙ (that is, nondegenerate representations of E ′⊙) is

due to.Ske04 It has been generalized to not necessarily unital endomorphism

semigroups and not necessarily nondegenerate representations in [Ske06e,

Theorem 3.6(3)]. Just that inSke04,Ske06e we did not yet use the terminology

of dilations of a product system.

If E⊙ is both strongly full and faithful, then also Observation 3.2 re-

mains true. InSke07 we will show that a strongly continuous product system

E⊙ of (concrete) von Neumann correspondences admits a strongly con-

tinuous left dilation, if it is strongly full, and a strongly continuous right

dilation, if it is faithful.x In this case, the unitary group according to Obser-

vation 3.2 is strongly continuous and so are the two E0–semigroups ϑ and

θ. This means that the commutant of E⊙ is also derived from a strongly

continuous E0–semigroup and, therefore, possesses a strongly continu-

ous structure. We do not describe here the definition of strongly continu-

ous product systems. Apart from missing space, at the time being we have

more than one candidate for a definition, and all candidates work well. We

did not yet find out which one we should consider the best one. Anyway,

the results will allow to show the following theorem.

6.5 Theorem. The commutant of a strongly continuous, strongly full and

faithful product system is strongly continuous, strongly full and faithful, too.

Muhly and SolelMS05b have a similar result for measurable product sys-

tems under separability assumptions. However, while our proof relies essen-

tially on the product system structure (in that we have to construct a left

and a right dilation and to use the semigroup structure encoded by them),

their proof is rather a result on general measurable bundles of correspon-

dences and works by a reduction to the analogue result for von Neumann

algebras due to Effros.Eff65 In general it is far from being obvious why a

bundle of intertwiners between bundles of Banach modules should admit

(strongly) continuous sections.

6.6 Remark. The list of dualities may be extended. For instance, the fact

that (by using quasi orthonormal bases of von Neumann B–modules, as suit-

xUnlike continuous product systems (unital B) where existence of a unit vector in E1 was
automatic, it is an open problem whether strongly continuous product systems always
have unit vectors. (The C∗–proof does no longer work, because the invertibles are not

open in the strong topology.) So, the results fromSke04 (existence of a left and right
dilation of the discrete subsystem) and the basic idea ofSke06a (how to turn it into a
dilation of the continuous time system) become indispensable.
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able substitute for orthonormal bases of Hilbert spaces) every von Neumann

B–module is a complemented submodule of a free von Neumann B–module,

may be used to prove the amplification-induction theorem on the represen-

tations ρ′ of B′. In the presence of invariant vector states there is a duality

between CP-maps from A to B and CP-maps from B′ to A′ (Albeverio and

Hoegh-KrohnAHK78) that includes a duality between tensor dilations of a

CP-maps on B and extensions from B′ to B(G) of the dual of that CP-

map; see Gohm and Skeide.GS05 Applying the duality of CP-maps to the

canonical embedding of a subalgebra A ⊂ B into B (both in standard form)

and translating back the dual map B′ → A′ into a map B → A via twofold

Tomita conjugation, one obtains the Accardi-Cecchini conditional expecta-

tionAC82 that coincides with the usual conditional expectation whenever

the latter exists; see also Accardi and Longo.Lon84,AL93

We mention the duality between Rieffel’s Eilenberg-Watts theoremRie74b

about functors between categories of representations of von Neumann al-

gebras and Blecher’s Eilenberg-Watts theoremBle97 about functors between

categories of Hilbert modules. When the latter is restricted to von Neu-

mann modules, the two Eilenberg-Watts theorems are dual to each other

under the commutant; see.Ske06b

Last but surely not least there is the duality between the product sys-

tem of a CP-semigroup in Bhat and SkeideBS00 and the product system

constructed from the same CP-semigroup by Muhly and Solel.MS02 The

latter is the the commutant of the former, a problem left open inMS02 that

lead to the notion of commutant of correspondences and product systems

in.Ske03a

Bibliography

AC82. L. Accardi and C. Cecchini, Conditional expectations in von Neumann
algebras and a theorem of Takesaki, J. Funct. Anal. 45 (1982), 245–273.

AHK78. S. Albeverio and R. Hoegh-Krohn, Frobenius theory for positive maps
of von Neumann algebras, Commun. Math. Phys. 64 (1978), 83–94.

AL93. L. Accardi and R. Longo, Martingale convergence of generalized condi-
tional expectations, J. Funct. Anal. 118 (1993), 119–130.

Ara70. H. Araki, Factorizable representations of current algebra, Publ. Res.
Inst. Math. Sci. 5 (1970), 361–422.

Arv69. W. Arveson, Subalgebras of C
∗–algebras, Acta Math. 123 (1969), 141–

224.
Arv89a. , Continuous analogues of Fock space, Mem. Amer. Math. Soc.,

no. 409, American Mathematical Society, 1989.
Arv89b. , Continuous analogues of Fock space III: Singular states, J.

Operator Theory 22 (1989), 165–205.



Product Systems; a Survey with Commutants in View 83

Arv90a. , Continuous analogues of Fock space II: The spectral C
∗–

algebra, J. Funct. Anal. 90 (1990), 138–205.
Arv90b. , Continuous analogues of Fock space IV: essential states, Acta

Math. 164 (1990), 265–300.
Arv96. , Dynamical invariants for noncommutative flows, Operator al-

gebras and quantum field theory (S. Doplicher, R. Longo, J.E. Roberts,
and L. Zsido, eds.), International Press, 1996, pp. 476–514.

Arv06. , On the existence of E0–semigroups, Infin. Dimens. Anal. Quan-
tum Probab. Relat. Top. 9 (2006), 315–320.

BBLS04. S.D. Barreto, B.V.R. Bhat, V. Liebscher, and M. Skeide, Type I prod-
uct systems of Hilbert modules, J. Funct. Anal. 212 (2004), 121–181,
(Preprint, Cottbus 2001).

Bha96. B.V.R. Bhat, An index theory for quantum dynamical semigroups,
Trans. Amer. Math. Soc. 348 (1996), 561–583.

BL05. B.V.R. Bhat and J.M. Lindsay, Regular quantum stochastic cocy-
cles have exponential product systems, Quantum Probability and In-
finite Dimensional Analysis — From Foundations to Applications
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For fixed n > 0, the space of finite graphs on n vertices is canonically asso-

ciated with an abelian, nilpotent-generated subalgebra of the Clifford algebra

Cℓ2n,2n, which is canonically isomorphic to the 2n-particle fermion algebra. Us-

ing the generators of the subalgebra, an algebraic probability space of “Clifford

adjacency matrices” associated with finite graphs is defined. Each Clifford ad-

jacency matrix is a quantum random variable whose mth
moment corresponds

to the number of m-cycles in the graph G. Each matrix admits a canoni-

cal “quantum decomposition” into a sum of three algebraic random variables:

a = a∆
+ aΥ

+ aΛ
, where a∆

is classical while aΥ
and aΛ

are quantum. More-

over, within the Clifford algebra context the NP problem of cycle enumeration

is reduced to matrix multiplication, requiring no more than n4
Clifford (geo-

metric) multiplications within the algebra.
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1. Introduction

Links between quantum probability and graph theory have been explored in

a number of works. Hashimoto, Hora, and Obata1 obtained limit theorems

for increasing sequences of graphs (Gn) whose adjacency matrices admit a

quantum decomposition An = An
++An

−. Examples include Cayley graphs,
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Johnson graphs, and distance-regular graphs.

Obata2 uses this approach to focus on star graphs, which are obtained

by gluing together the common origins of a finite number of copies of a

given graph. The adjacency matrices of star graphs admit a quantum de-

composition of the form An = An
+ +An

− +An
◦. Star graphs are of partic-

ular interest because they are related to Boolean independence in quantum

probability.

Homogeneous trees are also of interest in quantum probability. These

are related to the free independence of Voiculescu3.

Comb graphs, which provide models of Bose-Einstein condensation, are

related to monotone independence discovered by Lu4 and Muraki5. Accardi,

Ben Ghorbal, and Obata6 computed the vacuum spectral distribution of the

comb graph by decomposing the adjacency matrix into a sum of monotone

independent random variables.

Another work of interest is that of Franz Lehner7, who investigated

the relationships among non-crossing partitions, creation and annihilation

operators, and the cycle cover polynomial of a graph. In that work, the

cycle indicator polynomials of particular digraphs are used to understand

the partitioned moments and cumulants occurring in Fock spaces associated

to characters of the infinite symmetric group of Boz̀ejko and Guţă8.

In contrast to the works cited above, the philosophy of the current

work is to begin with an arbitrary finite graph and then to construct an

associated algebraic probability space in which the moments of random

variables reveal information about the graph. The graph need possess no

particular relationship to notions of independence or Fock spaces.

Let G = (V,E) denote a finite graph with vertices V and edges E ⊂
V × V . Letting n = |V |, the vertices of G can be represented by unit

coordinate vectors in Rn.

Recalling the inner product 〈u, v〉 = u†v in Rn, and letting A denote

the adjacency matrix of G, a well known result in graph theory states that〈
x0, A

kx0

〉
corresponds to the number of closed k-walks based at vertex

x0 ∈ V.

We are interested in the related problem of recovering the k-cycles based

at any vertex x0. This can be done for any finite graph with the methods

described here.

Clifford algebras and quantum logic gates have been discussed in works

by W. Li9 and Vlasov10. The role of Clifford algebras in quantum computing

has been considered in works by Havel and Doran11, Matzke12, and others.

In the Clifford algebra context, i.e., in terms of the number of multi-
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plications performed in the algebra, the computational complexity of enu-

merating the Hamiltonian cycles in a graph on n vertices is O(n4). In this

context, some graph problems are moved from complexity class NP into

class P.

2. Clifford Adjacency Matrices

Definition 2.1. Let Cℓn
nil be the associative algebra generated by com-

muting nilpotents {e{i}}1≤i≤n along with the unit scalar e∅ = 1 ∈ R. In

particular, for 1 ≤ i, j ≤ n, the generators of Cℓn
nil satisfy

e{i}e{j} = e{j}e{i}, and (1)

e{i}e{i} = 0. (2)

Definition 2.2. For n > 0 and nonnegative integers p, q satisfying p+ q =

n, the Clifford algebra Cℓp,q is defined as the associative algebra generated

by the unit scalar e∅ = 1 and the collection {ei}1≤i≤n subject to multipli-

cation rules

ei ej + ej ei =





0 if i 6= j,

2 if i = j ≤ p,

−2 if i = j > p.

(3)

It can be shown that for n > 0, the Clifford algebra Cℓ2n,2n is canonically

isomorphic to the 2n-particle fermion algebra. Using this correspondence,

the algebra Cℓn
nil is generated within Cℓ2n,2n by e∅ = 1 along with the

set {e{i}}1≤i≤n, where e{i} = fi
+fn+i

+. Here f+
i denotes the ith fermion

creation operator.

In terms of Pauli matrices, the generators of Cℓn
nil can be written as

e{i} = σ
⊗(i−1)
0 ⊗ (σx + iσy) ⊗ σ

⊗(n−i)
0 . (4)

Remark 2.1. Writing the generators {e{i}}1≤i≤n in terms of fermion an-

nihilation operators is an acceptable alternative.

For each n > 0, the algebra Cℓn
nil has dimension 2n and is spanned by

unit multi-vectors, or blades, of the form

ei =
∏

ι∈i

e{ι}, (5)

where i ∈ 2[n] is a multi-index in the power set of [n] = {1, 2, . . . , n}. In

other words, blades are indexed by subsets of the n-set.
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Let u ∈ Cℓn
nil, and observe that u has the canonical expansion

u =
∑

i∈2[n]

ui ei, (6)

where ui ∈ R for each i.

Definition 2.3. Define the dual u⋆ of u ∈ Cℓn
nil by

u⋆ =
∑

i∈2[n]

ui e[n]\i. (7)

Definition 2.4. The scalar sum evaluation of u is defined by

ϕ(u) =
∑

i∈2[n]

ui. (8)

Remark 2.2. The scalar sum evaluation is equivalent to the Clifford 1-

norm ‖u‖1 =
∑

i∈2[n]

|ui| when all the coefficients in the expansion are non-

negative.

Lemma 2.1. Let u, v ∈ Cℓn
nil, and let α ∈ R. Let

〈
Cℓn

nil
〉

+
denote those

elements of Cℓn
nil having strictly non-negative coefficients. Then, the scalar

sum evaluation ϕ : Cℓn
nil → R satisfies

ϕ(1) = 1 , and (9)

ϕ(α u + v) = α ϕ(u) + ϕ(v). (10)

Moreover,

u ∈
〈
Cℓn

nil
〉

+
⇒ ϕ(u⋆ u) ≥ 0. (11)

Proof. The result follows immediately from the definitions and is omitted.

Definition 2.5. Let {e{i}}1≤i≤n denote the orthonormal nilpotent gener-

ators of Cℓn
nil. Associated with any finite graph G = (V, E) on n vertices

is a Clifford adjacency matrix a defined by

aij =

{
e{j} if (vi, vj) ∈ E,

0 otherwise.
(12)

Proposition 2.1. Let a denote the Clifford adjacency matrix of a graph G

on n vertices. Let x0 represent any fixed vertex in the graph. Let Xm denote

the number of m-cycles based at x0 in G. Then,

ϕ (〈x0, a
mx0〉) = ϑXm, (13)
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where

ϑ =

{
2 if the graph is undirected,

1 otherwise.
(14)

Proof. Proof is by induction on m. When m = 2,

(
a2

)
ii

= (a × a)ii =

n∑

ℓ=1

aiℓaℓi. (15)

By construction of the Clifford adjacency matrix,

aiℓ ≡ s.a. 1-walk vi → vℓ, and (16)

aℓi ≡ s.a. 1-walk vℓ → vi, (17)

where s.a. is short for self-avoiding. Hence the product of these terms cor-

responds to 2-cycles vi → vi.

Now assuming the proposition holds for m and considering the case

m + 1,

(
am+1

)
ii

= (am × a)ii =

n∑

ℓ=1

(am)iℓ aℓi. (18)

Considering a general term of the sum,

(am)iℓ =
∑

s.a. m-walks wm:vi→vℓ

wm, and (19)

aℓi =

{
s.a. 1-walk w1 : vℓ → vi, if (vℓ, vi) ∈ E

0 otherwise.
(20)

It should then be clear that terms of the product

(am)iℓ aℓi (21)

are nonzero if and only if they correspond to self-avoiding (m + 1)-walks

vi → vℓ → vi. Summing over all vertices vℓ gives the total number of

m + 1-cycles based at vi.

The correction factor ϑ = 2 in the undirected case accounts for the two

possible orientations of each cycle. An orientation correction is not needed

when the graph is directed.
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3. Quantum Random Variables

Let M denote the ∗-algebra of n × n Clifford matrices with involution

defined by a∗ = (a⋆)†. Here, ⋆ denotes the dual defined by linear extension

of ei
⋆ = e[n]\i, and † denotes the matrix transpose.

Definition 3.1. The norm of a ∈ M is defined by

‖a‖2 =

∫
tr(a∗a) den · · · de1. (22)

Remark 3.1. This can be regarded as the Frobenius norm of a Clifford

matrix13.

Let ϕ(u) denote the scalar sum evaluation of u ∈ Cℓn
nil, and define

ψ : M → R by

ψ(a) =
ϕ (tr(a))

n
. (23)

Direct computation shows that ψ is a linear mapping and that ψ(1M) =

1. The positivity requirement for states: ψ(a∗ a) ≥ 0, does not generally hold

in the ∗-algebra, however.

The set of Clifford adjacency matrices A ⊂ M together with matrix

multiplication defined in terms of the geometric product constitutes a mul-

tiplicative semigroup with involution ∗. On this semigroup, the map ψ sat-

isfies the positivity requirement, and (A, ψ) is a quantum probability space.

The proofs of the following propositions are virtually identical and follow

naturally from Proposition 2.1.

Proposition 3.1 (Cycles in finite graphs). Let a be the Clifford adja-

cency matrix of an n-vertex graph, G, and let Xm denote the number of

m-cycles in G. Then,

ψ(am) =
ϑm

n
Xm, (24)

where ϑ is defined as in (14). In other words, a is a quantum random

variable whose mth moment in the state ψ corresponds to the number of

m-cycles occurring in the graph associated with a.

Proposition 3.2 (Time-homogeneous random walks on graphs).

Let M denote a stochastic matrix corresponding to an n-state Markov chain,

and let τ denote the Clifford stochastic matrix defined by

τij = Mij e{j} , (25)

where e{j} is a nilpotent generator of the abelian algebra Cℓn
nil.
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Let the state ψ be defined as in (23), and let ϑ be defined as in (14).

Define the random variable wm on the space of m-step walks by

wm =

{
1 if the m-walk forms a cycle,

0 otherwise.
(26)

Then,

ψ(τm) =
ϑ m

n
E(wm). (27)

In other words, τ is a quantum random variable whose mth moment

corresponds to the expected number of m-walks forming cycles in the n-

state Markov chain associated with matrix M .

Proposition 3.3 (Cycles in random graphs). Consider a random di-

rected graph G = (V, E) on n vertices, corresponding to edge-existence ma-

trix A, defined by

Aij = P ((vi, vj) ∈ E) . (28)

It is assumed that the probabilities are pairwise-independent. Let ξ denote

the Clifford matrix defined by

ξij = Aij e{j} , (29)

where e{j} is a nilpotent generator of the abelian algebra Cℓn
nil.

Let the state ψ be defined as in (23), let ϑ be defined as in (14), and

define the random variable zm as the number of m-cycles occurring in the

graph. Then,

ψ(ξm) =
ϑm

n
E(zm). (30)

That is, ξ is a quantum random variable whose mth moment corresponds

to the expected number of m-cycles occurring in the graph.

4. Quantum Decomposition of Clifford Matrices

In the works of Hashimoto, Hora, and Obata1 and Obata2, fixing a vertex

v0 in a finite graph induces a stratification of all the vertices by associating

each vertex with the length of the shortest path linking it with v0. This

stratification is then used to define a quantum decomposition of the graph’s

adjacency matrix.

The Clifford adjacency matrix of a graph also admits a quantum de-

composition as the sum of three algebraic random variables: one classical,
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and two quantum. The decomposition considered here differs from that of

Hashimoto, et al.

The Clifford adjacency matrix a of any finite graph has the canonical

quantum decomposition

a = a∆ + aΛ + aΥ, (31)

where

a∆
ij = δijaij , (32)

aΥ
ij = θijaij , (33)

aΛ
ij = (1 − θij)aij . (34)

Here δij is the Kronecker delta function, and θij is the ordering symbol

defined by

θij =

{
1 if i < j

0 otherwise.
(35)

The matrix a∆ resides in the semigroup D of diagonal Clifford adjacency

matrices with matrix multiplication, which is commutative. Hence, a∆ is a

classical algebraic random variable in the space (D, ψ).

The matrices aΛ and aΥ reside in the semigroups L and U of lower- and

upper-triangular Clifford adjacency matrices with matrix multiplication,

respectively, which are noncommutative. Hence, aΛ and aΥ are quantum

algebraic random variables in the spaces (L, ψ) and (U , ψ), respectively.

5. Extending to Infinite Dimensions

Denote by
(
Cℓn

nil
)n

the n-fold Cartesian product of Cℓn
nil. Let {xi}1≤i≤n

denote the collection of basis coordinate vectors of the form xi =

(0, . . . , 0, 1︸︷︷︸
ith pos.

, 0, . . . , 0) such that for ~u = (u1, u2, . . . , un) ∈
(
Cℓn

nil
)n

,

one has

〈~u, xi〉 = ui. (36)

The following finite-dimensional result follows from the previous results

and definitions.

Proposition 5.1 (Generating function method). Fix n > 0, and let

G be a finite graph on n vertices with associated Clifford adjacency matrix

a. Coordinate basis vectors x1, . . . , xn are also associated with the vertices
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of G by construction of a. Let Xk denote the number of k-cycles based at

an arbitrary vertex x0 in G. Then,

ϑXk = ϕ

(
∂k

∂tk
〈x0, exp (ta) x0〉

)∣∣∣∣
t=0

. (37)

Define the infinite-dimensional nilpotent-generated algebra Cℓnil by

Cℓnil =

∞⊕

n=1

Cℓn
nil. (38)

Define the space V
(
Cℓnil

)
by

V
(
Cℓnil

)
=

∞⊕

n=1

(
Cℓn

nil
)n

. (39)

The algebra Mn of n × n matrices with entries in Cℓn
nil is a ∗-algebra

of operators on
(
Cℓn

nil
)n

. Define the ∗-algebra M of operators on V
(
Cℓnil

)

by

M =

∞⊕

i=1

Mn. (40)

Remark 5.1. Note that with inner product defined by

(a, b) =

∫
tr(a∗b) de{n}, . . . , de{1}, (41)

M is a Hilbert space.

Denote by An the semigroup of Clifford adjacency matrices associated

with finite graphs on n vertices under matrix multiplication. Denote by A
the collection of operators in M that represent Clifford adjacency matrices.

In other words,

A = {a ∈ M : (∃ξ ∈ An)(∀i ∈ {1, . . . , n}) [〈xi, axi〉 = 〈xi, ξxi〉]}. (42)

Observe that ϕ is a state on the semigroup A.

Define a sequence of operators a1, a2, . . . ∈ A such that for each n, an

is an operator on
(
Cℓn

nil
)n

. The sequence {an} will be said to converge to

the operator a if for each k ≥ 0 and any coordinate basis vector x0, the

following equation holds:

lim
n→∞

ϕ
(〈

x0, an
kx0

〉)
= ϕ

(〈
x0, a

kx0

〉)
. (43)

Denote this convergence by an
w→ a, and notice that this implies

lim
n→∞

ϕ (〈x0, exp (an)x0〉) = ϕ (〈x0, exp (a)x0〉) . (44)
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Proposition 5.2 (Ascending chains). Let a1, a2, . . . ∈ A be a sequence

of operators such that for each n > 0, an represents the Clifford adjacency

matrix associated with a finite graph on n vertices. Let t be a real-valued

parameter.

Let Xk(n) denote the number of k-cycles based at vertex x0 in the nth

graph of the sequence. Then,

ϑXk(n) = ϕ

(
∂k

∂tk
〈x0, exp (tan)x0〉

)∣∣∣∣
t=0

. (45)

Assuming an
w→ a as n → ∞ and fixing k ≥ 1, one finds

ϑ lim
n→∞

Xk(n) = ϕ

(
∂k

∂tk
〈x0, exp (ta)x0〉

)∣∣∣∣
t=0

. (46)

6. Applications

Letting Xk denote the number of k-cycles contained in a simple random

graph on n vertices, the Clifford adjacency matrix method has been used

to recover higher moments of Xk
14.

The Clifford adjacency matrix method has been used to give a graph-

theoretic construction of iterated stochastic integrals15. In particular,

stochastic integrals of L2 ⊗ Cℓp,q-valued processes are defined and recov-

ered with this approach.

A graph-free Clifford-algebraic construction of iterated stochastic inte-

grals of classical processes has also been developed using sequences within

a growing chain of fermion algebras16.

Clifford-algebraic generating functions for Stirling numbers of the sec-

ond kind, Bell numbers, and Bessel numbers have been defined17.

Example 6.1. In Figure 1, the number of 5-cycles contained in a randomly

generated, 7-vertex graph are recovered by examining the trace of a5.

6.1. Complexity

Within the Cℓn
nil context, the problem of cycle enumeration in finite graphs

is reduced to matrix multiplication. Hence, enumerating the k cycles in

a graph on n vertices requires kn3 algebra multiplications. Consequently,

fixing k and allowing n to vary, enumerating the k-cycles in a finite graph on

n vertices has complexity (in the Cℓn
nil-algebraic context) equal to O(n3).

Let Clops(n) denote the number of algebra multiplications performed

by an algorithm processing a data set of size n. An algorithm will be said
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v1

v2

v3

v4

v5

v6

v7

A!

!

"

#############################

0 e$2% e$3% 0 0 0 0

e$1% 0 0 0 e$5% e$6% 0

e$1% 0 0 0 e$5% 0 e$7%
0 0 0 0 e$5% 0 0

0 e$2% e$3% e$4% 0 0 0

0 e$2% 0 0 0 0 e$7%
0 0 e$3% 0 0 e$6% 0

&

'

(((((((((((((((((((((((((((((

In[49]:= Simplify!Tr!MatrixPower!A, 5"""#5#2

Out[49]= e!1,2,3,6,7" ! e!2,3,5,6,7"

In[42]:= ScalarSum!%"

Out[42]= 2

Fig. 1. Counting the 5-cycles in a graph on 7 vertices.

to have Cℓ-complexity O(f(n)) if for every k ∈ N, ∃c ∈ R such that

n ≥ k ⇒ |Clops(n)| ≤ c|f(n)|. (47)

The following lemmas reflect the time complexity of computing powers

of matrices.

Lemma 6.1. Fixing k and allowing n to vary, enumerating the k-cycles in

a finite graph on n vertices has Cℓ-complexity O(n3).

Lemma 6.2. Enumerating the Hamiltonian cycles in a finite graph on n

vertices has Cℓ-complexity O(n4).

These lemmas emphasize the potential power of a computer architecture
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based on the Cℓn
nil algebra. Given a device in which the product of any pair

u, v ∈ Cℓnil could be computed in polynomial time, the NP class problem

of cycle enumeration would be reduced to class P.
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Suppose that the quantum Hilbert space of vectors is separable. We consider a

subset of density operators which happen to have the property that their en-

tropy is finite. We furnish the set with a norm coming from the Orlicz theory

in which the Young function is defined on small quadratic forms, relative to the

positive self-adjoint operator defined as minus the logarithm of the state. We

argue that the collection of states is a Banach manifold, generalising to quan-

tum theory the manifold introduced in classical estimation theory by Pistone

and Sempi in 1995.

1. Introduction and Motivation

Suppose that H is an infinite-dimensional Hilbert space, and B(H) is the

W ∗-algebra of bounded operators on H, and Σ+ is the set of all normal

states on B(H). In elementary equilibrium statistical physics, we assume

that any physical system is of finite size, and its state ρ ∈ Σ+ has finite

entropy:

S(ρ) := −Tr(ρ log ρ) < ∞.

The set Σ spanned by Σ+ possesses the trace-norm; however, this is not

a good norm, since any neighbourhood of a density operator ρ contains a

dense set of states of infinite entropy. Such a state cannot be near ρ in any

physical sense: we expect any state arising in the dynamics to have entropy

less than that of the equilibrium state to which it converges at large time,

and this is finite for all finite systems.

We therefore seek a norm which will exclude states of infinite entropy

from the space. Thus we seek a quantum generalization of the work of

Pistone and Sempi10, who developed a theory of non-parametric estimation

in classical probability. We summarise this next.



100 R. F. Streater

2. The Work of Pistone and Sempi

2.1. Young Functions

A Young function is a convex map Φ : R → R
+ ∪ {+∞} such that

(1) Φ(x) = Φ(−x) for all x ∈ R.

(2) Φ(0) = 0.

(3) limx→∞ Φ(x) = +∞.

Given Φ, we define the epigraph of Φ to be the set E(Φ):

E(Φ) := {(x, y) : y ≥ Φ(x)} .

Then E(Φ) is convex and

E(Φ) is closed if and only if Φ is lower semi-continuous.

More, if E(Φ) is not closed, then its closure is the epigraph of a Young

function, which is the lower-continuous version of Φ.

Here are four examples of Young functions.

• Φ1(x) = cosh x − 1.

• Φ2(x) = e|x| − |x| − 1.

• Φ3(x) = (1 + |x|) log(1 + |x|) − |x|.
• Φp(x) = |x|p, 1 ≤ p < ∞.

The Legendre-Fenchel transform, Φ∗(y), of a Young function Φ is defined

for y ∈ R by

Φ∗(y) = sup
x
{xy − Φ(x)}.

This is a Young function, which is always lower-semi-continuous. Exam-

ples: Φ2 = Φ∗
3, and Φp = (Φq)∗ when 1/p + 1/q = 1. If Φ is a lower-

semi-continuous Young function, then (Φ∗)∗ = Φ. Because of this, it is

convenient (without loss of generality in the context in which we work)

to limit ourselves to lower-semi-continuous Young functions. We say two

Young functions Φ and Ψ are equivalent if there exist two positive num-

bers, say c, C, and x0 > 0 such that if x > x0, we have

Φ(cx) ≤ Ψ(x) ≤ Φ(Cx), if x > x0.

We then write Φ ≡ Ψ. For example, Φ1 ≡ Φ2. Duality is an operation on

equivalence classes; that is, Φ ≡ Ψ ⇒ Φ∗ ≡ Ψ∗.

Finally, we describe the ∆2-class of Young functions. We say that a

Young function Φ lies in the ∆2-class, or satisfies the ∆2-condition, if and
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only if there exists κ > 0 and x0 > 0 such that

Φ(2x) ≤ κΦ(x) for all x ≥ x0.

For example, Φp and Φ3 satisfy the ∆2-condition, but Φ1 and Φ2 do not.

Clearly, if two Young functions are equivalent, then either both or neither

lies in the ∆2-class.

2.2. Orlicz Theory

Given a space X, a σ-ring B of subsets, called the measurable sets of X, and

a measure µ on (X,B), then the Orlicz class relative to the Young function

Φ is the set of functions u : X → R obeying

u ∈ B and

∫

X

Φ(u(x))µdx < ∞.

This is a convex set; it is a vector space if and only if Φ ∈ ∆2. If not, then

the convex span of the Orlicz class is the Orlicz space relative to Φ; this

can be used to define a Banach space when furnished with the so-called

Luxemburg norm; this is the following: let a > 0 be chosen; then

‖u‖L = inf
r>0

{
r :

∫

X

Φ

(
u(x)

r

)
< a

}

defines a norm on the space of continuous functions lying in the Orlicz space,

and a semi-norm more generally on the Orlicz space. More, for different

positive a, all these norms are equivalent. The space of functions of finite

Luxemburg norm, modulo the set of zero norm, is a Banach space: it is

complete. There is an analogue of Hölder’s inequality:
∫

X

|uv|µ(dx) ≤ 2‖u‖
L
‖v‖∗

L
.

Note the extra factor 2. It might be mentioned that Orlicz gave a different

definition of the Orlicz norm; this turned out to be equivalent to that later

used by Luxemburg, which is a generalisation to infinite dimensions of the

work of Minkowski, who called the quantities entering his theory the gauges.

By way of example, by taking X = R and µ the Lebesgue measure, and

B the Borel σ-ring, we get Zygmund space if we use Φ1 or Φ2; however, by

using Φ3 we get a different space, namely the space called L log L, while Φp

gives a norm equivalent to

‖u‖p :=

(∫
|u(x)|pdx

)1/p

.
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One can show that equivalent Young functions leads to equivalent norms.

Now, the Zygmund space is not separable, while the spaces L log L and

Lp are. This is because Φ1 and Φ2 do not obey the ∆2 condition, while

Φ3 and Φp do. Indeed, the Banach space obtained from the Orlicz space

relative to Φ in this way is separable if and only if Φ obeys ∆2.

2.3. Non-parametric Estimation Theory

Suppose that we have two random variables, X and Y say, and we have a

bivariate plot of data. Suppose that this tells us the experimental value y1

of Y when X = x1 is observed, the value y2 of Y when X = x2 is observed,

and so on up to X = xk. The elementary theory of statistics tells us how

to find the linear regression of one random variable, Y , on the other, here

X. The answer gives us the ”best” linear function Y = aX + b; it is found

by minimising (by varying a and b) the sum of the square errors:

k∑

i=1

(axi + b − yi)
2.

Good texts mention that if we had done the calculation the other way

round, to find X as a linear function of Y , we would (in general) get a

different answer from what we get by solving the previous one for X as a

function of Y ; so the new answer has a different name: the regression of

X on Y . The reason is that choosing Y and its difference-squared puts a

metric on the space of probability distributions on the line which depends

on the choice made; choosing X and its difference-squared puts a different

metric on the same space, the line. Fisher noticed this, and obtained a

coordinate-free metric on the space, now called the Fisher metric. Fisher

also generalised this to the case of n linearly independent variables.

Pistone and Sempi10 wanted to generalise this to infinite-dimensions;

this is not an easy problem. They start with a measure space (X,B, µ),

where µ is not necessarily a probability measure; its purpose is to specify

the impossible events, that is, those A ∈ B for which µ(A) = 0. The states

are determined by a probability density f(x) such that

(1) f(x) > 0 µ-almost everywhere.

(2) Eµ[f ] :=
∫

X
f(x)µ(dx) = 1.

Alternatively, one may postulate that the state ν under consideration is

equivalent to µ. Then the Radon-Nikodym theorem tells us that f(x) =

dν/dµ. So far, no smoothness conditions are postulated for f .
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Let f0 obey the two conditions (1) and (2). We seek a norm on the

”states” f such that if ‖f − f0‖ is small enough, then the free energy of

fµ is finite. Some observers of physics seem to be saying that the use of

the terms ”entropy” and ”free energy” in so many fields is due to habit,

and might lead to unnecessary limitations on the theory. However, the free

energy, defined by the function

ψf (u) := log

{∫

X

f0e
uµ(dx)

}
(1)

= log {Ef0µ [eu]} (2)

exists under the assumption that f is positive except for a set of measure

zero, and is not related to an energy conserved in time. Thus, the use of

states of the form

f = f0 exp {u − ψf0
(u)} (3)

where ψf0
is taken to be finite, expresses merely that we are interested in

some family of states in eq. (3) which have a non-zero probability density.

To specify the family more clearly, Pistone and Sempi limit the choice of f

to be such that the corresponding u obeys: there exists ǫ > 0 such that

ψµf0
(λu) = log

{
Eµf0

[
e−λu

]}
(4)

is finite for all real λ with |λ| ≤ ǫ. This implies that all moments, Eµf0

[
uk

]
,

k = 1, 2, . . ., of the random variables u are finite, and that the moment

generating function given by (4) is analytic in λ in the circle |λ| ≤ ǫ.

Such a u is said to belong to the Cramér class of random variables. Pis-

tone and Sempi show that the Cramér class is complete when it is furnished

with the Luxemburg norm got from the Young function Φ1:

‖u‖L := inf
r

{
r > 0 : Eµ

[
f0 cosh

u

r

]
− 1 < 1

}
. (5)

They show that the map

u 7→ exp {u − ψf0
(u)} f0 (6)

maps the unit sphere of the Cramér class into the class of distributions

equivalent to µ. The map is bijective if we limit the u so that Eµ [f0u] = 0.

Such random variables are called scores. Since f0 > 0 we may write f0 =

e−h0 and

f = exp {−h0 − u − ψf0
(u)} . (7)

This has the analogy with equilibrium statistical physics, with the identifi-

cations:
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h0 = the ”free” Hamiltonian; u = the perturbing potential; ψf0(u) = the

free energy.

The Fisher metric is

∂2ψf (u)

∂ui∂uj
.

One can construct a Banach manifold, which is the classical information

manifold, out of the possible states; the set consists of all the f0, and the

topology (in the neighbourhood of any f0) is determined by the Luxemburg

norm eq. (5). Pistone and Sempi were able to show the equivalence of

the norms based at f0 and f ′
0 for any point f lying in the overlap of two

spheres, one around f0 and the other around f ′
0. Since Φ1 does not satisfy

the ∆2−condition, this manifold is not separable.

The work of Pistone and Sempi is beginning to be used by other statis-

ticians in non-parametric estimation theory. The question arises, how can

we generalise to quantum probability?

3. The quantum information manifold

3.1. The quantum Fisher metric

In finite dimensions, quantum probability becomes matrix probability, and

the first question is to define what is to be the analogue to the Fisher metric.

This problem was formalised by Chentsov and Morozova3. In the classical

case, a step in a linear stochastic process is determined by a stochastic map

on the observables. This could be any positive linear map on the set of

observables that maps the identity into itself. Then it can be shown that

any metric on the space of observables that is reduced by any stochastic

map, or left the same, is a multiple of the Fisher metric. The idea is that

the stochastic map introduces some error into the calculation; thus whether

or not an observed value of the random variable to be estimated is close

to the true value should be less clear after the stochastic map than before.

So the distance between any two random variables should be less with all

stochastic maps, or be left the same. So, in the quantum case, we need

the concept of a stochastic map. This is a completely positive linear map,

leaving the identity operator unchanged. Then, the quantum generalisation

of the Fisher metric should decrease, or stay the same, with any quantum

stochastic map.

Unfortunately, there is more than one metric with this property.

Chentsov went about classifying the possible ones, a job that was com-

pleted for finite dimensions by Petz9 after Chentsov died. I shall use one
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of these, the Bogoliubov-Kubo-Martin metric, which seems to me to be the

best. It was advocated by Ingarden et al. in5, and later by Petz and Toth11.

At the point ρ := e−H of the manifold of states, the BKM-metric between

two bounded operators A, B is

〈A,B〉
BKM

:=

∫ 1

0

dαTr
(
Ae−αHBe(1−α)H

)
. (8)

In14 I show that this makes sense in infinite dimensions if ρ ∈ M. The

metric is not simply related to the norm needed for the topology; we need

an Orlicz norm, rather than the Hilbert norm given by the metric.

3.2. Quantum Orlicz spaces

Let H be a separable Hilbert space, and denote by Σ the set of density

operators on H, and by Σ+ the set of faithful density operators. We have

suggested15 that the quantum analogue of the set of density functions f

used by Pistone and Sempi might be the set of faithful density operators ρ

on H such that there exists β0 ∈ [0, 1), depending on ρ, such that ρβ is of

trace-class for all β > β0. Thus, interesting states lie in the point set M:

M =
⋃

0<β<1

Cβ ∩ Σ+. (9)

A state in the manifold of states thus lies in some Schatten class Cβ , in

the unfashionable case β < 1. This is a complete, quasi-normed complex

vector space, with quasi-norm given by
(
Tr ρβ

)1/β
. The topologies defined

by two different values of β are not equivalent, and we shall furnish M with

a different topology, given by a quantum Orlicz norm.

We start with a point ρ0 ∈ M, and write ρ0 = e−H0 . We see that H0

is a positive self-adjoint operator. Let X be a quadratic form on H that is

form bounded relative to the quadratic form of H0. This means that

(1) Dom X ⊇ Dom H
1/2
0 .

(2) There exist real numbers a ≥ 0 and b such that

|X(φ, φ)| ≤ a〈H1/2
0 φ,H

1/2
0 φ〉 + b‖φ‖2.

The parameter a is called a form bound of X relative to H0, and the infimum

of all form bounds a, for which b is anything finite, is a semi-norm:

‖X‖
K

:= inf{a : a is an H0 − bound of X}. (10)
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It is well known that if ‖X‖
K

< 1 then there is a unique self-adjoint operator

with form domain DomH
1/2
0 taking the values of the sum of the forms X

and H0; this operator is bounded below.

In classical information theory, we need to restrict the manifold to the

scores. We showed16 that the following generalised mean is finite, when X

is a H-form-small quadratic form, and ρ ∈ M:

ρ · X := Tr

(∫ 1

0

ρtXρ(1−t)dt

)
. (11)

We seek a Young function that is defined for such X, which define the

convex set of quantum scores.

Work8 by W. Kunze suggests using a classical Young function, Φ, and

defining by operator calculus the function Φ(|X̃‖), where X̃ is the rear-

ranged operator defined by a self-adjoint operator X. Al-Rashid and Ze-

garlinski1 develop this work, as does Jenkova6. This idea does not work for

forms. In the next section, I propose the Young function chosen in14.

4. The Quantum Young Function

Let ρ := e−H be a density operator. For any quadratic form X, defined on

DomH1/2, and small-enough relative to the form of H, we define

Φ(X) :=
1

2
Tr

(
e−(H+X) + e−(H−X)

)
− 1. (12)

Then we claim

Theorem 4.1. Φ(X) obeys

(1) Φ(X) is finite for all forms X with small-enough H-form bound, say

‖X‖
K

< c.

(2) X 7→ Φ(X) is convex on the set of H-small-enough forms.

(3) Φ(X) = Φ(−X).

(4) φ(0) = 0 and if X 6= 0, then Φ(X) > 0 or Φ(X) = ∞.

This is proved when X is an H-small operator in14,15. The map X 7→
Tr eH+X is convex when extended to H-form-bounded forms X of small-

enough H-form bound. We now give a proof of this. H has discrete spec-

trum, say λ1 ≤ λ2 ≤ . . .; since exp(−H) is of trace class, we see that

λn → ∞ as n → ∞. Let H =
∑

j λjPj be the spectral resolution of H, and

put

Qn :=

n∑

j=1

Pj , n = 1, 2, . . . .
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Each normalised eigen-vector, say ψj , j = 1, 2, . . ., of H lies in Dom H1/2,

so we have that Xn := QnXQn is a bounded operator. Moreover, for any

sufficiently small H-form bounded X, we have

〈ψj , e(H+X)ψj〉 = lim
n→∞

〈ψj , e
−(H+Xn)ψj〉. (13)

Since exponentials are positive, the traces are absolutely convergent, and

we have for any H-form small-enough X and Y , and any λ ∈ (0, 1),

Tr e−(H+λX+(1−λ)Y ) =
∑

j

〈ψj , e
−(H+λX+(1−λ)Y )ψj〉

=

∞∑

j=1

〈ψj , e
−λ(H+X)+(1−λ)(H+Y )ψj〉

=

∞∑

j=1

lim
n→∞

〈ψj , e
−(λ(H+Xn)+(1−λ)(H+Yn))

≤
∞∑

j=1

lim
n→∞

{
〈ψj ,

(
λe−(H+Xn) + (1 − λ)e−(H+Yn)

)
ψj〉

}

by convexity with bounded perturbations

=

∞∑

j=1

{
λ〈ψj , e

−(H+X)ψj〉 + (1 − λ)〈ψj , e
−(H+Y )ψj〉

}

= λTr e−(H+X) + (1 − λ)Tr e−(H+Y ).

Thus, Tr e−(H+X) is convex in X in a ’hood of X = 0, and so Φ(X) is too.

The closure of the epigraph of λ 7→ Φ(λX) defines a lower-

semicontinuous quantum Young function, which we now again call Φ, and

which we take to define the norm

‖X‖ := inf
r

{
r : Φ

(
X

r

)
< 1

}
. (14)

The function λ 7→ Φ(λX) is continuous in λ ∈ (−ǫ, ǫ) provided that it is

finite in the interval (−ǫ, ǫ). For, we proved15 that the value of Tr e−(H+λX)

lies between Tr e−(1+λa)H and Tr e−(1−λa)H , and so is continuous at λ = 0.

For a general λ, we replace H by H + λ′X + λX and show that this is

continuous at λ = 0. Another proof of these facts follows from the Golden-

Symanzik-Thompson inequality, in the form:

Theorem 4.2. Let A,B be self-adjoint operators on the separable Hilbert

space H, such that DomA1/2 ∩ Dom B1/2 := D is dense in H. Let A
◦
+ B



108 R. F. Streater

be the form sum of A and B, defined on D. Then

Tr eA
◦

+B ≤ Tr
(
eAeB

)
. (15)

Simon gives a sketch of the proof of this, in his book13, Theorem (8.5). He

used a result of Kato7, and showed for any symmetric norm Φ, (that is, the

norm obeys Φ(X) = Φ(X∗)) defined on the semigroups, that if

eA/2eBeA/2

has finite Φ norm, then so has eA+B ; and then we have

Φ
(
eA+B

)
≤ Φ

(
eA/2eBeA/2

)
.

As an alternative, we have the proof of Hiai4.

To apply this form of the inequality, let H > 0 be self-adjoint on H be

such that e−H ∈ Mβ1
, and let X be an H-form-bounded quadratic form,

and put β(H
◦
+ X) = A and (1 − β)H = B. Then Dom A,B = Dom H1/2

is dense in H, and H
◦
+ βX = A

◦
+ B. Moreover, we have

Tr e−(H
◦

+βX) = Tr eA
◦

+B ≤ Tr(eAeB) = Tr(e−β(H
◦

+X)e−(1−β)H)

≤ ‖e−β(H
◦

+X)‖∞ ‖e−(1−β)H‖1 (16)

by Hölder’s inequality. By assumption, e−(1−β)H is of trace-class for all

1 − β > β1, so the perturbed state is of trace-class is finite for all 0 < β <

1− β1. Similarly, one shows that e−α(H
◦

+βX) is of trace class for all α close

enough to 1, and so it lies in Mα.

The first patch of the manifold around the point ρ = e−H is defined in

a way following10; it consists of all forms X such that the norm ‖X‖
0

is

sufficiently small. The topology of this set is that determined by this Orlicz

norm. At a point Y with ρX+Y := e−(H+Y +ψ(Y )) ∈ M, we could use the

norm ‖ · ‖
X+Y

, and proceed as do Pistone and Sempi; to make sense, on

points lying in the overlap of these two spheres, we need to prove that the

topologies are equivalent. This was done in my paper16.

We have then a Banach manifold modelled on a Banach space, which

is flat under the (+1)-connection. It is not trivial, however, since there are

no coordinates around ρ = e−H that cover the whole space. The whole

manifold is convex, however14.

We note that Φ does not satisfy the ∆2-condition, and so leads to a

non-separable Banach manifold. Pistone has advocated a smaller, sepa-

rable manifold in the classical case. We would expect, however, that in
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quantum mechanics, such a small manifold would not be enough even for

non-relativistic estimation theory.
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1. Introduction

Let us consider a measurable space (E, E) with a σ-finite measure µ on it

and T a positive submarkovian semigroup on L∞(E, E , µ). The Domina-

tion Principle of classical Potential Theory (Classical Domination Principle,

CDP) says that a superharmonic function f majorizing the potential U(g)

of a function g on the set {g > 0} is greater than U(g) everywhere (see3).

The CDP has noteworthy applications to classical probability theory as, for

instance, the maximum principle.

Here instead is a possible interpretation of the principle on a physical

ground: if f represents the electric potential generated by a density charge

h, that is f is the solution of the Poisson equation

∆f = −4πh (h ≥ 0),

then, in order for the potential U(h) generated by h to majorize the poten-

tial generated by another density charge g, it suffices that the inequality

holds where g is strictly positive, i.e. where the charge “given by g” is ac-

tually present.

In this paper we study non-commutative extensions of the CDP to a Quan-

tum Dynamical Semigroup (QDS) on an arbitrary von Neumann algebra

A. We show that the closest and most natural reformulation (Conjecture
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3.1) of the CDP does not hold true in general (see example 3.1). Indeed, we

prove that, in case A is non abelian, one can always find a submarkovian

QDS and two positive elements that violate the non-commutative version

of the CDP (see Theorem 3.2). On the other hand, we give two additional

conditions under which our reformulation is true (see Theorem 3.3).

2. Preliminaries

We denote by A an arbitrary von Neumann algebra on a complex Hilbert

space H and by 1 its unit. We recall that a Quantum Dynamical Semigroup

(QDS) T on A is a weak* continuous semigroup of normal completely

positive maps {Tt}t≥0 on A; T is submarkovian (resp. submarkovian) if

Tt(1) ≤ 1 (resp. Tt(1) = 1) for all t ≥ 0.

For every operator x on H, we denote by [x] the orthogonal projection onto

the closure of x(H) and we call it the range projection of x. It is a well-

known fact that x ∈ A implies [x] ∈ A.

We say that a positive element x ∈ A is superharmonic if Tt(x) ≤ x for all

t ≥ 0 (see4).

Given a positive operator x ∈ A, we set

U(x)[u] =

∫ ∞

0

〈u, Ts (x) u〉ds

and we call x integrable if U(x)[u] < ∞ for every u ∈ H; in this case, since

U(x) is a symmetric, positive and closed quadratic form thanks to Theorem

3.13a and Lemma 3.14a of Ref. 5, it is represented by a bounded self-adjoint

operator (see Theorems 2.1, 2.6 and 2.23 of5) U(x) ∈ A which is called the

potential of x.

We denote by Aint the set of all integrable elements.

If T is a submarkovian QDS on A = L∞(E, E , µ) ((E, E) measurable space,

µ a σ-finite measure on E), then the Classical Domination Principle (see

Theorem XII.27 of3) states

Classical Domination Principle 1 (CDP). If f is superharmonic and

g is integrable, the inequality f ≥ U(g) on {g > 0} implies f ≥ U(g)

everywhere.

3. Reformulation of the domination principle

As a first step, we have to give a meaning to the statement

“ x ≥ U(y) on {y > 0} ”, (1)
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x, y ∈ A. A natural extension of (1) could be

pxp ≥ pU(y)p, (2)

where p denotes the spectral projection of y associated with the interval

]0, +∞[, that is p = [y]: indeed, since for all g ∈ L∞(E, E , µ) the spectral

measure of g is given by Eg(S) = M1
g−1(S)

, the inequality pfp ≥ pU(g)p

translates into 1{g>0}f ≥ 1{g>0}U(g), which exactly means that f ≥ U(g)

on {g > 0}.
Therefore, our reformulation of the domination principle is the following:

Conjecture 3.1. If x, y are positive elements of A, x superharmonic and

y integrable, and p = [y], then

pxp ≥ pU(y)p =⇒ x ≥ U(y).

Unfortunately, we show below that this conjecture is not true: indeed, condi-

tion (2) only concerns “diagonal”elements and so what it may and does hap-

pen in the following example is that pxp = pU(y)p, and yet p(x−U(y))p⊥

is not 0.

Example 3.1. Let A = B(ℓ2(N, C)) and

L(x) := S∗xS − x

for all x ∈ A, where Sek = ek+1 and (ek)k≥0 is the canonical orthonormal

basis of ℓ2(C). Since L(1) = 0 and L has the Lindblad form, L generates a

uniformly continuous QMS on A.

Given x ∈ A, let pk,j(t) := 〈ek, Tt(x)ej〉 for all t ≥ 0, k, j ∈ N; then, by

direct computation, we have

p′k,j(t) = 〈ek,L(Tt(x))ej〉 = (L∗(|ej〉〈ek|))(Tt(x))

= −pk,j(t) + pk+1,j+1(t),

so that

〈ek, Tt(x)ej〉 =
∑

l≥0

e−t t
l

l!
〈el+k, xej+l〉

is the unique solution of the above equation with initial data pk,l(0) =

〈ek, xej〉. Therefore,

〈ek,U(x)ej〉 =
∑

l≥0

〈el+k, xej+l〉 =
∑

l≥0

〈Skel, xSjel〉 =
∑

l≥0

〈el, S
∗kxSlej〉,
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which implies

U(x) =
∑

k≥0

S∗kxSk.

Put y = |e0〉〈e0| and z = 2−1
∑1

i,j=0 |ei〉〈ej |; since such elements are clearly

integrable, in particular we can define x = U(z). Moreover, we can think of

x, y and z as

y =

(
1 0

0 0

)
, z =

1

2

(
1 1

1 1

)
and x =

1

2

(
2 1

1 1

)
;

we have that x is superharmonic (it is a potential), U(y) = y, p = y and

pxp = y = pU(y)p, yet

x − U(y) =
1

2

(
0 1

1 1

)
6≥ 0.

In addition, we will show that, if the algebra A is not abelian, we can

always find a submarkovian QDS T and two positive elements x, y in A,

x superharmonic and y integrable, which do not satisfy Conjecture 3.1. To

prove this, we introduce some preliminary results.

Lemma 3.1. Let a, b ∈ A+ be such that b ≤ a and let p = [b].

Then, |〈pu, ap⊥u〉|2 ≤ 〈p⊥u, ap⊥u〉〈pu, (a − b)pu〉 for all u ∈ H.

Proof. The inequality b ≤ a implies 〈pv, (a − b)pv〉 + 2ℜ〈pv, ap⊥v〉 +

〈p⊥v, ap⊥v〉 ≥ 0 for all v ∈ H, for pbp = b; taking v = λpu + p⊥u with

u ∈ H, λ = µeiθ, µ ∈ R and θ which satisfies

ℜ〈pu, ap⊥u〉 sin θ = ℑ〈pu, ap⊥u〉 cos θ, (3)

we obtain µ2〈pu, (a− b)pu〉+2µℜ(eiθ〈pu, ap⊥u〉)+ 〈p⊥u, ap⊥u〉 ≥ 0, which

means [ℜ(eiθ〈pu, ap⊥u〉)]2 ≤ 〈p⊥u, ap⊥u〉〈pu, (a − b)pu〉. But

[ℜ(eiθ〈pu, ap⊥u〉)]2 = (ℜ〈pu, ap⊥u〉 cos θ+ℑ〈pu, ap⊥u〉 sin θ)2 = |〈pu, ap⊥u〉|2

by virtue of (3), and so the conclusion follows.

Definition 3.1. We say that A satisfies the weak domination property

(WDP ) if for each a, b ∈ A+ the inequality pap ≥ pbp with p = [b] implies

a ≥ b.

Theorem 3.1. Any von Neumann algebra A which satisfies the (WDP )

is abelian.
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Proof. Since any von Neumann algebra is generated by its projections, it

is enough to show that [p, z] = 0 for all z ∈ A and projections p ∈ A.

Moreover, since z = z+ − z− with z+, z− positive elements in A we can

suppose z ∈ A+.

We put a := p + pzp⊥ + p⊥zp + p⊥z2p⊥ and we claim that a is positive, or

equivalently, that

‖pu‖2 + 2ℜ〈pu, zp⊥u〉 + ‖zp⊥u‖2 ≥ 0

for all u ∈ H. But |ℜ〈pu, zp⊥u〉| ≤ ‖pu‖ ‖zp⊥u‖ for all u ∈ H by Cauchy-

Schwarz inequality, so

‖pu‖2 + ‖zp⊥u‖2 + 2ℜ〈pu, zp⊥u〉 ≥ 2‖pu‖ ‖zp⊥u‖+

+2ℜ〈pu, zp⊥u〉 ≥ 2|ℜ〈pu, zp⊥u〉| + 2ℜ〈pu, zp⊥u〉 ≥ 0

for all u ∈ H. Hence a ≥ 0.

Since [p] = p and pap = p, thanks to (WDP ) we have a ≥ p, so that

pzp⊥ = p⊥zp = 0 by Lemma 3.1. Therefore z = pzp + p⊥zp⊥, i.e.

[p, z] = 0.

In the end, we have the following

Theorem 3.2. If A is non abelian, then there exist a submarkovian QDS

T , x, y ∈ A+, x superharmonic and y integrable, such that pxp ≥ pU(y)p

but x 6≥ U(y), where p = [y].

Proof. Since A is non abelian, by Corollary 3.1 there exist x, y ∈ A+ such

that pxp ≥ pyp but x 6≥ y, p = [y]. Put Tt(z) = e−tz for all z ∈ A, t ≥ 0;

then (Tt) is clearly a submarkovian QDS on A; moreover x is superharmonic

and
∫ ∞

0

〈u, Tt(y)u〉dt =

∫ ∞

0

e−t〈u, yu〉dt = 〈u, yu〉

for all u ∈ H, so that y is integrable and U(y) = y.

Therefore, pxp ≥ pyp = pU(y)p, yet x 6≥ U(y).

Notice that the domination principle holds at least in a trivial case, i.e.

when x and y belong to an abelian T -invariant subalgebra of A.

Instead, we found a weaker and quite natural condition under which the

domination principle is fulfilled.
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Theorem 3.3. Let T be a submarkovian QDS on A. If x is superharmonic,

y integrable and p = [y], then

pxp ≥ pU(y)p

[x, p]= 0 and p superhamonic

}
=⇒ x ≥ U(y).

Proof. If [x, p] = 0, then x = pxp+p⊥xp⊥; moreover, since pAp is invariant

(p is superharmonic), we have U(y) = pU(y)p, so that x ≥ U(y) when

pxp ≥ pU(y)p.

Remark 3.1. The hypotesis “[x, p] = 0” is very natural to assume, for in

the physical setting, we need observables to be comparable. On the other

hand, “p superharmonic” is a quite strong condition: indeed, for instance,

in the abelian case of electric potential, it means that the electric field

generated by a density charge g supported by p stays confined in the region

where g is actually present.

As a matter of fact, a more cogent hypothesis would be that x, U(y) and

p (or x, U(y) and y) commute, but it is very difficult to find nontrivial

examples satisfying such conditions.

4. Analysis of the proof of the abelian case

In this section we analyze the proof given by Dellacherie and Meyer in Ref. 3

for abelian algebras, and we try to understand what goes wrong with the

non-commutative case.

Their proof is based upon the following two facts (proved in Theorems

IX.33 and IX.33 of Ref. 2):

(a) If T is a submarkovian QDS on L∞(E, E , µ) and h ∈ L∞(E, E , µ) is a

positive function, then there exists the smallest superharmonic function

R(h) which majorizes h.

(b) If h belongs to Aint, the smallest superharmonic function which ma-

jorizes U(h) + ch on {h > 0} is U(h) + ch itself, i.e.

R((U(h) + ch)1{h>0}) = U(h) + ch

for every positive constant c.

In particular, if f and g are positive functions, f superharmonic and g

integrable, with f ≥ U(g) on M := {g > 0}, we clearly have that

f + λ−1‖g‖ ≥ (U(g) +
g

λ
)1M



116 V. Umanità

for all λ > 0. Since f +λ−1‖g‖ is also superharmonic, by a) and b) it follows

that

f + λ−1‖g‖ ≥ R((U(g) +
g

λ
)1M ) = U(g) +

g

λ
,

and therefore f ≥ U(g) by letting λ → ∞.

Remark 4.1. A simple consequence of b) is that R(U(h)1{h>0}) = U(h)

for all h ∈ Aint.

Indeed, given a superharmonic function f which majorizes U(h)1{h>0}, we

have f + c‖h‖ ≥ R((U(h)+ ch)1{h>0}) = U(h)+ ch for every c > 0, so that

f ≥ U(h) by letting c → 0.

Let now A be an arbitrary von Neumann algebra and T a submarkovian

QDS on A. We want to see if properties a) and b) can be generalized to

this case.

We have the following:

Theorem 4.1. If z is a positive element in A, then there exists a minimal

superharmonic element which majorizes z.

Proof. Let S = { y ∈ A+ : y is superharmonic, z ≤ y }: S is not empty,

since it contains ‖z‖1. We define a partial order on S by letting y1 ¹ y2

when y1 ≥ y2. Therefore, given a totally ordered subset T of S, the net

{y}y∈T is decreasing in A+ and therefore there exists y0 := infT y, which

clearly majorizes z. Moreover, since Tt(y0) ≤ Tt(y) ≤ y for all y ∈ T , t ≥ 0,

we have also Tt(y0) ≤ y0, so that y0 belongs to S and it is a majorant

(w.r.t. ¹) of T . Applying Zorn Lemma we find a maximal element of S,

which clearly is a minimal superharmonic element majorizing z.

Unfortunately, such a minimal element will not be unique in general, as the

following example shows.

Example 4.1. We consider A and L as in example 3.1. Then, a positive

element x =
∑

i,j≥0 xi,j |ei, 〉〈ej | is superharmonic if and only if
∑

i,j≥0

(xi+1,j+1 − xi,j) |ei〉〈ej | ≤ 0. (4)

We set

z =

(
0 0

0 1

)
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and we want to show that the smallest superharmonic element which ma-

jorizes z does not exist.

A simple computation proves that

z0 :=

(
1 0

0 1

)

is superharmonic and z0 ≥ z. Moreover, given w =
∑

i,j≥0 wi,j | ei〉〈ej |
superharmonic with z ≤ w ≤ z0, we have in particular

(
1 − w0,0 −w0,1

−w1,0 1 − w1,1

)
≥ 0 and

(
w0,0 w0,1

w1,0 w1,1 − 1

)
≥ 0,

so that w0,0 ≤ 1, w1,1 = 1 and w0,1 = w1,0 = 0. But condition (4) implies

w1,1 ≤ w0,0, and so w0,0 = w1,1 = 1. Therefore, by w ≤ z0 we get wi,j = 0

for every i, j > 1, i.e. w = z0. This proves that z0 is minimal for the set

of superharmonic elements which majorize z. But it is not the minimum of

such a set, because

y =

(
4 2

2 2

)

is superharmonic and satisfies y ≥ z, yet

y − z0 =

(
3 2

2 1

)

is neither positive nor negative.

Therefore, in general, we can not give a meaning to R(z) for all z ≥ 0; in any

case, given y ∈ Aint, even if R(pU(y)p + cy) would exist for all c ≥ 0, with

p = [y], property b) would not generally be satisfied, since the necessary

condition R(pU(y)p) = U(y) given in Remark 4.1 is not automatically true.

Indeed, the following example shows that the inequality U(y) ≥ pU(y)p can

fail.

Example 4.2. We consider A and L as in example 3.1 and we set

y =

(
1 1

1 1

)
.

Then, p = y/2 and

U(y) − pU(y)p =

(
2 1

1 1

)
− 5

4

(
1 1

1 1

)
=

1

4

(
3 −1

−1 −1

)
6≥ 0.

Notice that it is not enough to add the condition U(y) ≥ pU(y)p to obtain

the domination principle: indeed, just in the example 3.1 we had U(y) =

y = pU(y)p, pxp ≥ pU(y)p, but x 6≥ U(y).
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5. An alternative reformulation

In this section we present a different interpretation of condition (1) in order

to take into account the non-commutativity of the algebra. Unfortunately,

we will see that, in general, the domination principle still does not hold

with this new reformulation.

We may interpret (1) in the following way:

px + xp ≥ pU(y) + U(y)p, (5)

where p = [y], x is superharmonic and y integrable.

Clearly (5) implies pxp ≥ pU(y)p, and the two conditions are equivalent in

the abelian framework.

We can then translate the domination principle in this way:

Conjecture 5.1. Let x, y be positive elements of A, x superharmonic, y

integrable and let p = [y]. Then

px + xp ≥ pU(y)p =⇒ x ≥ U(y), (6)

or, equivalently,

pxp ≥ pU(y)p

pxp⊥ = pU(y)p⊥

}
=⇒ p⊥xp⊥ ≥ p⊥ U(y)p⊥. (7)

The equivalence of (6) and (7) is a simple consequence of the following

Proposition 5.1. Let z, w be positive elements in A. The following con-

ditions are equivalent:

(1) pz + zp ≥ pw + wp;

(2) pzp ≥ pwp and pzp⊥ = pwp⊥.

Proof. If we assume condition 2), then pz + zp = 2pzp + pzp⊥ + p⊥zp ≥
2pwp + pwp⊥ + p⊥wp = pw + wp.

Conversely, if condition 1) holds, we obtain

〈u, (z − w)u〉 + ℜ(λ〈u, (z − w)v〉) ≥ 0

for all u ∈ p(H), v ∈ p⊥(H) and λ ∈ C.

Taking λ ∈ R we have pzp ≥ pwp and ℜ〈u, zv〉 = ℜ〈u,wv〉, while with

λ = iµ ∈ iR it follows ℑ〈u, zv〉 = ℑ〈u,wv〉.

Notice that, if p = [y] = [U(y)], then (7) is trivially satisfied but, in general,

this version of domination principle is neither true.
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Example 5.1. Let A and L as in the example 3.1. We set

y =
1

2

(
4 2i

−2i 1

)
, z =

1

2

(
7 4i

−4i 1

)
, x

.
= U(z) =

1

2

(
8 4i

−4i 1

)
.

Then p = (2/5) y and

U(y) =
1

2

(
5 2i

−2i 1

)
.

An easy computation show that px + xp ≥ pU(y) + U(y)p, but

x − U(y) =
1

2

(
3 2i

−2i 0

)
6≥ 0.

6. A weaker reformulation

If A is a C∗-algebra, then we can write any self-adjoint element x as

x = x+ − x−, where x+ = (| x | +x)/2 and x− = (| x | −x)/2 are posi-

tive. Clearly such a decomposition is not unique but, if A is abelian, then

this is the minimal one, i.e. the equality x = x1 − x2 with x1, x2 positive

implies x1 ≥ x+ and x2 ≥ x−.

However, for finite-dimensional non-abelian algebras, just the following in-

equalities

λj(x1) ≥ λj(x
+) and λj(x2) ≥ λj(x

−)

are fulfilled (see Lemma IX.4.1 of1), where λj(y) denotes the j-th eigenvalue

of y with respect to decreasing order.

This suggest the following weaker reformulation of the domination principle:

Conjecture 6.1. Assume A is finite-dimensional. If x, y are positive ele-

ments of A, x superharmonic and y integrable, and p = [y], then

pxp ≥ pU(y)p =⇒ λj(x) ≥ λj(U(y)) for every j. (8)

We test Conjecture 6.1 on the usual example in order to understand if such

a formulation may hold or not.

Example 6.1. We consider A and L as in Example 3.1. Let

y =

(
1 1

1 1

)
, z =

(
7 0

0 (3 − 2
√

5)/2

)

and

x = U(z) =
1

2

(
17 − 2

√
5 0

0 3 − 2
√

5

)
.
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An easy calculation shows that p = (1/2)y,

U(y) =

(
2 1

1 1

)
, λ1(U(y)) =

3 +
√

5

2
and λ2(U(y)) =

3 −
√

5

2
.

Therefore, we have

pxp =
10 − 2

√
5

4
y ≥ 5

4
y = pU(y)p,

but

λ2(x) =
3 − 2

√
5

2
6≥ λ2(U(y)),

so that Conjecture 6.1 also is false.
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1. Introduction

We briefly review a number of issues of analysis in operator spaces. We

begin from introducing and recalling few results (and open problems) on

ergodicity of dissipative dynamics in inductive limit C∗ algebra. As a mo-

tivation we present later some recent achievements in commutative case

saying that one can obtain stronger ergodicity results by analysis based on

a notion of hypercontractivity of dissipative dynamics in suitable functional

(Lp and Orlicz) spaces. The hypercontractivity property, besides helping in

study the ergodicity, has an intricate relation to the entropy and the parti-

cle structure of a system which provides additional motivation to research

in this area.

In recent years one observes a growing interest in studying nonlinear dissi-

pative dynamics including large interacting classical and quantum systems.

To show that some interesting progress in this domain is possible we present

some recent results for finite and infinite spin systems. One interesting point

for such dissipative semigroups is an interesting phase transition: a dissipa-

tion may be contractive for Lp spaces with large indices p, but not so for

small ones.

While the noncommutative Lp spaces associated to a state were introduced

long time ago and seem to be well established, until recently much less at-

tention was given to the noncommutative counterpart of Orlicz spaces. We
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briefly sketch recent results in this area motivated by potential applications

to analysis of coercive inequalities or information geometry.

At the end we give a brief account on the topics of entropic switch which

are related to interplay of entropy and noncommutativity (nonlinearity).

2. Dissipative Dynamics in Noncommutative Spaces

Some Results & Problems

Basic Setup. The first element of our setup is the following.

• {A, || · ||, {AX , X ⊂⊂ Zd}} - the inductive limit C∗ algebra over a

finite dimensional complex matrix algebra M, with a norm || · ||

In such algebra one has a large family of partial traces which have all the

features of perfect conditional expectations.

• TrX : A −→ AX∁ partial traces

TrXf =

∫
νX(dU) U∗fU

where νX(dU) is the normalised Haar’s measure on the group of

all unitaries U in AX .

This expression involving ”local” unitaries U may be very convenient when

passing to a representation associated to some nontrivial (Gibbs) state ω

which when restricted to a finite dimensional subalgebra has a density with

respect to the normalised trace.

On the algebra it is natural to introduce the following completely positive

and unit preserving maps.

• Generalised Conditional Expectations EX : A −→ AX∁

EX(f) ≡ TrX γ∗
XfγX

for some 0 < γX ∈ A , TrX γ∗
XγX = 1

In case one could think of a state as given by a limit of the following form

ω(f) ≡ lim lim
Λ→Zd

Tr (ρΛf)

with

ρΛ ≡ e−HΛ

Tre−HΛ

one could have the following example.
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• Example: EX ≡ EX,φ

γX = lim
Λ→Zd

e−
1
2 HΛ

(
TrXe−HΛ

)− 1
2 (1)

where HΛ ≡ ∑
Y ∩Λ6=0 φY , φX ∈ AX .

||φ|| ≡
∑

X∋0

|X| · ||φX || < ∞

The limit in (1) exists in the algebra for Classical Potentials by definition

satisfying

∀Y,Z [φY , φZ ] = 0.

In general one can show existence of γX by passing to the representation in

von Neumann algebra,32. In this case the generalised conditional expecta-

tion is a bounded selfadjoint operator in the symmetric L2, 1
2
(ω) space with

a scalar product

< f, g >ω,s≡ lim
Λ→Zd

Tr ρ
1
2

Λf∗ρ
1
2

Λg

For applications we describe below, one would need to have more detailed

control of behaviour of approximation of γX by local elements of the algebra.

In particular it would be interesting to study the following problem.

Question 1 : Is the limit stable w.r.t. small perturbations λψ ≡
{λψX}X⊂⊂Zd , [ψX , ψX ] 6= 0 for ∞-many X ? Given the generalised condi-

tional expectations one may like to introduce the following:

• Dissipative Generators

Lf ≡
∑

j

(EX+j,φ(f) − f) + εδψ(f).

where

δψ(f) ≡ lim
Λ→Zd

∑

X⊂Λ

[ψX , f ].

To ensure possible uniformity of description as well as the ergodicity it

would be important to have well defined generator including possibly in-

finite sum. This is exactly the point where more information would be

required about γX+j . In case if classical potential Φ is used to define the

generalised conditional expectation, it is possible to prove that

Pt ≡ P
(φ,εψ)
t ≡ etL
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is a well defined dissipative semigroup on A. Since in the generator we

can include a derivation corresponding to another potential Ψ which is

not classical and noncommuting with Φ, we get qualitatively new situation

not encountered in the theory of Glauber type dynamics for classical spin

systems. Then in some nontrivial domain one has the following result (cf.37

and references therein).

• Strong Ergodicity & Stability : ”If for ε = 0

|||Ptf ||| ≤ e−mtC|||f ||| (2)

then similar is true for ε < ε0, for some ε0.”

Thus a limit limt→∞ Ptf exists and defines a state on the algebra. It must

depend in some way on both Φ and Ψ and one may conjecture that it is a

Gibbs state for some well defined (nonclassical) potential.

Unfortunately the method used to show (2) is very restrictive and necessar-

ily leaves open intriguing question: what happens in the situation when the

Hamiltonian dynamic term corresponding to Ψ is large and potentially may

dominate large time behaviour. In fact this method does not allow even to

get the ergodicity results for ”large” classical potentials on noncommuta-

tive algebra, (in which case the derivation term is absent), in a vicinity of

”critical point” where the correlations in the equilibrium state are becom-

ing of longer and longer range. Given the experience with classical systems

where an essential progress was made in tackling this issue by employing

coercive inequalities in suitable functional spaces, one would like to ask:

Question 2 : Can one improve the state of the matter by analysis in Non-

commutative Lp spaces ? With this in mind, in the next section we briefly

review recent progress in coercive inequalities and applications to classical

systems which involve infinite noncommutative set of derivations.

3. Coercive Inequalities for Gibbs Measures associated to

Systems of Noncommutative Fields.

When studying a commutative system described by an infinite number of

random variables it may be useful to represent the underlying space as a

product space (Ω,Σ) = (M,B)R, with M being a smooth (Riemannian)

manifold and R ≡ {1, .., n}, N, Zd, .., or a more general infinite graph G.

In this situation an important role is played by a (Smooth) Local Speci-

fication, that is a family of probability kernels {EΛ : Λ ⊂ G, |Λ| ∈ R}, in-

dexed by finite subsets of R, which satisfy all the properties of the regular
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conditional expectations including the following compatibility condition [i]

Λ1 ⊂ Λ2 =⇒ EΛ2
EΛ1

f = EΛ1
f . In a variety of practical applications EΛ

can be introduced as follows

EΛ(f)(ω̃) = δω̃R\Λ

( ∫
MΛ e−UΛf dωΛ∫
MΛ e−UΛ dωΛ

)

with a “natural” finite dimensional product measure dωΛ and some (addi-

tive) interaction energy functional UΛ. With the help of local specification

following Dobrushin - Lanford - Ruelle, one can give apriori meaning to a

state of the infinite dimensional system as follows

• Gibbs Measure

µEΛ(f) = µ(f) (DLR)

which simply means that EΛ are equal to the conditional expectations as-

sociated to µ. The description with the local states EΛ, provided the cor-

responding interaction is sufficiently smooth, allows also an introduction of

a family of symmetric Markov generators using [ii]

E{j}|∇jg|2 ≡ −E{j}gLjg

Then the (DLR) condition allows one to define

µ|∇g|22 ≡
∑

j∈R

µ|∇jg|2 = −µ(gLg)

Similar definitions are possible with the use of the fields in place of the

gradient.

One of the first important entropy bounds is the following

(i) Log-Sobolev Inequality

µv
2 log

(
v

2

µv2

)
≤ cµ|∇v|22 (LS2)

As it was shown by L.Gross4, this coercive inequality is equivalent a strong

contractivity property of the semigroup (which action allows to revert

Hölder inequality)

(ii) Lp(µ) - Hypercontractivity :

||etLf ||Lp(t)
≤ ||f ||L2 , with p(t) = 1 + et/c > 2
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For more detailed history of this subject as well as exposition of some

applications in infinite dimensional analysis see11 and references therein.

While the above Log-Sobolev inequality is relevant in the situations where

the Lipschitz random variables have at least the Gaussian tails, more re-

cently it was possible to go beyond this restriction by studying generalised

entropy bounds of the following form.

(iii) F-Sobolev Inequality (33)

µv
2
F

(
v

2

µv2

)
≤ c

F
µ|∇v|22 (FS2)

with F concave, non-decreasing on R+, vanishing at 1, (∼{
log+(x)

}β
, β ∈ (0, 1]).

It was shown in33 that such coercive inequality is equivalent to the following

interesting hypercontractivity property in Orlicz spaces.

(iv) LΦp
(µ) - Hypercontractivity :

||etLf ||Φp(t)
≤ ||f ||L2

, where Φp(x) ≡ x2ep·F (x2)

In infinite dimensions for Gibbs Measures the corresponding coercive in-

equality was shown in35 (see also12). Finally we mention yet another form

of coercive inequalities which involves Orlicz spaces.

(v) Orlicz-Sobolev Inequalities

||(f − µ(f))2||Φ ≤ CΦ µ|∇f |22 (OS2)

3.1. Log-Sobolev Inequality for Hörmander Type Markov

Generators

More recently a progress has been made in case of infinite dissipative sys-

tems described by the following generators

µ|Xg|22 =
∑

j∈R

µ|Xjg|2 = −µ(gLg)

where |Xjg|2 ≡ ∑
α=1,..,k |Xα

j (ωj)
∂

∂ωj,α
g|2 with 1 < k ≤ dim(M).

The system of fields {Xj}j∈R is noncommutative and may be degenerate.

In such the case to achieve dissipativity one may take advantage of non-

commutativity to get the following condition is satisfied.
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Local Hörmander Condition : ∃N ∈ N ∀ωj ∈ M, j ∈ R,

Span

{
Xα

j , adX
α1
j

(Xα
j ), .., adX

αN
j

..adX
α1
j

(Xα
j )

}
= Tωj

M (HN )

where α, αl = 1, .., k, and adY (X) ≡ [X, Y ], and Tωj
M denotes the tangent

space at ωj .

The corresponding finite dimensional theory has a rich and inter-

esting history including works of Kolmogorov, Hörmander, Malliavin,

Kusuoka&Stroock, and many others; for a more detailed description we

refer to36.

Theorem 3.1.
12

Let M be a smooth, connected, boundaryless manifold dim(M) ∈ [3,∞).

Suppose Regular Conditional Expectations {EΛ : |Λ| ≤ L0 ∈ N} satisfy uni-

form mixing condition

|EΛ(fΛ1
, gΛ2

)| ≤ Const e−M dist(Λ1,Λ2)

Then there exists c ∈ (0,∞)

µ

(
v2 log

v2

µv2

)
≤ c µ|Xv|2 (XLS2)

Corollaries

The real benefit from proving this type of coercive inequality comes in the

form of multitude of abstract consequences including the following.

• Exponential Bounds Assume (XLS2).

µetf ≤ eCt2|| |Xf | ||2∞+tµf

• Spectral Gap : There exists m ∈ (0,∞)

µ
(
etLf − µf

)2 ≤ e−2mtµ (f − µf)
2

• Exponential Decay of Entropy : There exists α ∈ (0,∞)

µ

(
Ptf log

Ptf

µf

)
≤ e−αtµ

(
f log

f

µf

)

With an extra information on finite speed of propagation of information

and extra hard work one arrives at the following strong estimate in the

uniform norm.
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• Strong Exponential Decay to Equilibrium : There exists m ∈
(0,∞)

‖Ptf − µf‖u ≤ e−mt CΛ0
|||f |||

for any observable f localised in a bounded subset Λ0 ⊂ Zd with

finite Lipschitz seminorm.

The key point here is that by analysis in functional spaces, if hypercontrac-

tivity can be proved one go far beyond traditional methods which require

much stronger technical restrictions. For example for Glauber type dynam-

ics in the ferromagnetic NN Ising model, hypercontractivity method works

till the critical point,34 !!!

4. Hypercontractivity in Noncommutative Case.

In this section we briefly review a (very slow) progress in Hypercontrac-

tivity in Noncommutative Lp(ω) spaces in some type III cases considered

in29,30.

For interesting development in an area where one deals with certain rep-

resentations of commutation relations and type II situations see1–8 and

references therein.

We consider infinite product state as follows

• ω ≡ ⊗l ωΛl
, where ωΛl

≡ TrΛl
(ρΛl

· )
0 < ρΛl

≦ ||ρΛl
|| < ∞, Λl ∩ Λk = ∅ for k 6= l.

It is known that if density matrices ρΛl
are nontrivial, the corresponding

state leads to type III von Neumann algebra in GNS representation. A nice

thing about the infinite product state is that one has explicit formulas for

Lp(ω) norms on a dense set of local elements.

• Lp(ω, s) norms

||f ||p
Lp(ω,s) ≡ Tr

∣∣∣∣ ρ
1−s

p

Λ fρ
s
p

Λ

∣∣∣∣
p

,

for f ∈ AΛ with ρΛ ≡ ∏
Λl∩Λ6=∅ ρΛl

.

with the scalar product for L2(ω) space given as follows

• L2(ω, s) scalar product

< f , g >L2(ω,s)≡ Tr

(
ρ

1−s
2

Λ f∗ρ
s
2

Λg
)

.
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In this setup we can introduce a Markov generator symmetric in L2(ω, s),

∀s ∈ [0, 1],

Lf ≡
∑

l∈R

(EΛl
(f) − f)

defined with the following Generalised Conditional Expectation

EX(f) ≡ TrX

(
ξ∗Λl

fξΛl

)
,

where for a bounded set X ⊂ R,

ξX ≡ ρ
1
2

Λl
(TrXρΛl

)
− 1

2 .

For dissipative semigroup Pt corresponding to the above given generator

the following is true.

• Hypercontractivity: The Markov semigroup Pt ≡ etL satisfies

||Ptf ||Lp(t)(ω,s) ≤ ||f ||L2(ω,s) (H)

for any s ∈ [0, 1] with p(t) ≡ 1 + eαt, with some α > 0.

By the theory developed in28 this implies the following relative entropy

bound.

• Weak product property: For s = 1
2

QEnt2(f) ≤ cΛ0
〈f,−

∑

i∈Zd

(Ei(f) − f)〉
L2(ω, 1

2 ) (LS)

where

QEntp(f) ≡ lim
Λ→R

Tr

∣∣∣ρ1/2pfρ1/2p
∣∣∣
p (

log
∣∣∣ρ1/2pfρ1/2p

∣∣∣ − 1/p log ρ
)

.

In other words one concludes in our noncommutative framework that if the

Log-Sobolev inequality is true for a state on a finite dimensional algebra it

is also true for any corresponding product state. In commutative case the

product property is known since mid 70’s and provide a fundamental basis

of the related theory.

Remark : Here, perhaps because of the technical reasons, we obtain a finite

constant, but not the same as for the finite dimensional state one started

with. Clearing this up would be an interesting task.

Hypercontractivity ⇐⇒ ? Particle Structure :
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In the noncommutative case the key strategy to prove the Logarithmic

Sobolev inequality goes via the following interesting route involving spectral

characteristics of the underlying theory.

Suppose we have the following Particle Structure

- Invariant Subspaces L2(µ) = H0 ⊕n∈N Hn

Hj ⊥ Hk, k 6= j , Pt(Hn) ⊂ Hn

- Spectrum

∀n ∈ N σ(L|Hn) ⊂ (−∞,−εn), ε > 0

- Gaussian Bounds: ∃C > 0 ∀n ∈ N ∀ f ∈ Hn

||f ||4 ≤ Cn||f ||2,

In this situation corresponding semigroup is hypercontractive (H) and so

the corresponding Log-Sobolev inequality (LS) is true.

While this direct route to hypercontractivity can sometimes be employed for

some (simple) models with interactions29, in general the particle structure

remains one of the bigest challenges of mathematical physics exploration.

5. Nonlinear Jump Processes in Dim = ∞

In this section we outline briefly a recent progress in study of nonlinear

jump type dissipative dynamics for infinite interacting systems.

Given probability kernels Ej ≡ EΛ0+j on Ω = MZ
d

, M a finite set and Λ0 ⊂
Zd a box, associated to a Gibbs measure, one can consider the following

nonlinear generalisation of Glauber type generators.

Nonlinear Generator

L(v) ≡
∑

i∈Zd

Li(v) ≡
∑

i∈Zd

(
ψ−1 ◦ Ei ◦ ψ(v) − v

)

with some (suitably chosen) convex increasing positive function ψ. One

shows that the corresponding semigroup is well defined and has all the

properties of the Markov semigroup (except linearity). Namely we have the

following result.

Theorem 5.1. The Cauchy problem

∂
∂tv(t) = L(v(t))

v(t = 0) = f
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has a unique solution given by a nonlinear Markov semigroup (Pt)t∈R+

satisfying

• Preservation of Constants

Pt(α1) = α1
• Positivity

Pt(f
2) ≥ 0

• Contractivity

||Pt(f)||∞ ≤ ||f ||∞
⋆ Super-invariance Property µf ≤ µPtf

We remark that in some class of similar operators, including the ones defined

as above with ψ(x) ≡ ex, when one has a single term in the generator one

can write the following explicit formula which we call a nonlinear Poisson

semigroup

Pt(f) = e−tf +

∫ t

0

ds log E exp{e−sf}.

From this one can see that the following further interesting properties are

true

• ”Orthogonality”

Pt(f + α1) = Pt(f) + α1
• Convexity

∀q ∈ [0, 1] Pt(qf + (1 − q)g) ≤ qPt(f) + (1 − q)Pt(g)

By a nonlinear generalisation of the product formula these properties trans-

fer through to the infinite dimensional case.

Ergodicity

Under suitable uniqueness condition for the probability kernels one can

extend the classical strong ergodicity results as follows.

Theorem 5.2. Suppose a ”Uniform Uniqueness Condition” is satisfied for

Ej, j ∈ Zd.

Then ∃M ∈ (0,∞)

|||Ptf ||| ≤ e−Mt|||f |||
with usual triple bar (Lipschitz) seminorms.

This implies the existence of limiting function α(f) ≡ limt Ptf . While it is

a nonlinear functional, thanks to convexity we can talk about tangent func-

tionals which brings us back to more conventional realm of probabilities.
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6. Noncommutative Orlicz Spaces Associated to a State

Suppose we are given a faithfull normal state

ω(f) ≡ Tr(ρf)

and therefore the following family of scalar products

< f, g >ω,s≡ Tr
(
ρsf∗ρ1−sg

)

for each s ∈ (0, 1). In such the situation the theory of noncommutative Lp

spaces is well established14–19. While the theory of noncommutative Orlicz

spaces associated to a trace where introduced already some time ago20, only

recently the more general cases were studied13,23. Below we briefly list some

results and possible directions.

Lp,s(ρ) Norms, p ∈ [1,∞), s ∈ [0, 1]

||f ||pp,s,ρ ≡ Tr
∣∣∣ ρ

s
p f ρ

(1−s)
p

∣∣∣
p

Orlicz Functionals I

Ξ(f) ≡
∫

||f ||pp,s,ρ ν(dp)

with
∫

λp ν(dp) < ∞, for any λ ∈ (0,∞). Orlicz Functionals II

ΛΦ,ρ,s(f) ≡ TrΦ
(∣∣∣

(
Φ−1(ρ)

)s
f

(
Φ−1(ρ)

)1−s
∣∣∣
)

◦ Universal Normalisation ΛΦ,ρ,s(1) = 1

◦ Strict Convexity ∀|α| + |β| ≦ 1

ΛΦ,ρ,s(αf + βg) ≦ |α|ΛΦ,ρ,s(f) + |β|ΛΦ,ρ,s(g)

◦ Duality and Young Inequality

< f, g >ω,s ≦ ΛΦ,ρ,s(f) + ΛΨ,ρ,s(f)

where Ψ(x) = supy∈R
(xy − Φ(y))

Orlicz Functionals III

OA,Φ,ρ,s(f) ≡ 1

2
ΛΦ,ρ,s(f + A) +

1

2
ΛΦ,ρ,s(f − A) − 1

where ΛΦ,ρ,s(A) = 1.

Similar Properties as in I.
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Bogoliubov-Kubo-Mori Scalar Product and Generalised Young

Inequality.

In case of the following scalar product which plays an important role in

nonequilibrium quantum statistical mechanics

< f, g >BKM ≡
∫ 1

0

ds Tr
(
ρsf∗ρ1−sg

)

it is natural to consider the following generalised Young inequality

< f, g >BKM ≦

∫ 1

0

ds {ΛΦs,ρ,s(f) + ΛΨs,ρ,s(f) }

where ΛΦs,ρ,s is a family of Orlicz functional introduced above.

Streater’s Functionals
23

1

2
Trelogρ+X +

1

2
Trelogρ−X − 1

Other Orlicz Functionals

One should expect that the following functionals are interesting.

◦ Functional with Renormalised Logarithm (28)

N(f) ≡ sup
c∈R

{
Tr

∣∣∣ ρ
1
4 (f + c) ρ

1
4

∣∣∣
2
(

log
∣∣∣ ρ

1
4 (f + c) ρ

1
4

∣∣∣
2

− log ρ

)

− ||f + c||22,1/2,ρ log ||f + c||22,1/2,ρ

}

= sup
c∈R

{
Tr

∣∣∣ ρ
1
4 (f + c) ρ

1
4

∣∣∣
2
(

log

(
ρ

1
2

∣∣∣αi 1
4
(f) + c

∣∣∣
2

ρ
1
2

)
− log ρ

)

− ||f + c||22,1/2,ρ log ||f + c||22,1/2,ρ

}

This kind of relative entropy functionals show up in the study of the

flow through a bundle of noncommutative Lp spaces associated to the

state, which is relevant for the hypercontractive semigroups in such the

setup28.
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◦ Relative Entropies26,27.

H(f) ≡ sup
c

Tr
(
ρ1/2η(∆Pf+c,ρ)ρ

1/2
)

.

where Pf ≡ ρ
1
2 fρ

1
2 and ∆P,Q ≡ LP R−1

Q with LP and RP being left and

right multiplication operators, respectively, and where η is an operator

convex function on (0,∞) such that η(1) = 0 .

This convex and homogeneous functionals originate from the noncom-

mutative information geometry (27 and references therein).

7. Entropic Switch and Phase Transition in Orlicz Spaces

In this section we discuss briefly phenomena arising from an interplay of

entropy and nonlinearity. As the entropy is an addive quantity, one can

guess that the phenomena can also be sensitive to the size of the system. In

particular this can be relevant to the class of Orlicz functionals which we

discuss at the end in a commutative setup (having some other noncommu-

tative flavour). We illustrate what can happen on the example of a simple

nonlinear quantity, called a iota index, which is defined as follows.

Definition 7.1. (Index ι) For probability density ρ on Rn and an Orlicz

function Φ, satisfying the doubling property ∃C ∈ (0,∞)∀z ∈ R Φ(2z) ≤
CΦ(z), we define

ιρ(Φ) =

∫ ∞

0

∫

Rn

1

s
Φ

(
sΦ−1(ρ(x))

)
dnx e−s ds

The index is well defined for all densities ρ. For monomials it is indepen-

dent of the density ρ and is equal to the usual Euler gamma function a.

Otherwise it has the following properties.

7.1. Shannon Entropy versus Index ι

(i) Index is sensitive to Entropy: ∀c ∈ (0,∞) let ρc = 1
cρ(c−1/dx)

S(ρc) = S(ρ) + log c.

Hence

a
Note that ι is given by the group commutator; i.e. is also a measure of noncommutativity.
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S(ρc) −→c−→0 −∞ and S(ρc) −→c−→∞ +∞
and we have

S(ρσ) → ±∞ =⇒ ι(ρσ, Φ) → Γ
Euler

(κ±)

where Γ
Euler

(κ±) denotes the Euler’s Gamma function with κ± be-

ing Karamata-Matuszewska indices of Φ, that is the leading exponents

describing behaviour of the Orlicz function near zero and infinity, re-

spectivelyb.

(ii) For a fixed normalised signal ρ̃, the entropy of its mixture with a sig-

nal ρc is asymptotically determined by the stretched density. This is

because for any α ∈ (0, 1) one has

αS(ρ̃)+(1−α)S(ρc) ≦ S(αρ̃+(1−α)ρc) ≦ αS(ρ̃)+(1−α)S(ρc) +S(α, 1 − α),

where S(α, 1 − α) denotes the entropy of Bernoulli distribution (p =

α, q = 1 − α), and one has

S(αρ̃+(1−α)ρc) −→c−→0 −∞ and S(αρ̃+(1−α)ρc) −→c−→∞ +∞
It is different in case of the index

lim
c−→0

ι(Φ, αρ̃ + (1 − α)ρc) = lim
c−→0

ι(Φ, ρc)

while

lim
c−→∞

ι(Φ, αρ̃ + (1 − s)ρc) =
1

α
ι(Φ, αρ̃) 6= lim

c−→∞
ι(Φ, ρc)

where the index ι for non-normalised signal αρ̃ is defined formally by

the formula introduced before.

(iii) (Collective Switching) ρN (x) ≡ ∏
j=1,..,N ρj(xj)

∓ inf
N

1

N
S(ρN ) > 0 =⇒ ι(ρN ,Φ) → Γ

Euler
(κ±)

Many systems originate from a single excited cell (e.g. biological organ-

isms or business companies), which divide into descendant cells or ac-

commodate others (e.g. by buying other companies). During the growth

of number of cells, if the average entropy does not remain balanced, the

nonlinear control parameter ι is changing its value.

b
One can see that Karamata-Matuszewska indices give rise to a natural traces on the

group algebra ∆2 (which have some other interesting applications in connection to

Topologic Nonlinear Networks)
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(iv) (Ideal Balance Principle)

1

N
S(ρN ) ≈ 0 =⇒

min
{
Γ

Euler
(κ±)

}
< ιρN

(Φ) < max
{
Γ

Euler
(κ±)

}

A system with the global nonlinear control can grow without being

switched away, provided its entropy remains well balanced.

7.2. Phase Transitions in Orlicz Spaces

Motivated by our earlier examples, consider the following Orlicz functional

on the algebra of functions.

Iρ,Φ(f) ≡
∫

Rd

Φ
(
Φ−1(ρ(x))f(x)

)
dx

with a probability density ρ and similarly for complementary function. Such

functionals possess the following Universal Normalisation Property

Iρ,Φ(1) = 1

which the noncommutative Lp spaces associated to a state naturally do

have. In case of (commutative) family of monomials we obtain the usual Lp

type functionals.c

We mention first that for complementary Orlicz functions Φ and Ψ−1

and any ρ ≧ 0, one has the following inequality

ρ ≦ Φ−1(ρ)Ψ−1(ρ) ≦ 2ρ

Therefore the following Young type inequality is true ∀λ, ϑ ∈ R.

|λϑ|ρ ≦ Φ−1(ρ)|λ| · Ψ−1(ρ)|ϑ| ≦ Φ(Φ−1(ρ)λ) + Ψ(Ψ−1(ρ)ϑ)

This in turn implies the following Young Inequality for functions
∣∣< f, g >L2(ρdx)

∣∣ ≤ Iρ,Φ(f) + Iρ,Ψ(g)

c
In case when Φ are not monomials, similarly to the quantum Lp spaces, one can intro-

duces the horizontal interpolation of functionals

IΦ,s(f) ≡

∫
Φ(fΦ

−1
(ρs

))ρ1−sdx

for any s ∈ [0, 1].
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To study large dimensional behaviour consider a product type density

ρn ≡ ρ⊗n. Then for Φ ∈ ∆2 with κΦ 6= KΦ, we have corresponding func-

tional

In,Φ(f) ≡
∫

(Rd)n

Φ
(
Φ−1(ρn(x))f(x)

)
dx

Given a smooth cylinder function dependent on given m coordinates y, we

have

In,Φ(f) ≡
∫

(Rd)m

(∫

(Rd)k

Φ
(
Φ−1(ρm(y)ρn(x))f(y)

)
dx

)
dy

=

∫

(Rd)m

(∫

(Rd)k

Φ
(
Φ−1(ρm(y)ρk(x))f(y)

)

Φ(Φ−1(ρm(y)ρk(x)))
ν≧k (dx)

)
ν (dy)

where m + k = n while ν (dx) and ν≧k (dx) is the infinite product of mea-

sures ρdx and related conditional expectation given variables y. For given

point y, setting λ ≡ ρm(y) and z ≡ f(y), the integrand we need to study

has the following form

Φ
(
Φ−1(λρk(x))z

)

Φ (Φ−1(λρk(x)))

This allows us to conclude with the following claim.

Let ν be an infinite product of measures ρdx. Then the following is true

for any cylinder function f .

(i) If H(ρ) > 0, then

lim
n−→∞

In,Φ(f) =

∫
|f |κΦdν

(ii) If H(ρ) < 0, then

lim
n−→∞

In,Φ(f) =

∫
|f |KΦdν

(iii) If H(ρ) = 0, then

lim
n−→∞

In,Φ(f) =
1

2

∫
|f |κΦdν +

1

2

∫
|f |KΦdν

where in the above κΦ and KΦ denote the exponent of Φ at 0 and ∞,

respectively.
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Consider now a family of Orlicz functions {Φθ ∈ ∆2}θ∈Θ. We note that

|λϑ|ρ ≦

∫
Φθ(Φ

−1
θ (ρ)λ) m(dθ) +

∫
Ψθ(Ψ

−1
θ (ρ)ϑ) m(dθ)

where the functional

Iρ,m,Θ(f) ≡
∫

Φθ(Φ
−1
θ (ρ(x))f(x)) dx m(dθ)

is nonnegative and convex (and similarly for Ψθ family).

Performing the infinite dimensional limit we arrive at

Iµ,m,Θ(f) ≡
∫

|f |K(θ) dµ m(dθ)

where K(θ) ≡ K(h, Φθ) is the exponent dependent on the mean entropy h

of the infinite system and the exponents of Φθ. Changing the order of inte-

gration, which can be justified under general assumptions, we can represent

our functional as follows

Iµ,Φ(f) ≡
∫

Φ(f) dµ

where Φ can be represented as the following Mellin transform

Φ(f) ≡
∫

Xp(f) m̃(dp)

with

m̃(dp) ≡ Γ(p + 1)m(dK−1(p))

Thus in this case we have a possibility to get a nontrivial Orlicz functional

at infinity.
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dérivée spatiale, J. Func. Anal. 40 (1981), 151-169.

16. H. Kosaki, Application of the complex interpolation method to a von Neu-
mann algebra (Non-commutative Lp-spaces), J. Func. Anal. 56 (1984), 29-78.

17. N. V. Trunov , On a noncommutative analogue of the space Lp. Izvestiya
VUZ. Matematika. 23 (1979), 69-77. (Soviet Math. Transl.)

18. F. J. Yeadon, Non-commutative Lp-spaces, Math. Proc. Camb. Phil. Soc. 77
(1975), 91-102.

19. R. A. Kunze , Lp Fourier transforms on locally compact unimodular groups,
Trans. Amer. Math. Soc. 89 (1958) 519-540.

20. W. Kunze , Noncommutative Orlicz Spaces and Generalized Arens Algebras,
Mth. Nachr. 147(1990) 123-138.

21. W. A. Majewski, On completely positive nonlinear dynamical semigroups, J.
Phys. A: Math. Gen. 23 (1990) L359

22. M. Czachor, M. Kuna, S.B. Leble & J. Naudts, Nonlinear von Neumann type
equations, quant-ph/9904110.

23. R.F. Streater, Quantum Orlicz Spaces in Information Geometry, KCL 2004.
24. Yong Moon Park, Remarks on the Structure of Dirichlet Forms on Standard

Forms of von Neumann Algebras, arXiv:math-ph/Prep 2004.
25. Yong Moon Park, Ergodic Property of Markovian Semigroups on Standard

Forms of von Neumann Algebras, arXiv:math-ph/Prep 2005.
26. D. Petz, Quasi-entropies for finite quantum systems, Rep. Math. Phys. 23

(1986) 57–65.
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28. R. Olkiewicz & B. Zegarliński , Hypercontractivity in Noncommutative LP

Spaces, J. of Funct. Analysis 161(1999) 246-285



140 B. Zegarliński
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Quantum mechanical systems exhibit an inherently probabilistic nature upon

measurement which excludes in principle the singular direct observability case.

Quantum theory of time continuous measurements and quantum filtering de-

veloped by VPB on the basis of semi-Markov independent increment models for

quantum noise and quantum nondemolition (QND) observability is generalized

for demolition indirect measurements of quantum unstable systems satisfying

the microcausality principle. The reduced quantum feedback-controlled dynam-

ics is described both by linear semi-Markov and nonlinear conditionally-Markov

stochastic master equations. Using this scheme for diffusive and counting mea-

surement to describe the stochastic evolution of the open quantum system

under the continuous indirect observation and working in parallel with classi-

cal indeterministic control theory, we show the conditionally-Markov Bellman

equations for optimal feedback control of the a posteriori stochastic quantum

states conditioned upon these measurements. The resulting Bellman equation

for the diffusive observation is then applied to the explicitly solvable quantum

linear-quadratic-Gaussian (LQG) problem which emphasizes many similarities

with the corresponding classical control problem.

Keywords: Quantum Trajectories, Quantum Probability, Quantum Stochastics,

Quantum Filtering, Quantum Control

1. Introduction

This paper introduces a new quantum stochastic framework of semi-Markov

processes for study the problems of quantum observation and feedback con-

trol and outlines their solutions. In orthodox quantum mechanics, which

treats only closed Hamiltonian quantum dynamics of unobserved microsys-

tems, there is no observation problem since the measurement, even if it is

considered for an interpretation, is always shifted to the final stage where

is assumed to be performed instantaneously. However, there is no instanta-

neous measrement in the nature and it is meaningless to consider the closed
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quantum dynamics of a system under feedback control without opening it

for continuous observation. This requires a solution of the dynamical prob-

lem of quantum measurement by reconciling the deterministic continuous

dynamics with quantum state diffusions and jumps under the continuous

observation which was realized in.4,6,7,9,11

With technological advances now allowing the possibility of continuous

monitoring and rapid manipulations of systems at the quantum level2,47

there is an increasing awareness of the importance of quantum feedback

control in applications of quantum information; such as the dynamical prob-

lems of quantum error corrections for quantum computations. The theory

of quantum feedback control formally developed by Belavkin for these pu-

poses in the 80’s has recently been applied in many contexts including state

preparation,36,45,63 purification,52,53 risk-sensitive control54,55 and quantum

error correction.1,49 It has also been studied from the practical point of view

of stability theory64 and it gives along with46 a comprehensive discussion

of the comparison of classical and quantum control techniques.

The main ingredients of quantum control are essentially the same as

in the classical case. One controls the system by coupling to an external

control field which modifies the system in a desirable manner. The desired

objectives of the control can be encoded into a cost function along with any

other stipulations or restrictions on the controls such that the minimization

of this cost indicates optimality of the control process. The most interest-

ing case of quantum closed-loop or feedback control is based on the theory

of quantum stochastic processes and their indirect continuous observations

developed by Belavkin in a series of papers.6,8,15,21,25 This laid down the

foundation of quantum prediction and nolinear filtering theory9,11,18,25 in

analogy to the classical stochastic prediction theory which is based upon

the nonlinear (Stratonovich) filtering equations. This work was continued at

the beginning of 90’s17,19,20,25,26,28,38 in the direction of the foundations for

a new quantum stochastic mechanics with trajectories of continual obser-

vations giving a microscopic theory of continuous reductions24,31 and spon-

taneous localizations30,39 for quantum diffusions,13,16 quantum jumps12,37

and other mixed stochastic quantum trajectories.3,18,29

In order to demonstrate the power of this new event enhanced quan-

tum mechanics in a most effective way, it was applied right from the be-

ginning7,9,11 to solve the typical problems of quantum feedback control in

parallel to the work on classical stochastic control with partial observa-

tions first introduced by Stratonovich.59,61 The problem of optimal quan-

tum feedback control was separated into quantum filtering which provides
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optimal estimates of the quantum state variables (density operators), and

a classical optimal control problem based on the output of the quantum

filter. The classical noise, which is filtered out by passing from the prior to

the posterior quantum states, comes from the irreducible disturbance to the

quantum system during observation (a consequence of the interaction with

measurement apparatus). Unlike the classical case this is an unavoidable

feature of quantum measurement, since the state of an individual quantum

system is not an observable but hidden.

The purpose of this paper is to build on the original work of the first au-

thor and present an accessible account of the theory of quantum continual

measurements, quantum causality and predictions and optimal quantum

feedback control in a natural generality of semi-unitary feedback controlled

evolutions and semi-Markov quantum stochastic processes. Firstly we intro-

duce the necessary concepts and mathematical tools from modern quantum

theory including quantum probability, continuous causal (non-demolition)

measurements, quantum stochastic calculus, and quantum filtering. Next

the quantum Bellman equations for optimal feedback control with diffusive

and counting measurement schemes are informally derived. The latter re-

sults were first stated in11 without derivation and a consideration for the

diffusive case was recently given in.62 We conclude with an application of

these results to the multi-dimensional quantum Linear-Quadratic-Gaussian

(LQG) problem, and a discussion of its comparison with the correspond-

ing classical results. However, we first start from a simple example of single

mode quantum stochastic linear open system6 which admits continuous ob-

srvation, filtering and the feedback control. It allows us to set up notations

and clearly demonstrates not only the similarity but also the difference

of classical and quantum feedback control theories which can be observed

in the microduality principle, a more elaborated duality between quantum

linear Gaussian filtering and classical linear optimal control.

1.1. A controlled quantum particle model

The quantum linear filtering and optimal quadratic control with additive

quantum Gaussian noises was first studied and resolved by Belavkin in

a series of quantum measurement and filtering problems4,6,24 and based

on these quantum feedback control papers.5,9,11 It was noticed that, in

order to realize continuously quantum trajectory measurements for a fun-

damentally unobservable noncommutative Heisenberg coordinate process

q (t), one should open the quantum system by coupling it with a classical

stochastic observable process. The simplest example of a single quantum
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Gaussian oscillator matched with a pair of transmission lines, reducible in

the sense of6 to a complex one-dimensional channel, was taken as the first

quantum feedback model in the preprint.5 However, more similar to the

classical case irreducible quantum linear models require at least two real

dimensions instead of a single complex one. In order to demonstrate this

similarity we may now use the multidimensional quantum linear model de-

rived in the last part of this paper for application on higher dimensional

systems which may not have the reduced complex representation. The con-

tinuously observed and controlled quantum particle in one dimension is the

simplest such example.

In the traditional approach to quantum mechanics the canonical vari-

ables q, p of a classical object (particle) phase state so = (q, p) are replaced

by selfadjoint operators so = (q, p) of position sq = q and momentum

sp = p satisfying the canonical commutation relation (CCR)

[q, p] := qp− pq = i~Io. (1)

Here Io is the identity operator on a Hilbert space Ho of the CCR repre-

sentation (1) and ~ is Planck’s constant, which for our purpose could be

any constant ~ 6= 0. The Hamiltonian p2/2µ of free mass µ ≥ 0 is per-

turbed as Hu = p2/2µ + γuq by a control u (t) ∈ R through the potential

φ(t, q) = γu (t) q.

The particle is assumed to be coupled not only to the forward chan-

nel of the controlling force f = −γu, but also to an observation channel

locally represented on increasing histories Fock spaces F t
0 = Γ (Et

0) of the

observation intervals (0, t]. This opens the free particle Heisenberg dynam-

ics
·
q = p/µ,

·
p = −γuI perturbing the Schrödinger’s unitary evolution

operators Ut
o on Ho to casual interaction unitaries Vt : H → Ht mapping

adaptively the Hilbert product components F t
[0 = Ho ⊗ F t

0 of H = Ho ⊗ F0

onto the components F
t]
0 = F t

0 ⊗ Ho of Ht = F
t]
0 ⊗ Ft, where Ft = Γ (Et)

is the Fock space of future after t. The perturbed Heisenberg dynamics

ŝo (t) = V†
t

(
s
t]
o ⊗ It

)
Vt, where s

t]
o = It0 ⊗ so, is described by the adapted

operators ŝo (t) = ŝ
t]
o ⊗ It on H = F t

[0 ⊗ Ft satisfying the canonical pair of

linear Langevin equations

dq̂t + λq̂ (t) dt =
1

µ
p̂ (t) dt + dvt

q, q̂ (0) = q⊗ I0 ≡ q, (2)

dp̂t + λp̂ (t) dt = dut
p − γû (t) dt, p̂ (0) = p⊗ I0 ≡ p, (3)

as a case of (101). Here dxt denotes the forward increment of any process

x (t), up = Io ⊗up, vp = Io ⊗vq are quantum noises adaptively represented
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by independent increment processes up (t), vp (t) on F t
0 and û (t) is given

by a feedback control low which will be specified later, û (t) = u (t) I if no

feedback, with the identity operator I = It
[0 ⊗ It on H, where It and It[0 are

the identities respectively on Ft and F t
[0. The parameter λ = 1

2 (βε + γϕ)

is defined by the real coefficients of linear combinations up = βue + γuf ,

vq = −εve −ϕvf given by two independent pairs (uj , vj) of canonical non-

commuting Wiener noises, where the suffix j = e, f stands for measurement

error and perturbation force respectively in the observation and control co-

herent channels.

The pairs (uj , vj) can be realized on vacuum quantum channel states

by the Hermitian parts uj = ~ Im
[
A+

j

]
= u†

j , vj = 2 Re
[
A+

j

]
= v†

j of

quantum creation processes A+
j = 1

2vj + i
~
uj in the Fock Hilbert space

F0 at any t > 0. The forward increments dA+
j (t) are independent of the

processes A+
j (t) such that the quanta created on each interval [0, t) due to

forward and backward actions onto the quantum particle from the control

and observation channels are spontaneously emitted independently of the

quanta created on [t, t+dt). Instead of trying to explain the physical origin

of the noncommutativity of these actions, we simply note that the Wiener

noise combinations up, vq must satisfy the following CCR relations

vq (s) up (r) − up (r) vq (s) = (r ∧ s) i~λI (4)

as necessary and sufficient condition for preservation [q̂ (t) , p̂ (t)] = i~I of

the CCR (1) by the system (2), (3) due to mutual commutativity of the

independent pairs (q, p) and (vq, up) on H.

By integrating (2) with the solution

p̂ (t) = e−λtp +

∫ t

0

e(s−t)λ (dup − γû (s) ds)

of (3) it can be easily found from (1) that

[p̂ (r) , q̂ (s)] =
i~

µ
|r − s| e−λ|r−s|I 6= 0.

Therefore the family {ŝq (t)} of selfadjoint quantum trajectory operators is

incompatible, and therefore cannot be represented as a classical stochastic

process and directly observed.

1.2. Quantum trajectory measurement model

In order to resolve the fundamental quantum causality problem to enable

statistical predictions and filtering of unobservable quantum stochastic tra-

jectories, Belavkin noticed in5,6 that the quantum output processes in open



148 V. P. Belavkin & S. Edwards

quantum systems can be directly observed by continuous measurements as

in the classical case if the additive error noises satisfy an error-perturbation

CCR relation with the quantum Langevin forces in the quantum stochastic

equations like (2), (3). For example, in order to monitor and predict con-

tinuously in time the present and future quantum particle trajectory ŝq (t)

in the channel
·
y = βŝq +

·
v with the additive standard white noise v̇ (t)

represented in H by a generalized operator field
·
v (t), it should satisfy the

CCR relation
[
up (r) ,

·
v (s)

]
= i~βI if r > s, otherwise

[
up (r) ,

·
v (s)

]
= 0,

as it was shown in.11,38

This causality follows from the Belavkin’s nondemolition principle re-

quiring the past output operators y (s), s ≤ t to be compatible (i.e. com-

muting) with the present and any future quantum trajectory operators

x (t):

[x (t) , y (s)] = 0 ∀s, t ≥ s (5)

It easy to show that this condition is satisfied for both canonical operators

q̂, p̂ in place of x and the output process y = ye evolving the measurement

error process ve = Io ⊗ve in the observation channel with v̇e (t) = d
dtve (t).

Indeed, representing the classical Wiener process ve, realizing the commu-

tative family (ve (r) : r ∈ (0, t]) after interaction with the particle by the

family of operators ye (t) = V†
tve (t)Vt commuting also with ŝo (t), one can

obtain the linear estimation channel equation

dye = βŝq (t) dt + Io ⊗ dve (6)

for ye (t) as the particular case of (104). Here the input process appears as

measurement error noise with commutative independent increments dve,

representing the standard Wiener process such that (dve)
2

= dt, but non-

commuting with the perturbative force up, since, as it follows from (107),

they have imaginary quantum Itô product

dvedup =
β~

2i
dtI, dvedvq = −εdtI. (7)

Therefore, the measurement error noise ve and perturbation noise up

satisfy the error-perturbation CCR (105):

[up (r) , ve (s)] = (r ∧ s) i~βI. (8)

This is necessary condition for quantum causality (or Belavkin’s quan-

tum nondemolition condition), written in the form (5), is also sufficient

for statistical predictability of quantum hidden (in the future) trajectories
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(ŝo (r) : r ≥ t) with respect to the classical observed (in the past) trajecto-

ries (ye (r) : r ≤ t) for each t. From this the Heisenberg error-perturbation

uncertainty principle follows in the precise form of the Belavkin inequal-

ity6,24

(dup)
2 ≥

(
β~

2

)2

dtI if (dve)
2

= dtI, (9)

in terms of the standardized intensities of perturbation up and error ve

defined respectively in (3) and (6).

Thus, we have the two-dimensional case

j =

(
0 1

−1 0

)
, λ =

( β
2

iε
~

γ
2

iϕ
~

)
(10)

of the general quantum linear open system considered in the last Section,

with λ as the direct sum λe ⊕ λf of two rows λe, λf corresponding to

be = (β, 0), e = (0, ε), b = (γ, 0), ef = (0, ϕ). From this one can find the

matrices (108) and (120) which are turned to be diagonal,

g =

(
ζq 0

0 ζp

)
, h =

(
ηq 0

0 ηp

)
,

having eigenvalues ζq = ϕ2, ζp = (~/2)
2 (

β2 + γ2
)

= ηq, ηp = ε2 if they are

taken to satisfy the microduality principle as defined in the last Section.

2. Quantum Stochastics and Langevin Equations

Time-continuous indirect observations of quantum open objects are de-

scribed by representing a classical measured process v (t) as a preoutput

noise with respect to a reference product measure, Q = Qt ⊗ Qt for any

t, on a measurable space (Ω, A) idetified with the space (Υ,B) of ran-

dom trajectories υ (t) = v (t, ω). This means that Q is infinitely divisible,

Qt+s = Qt⊗Qs
t for any s > 0, and we may assume that v (t) are the previsi-

ble realizations of a càdlàg process t 7→ xt (ω) with independent increments

∆sxt = x (ts) − x (t), where ts = t + s > t, and x (t) = limrրt xr ≡ xt−

denotes the left limit as the previsible version xt− = v (t) of xt. Such mea-

sure can be causally induced from a reference product state R = Rt ⊗ Rt

on an infinitely divisible W*-algebra A ⊇ M assuming the Hilbert space

divisibility Gt = Gt ⊗ Gs
t for the infinite divisibility Rt = Rt ⊗ Rs

t at each

t. One can take G unitary equivalent to H = L2
B

(Υ,Q) with R = |g〉〈g|
as one-dimensional projector given by g (υ) ≃ 1 and represent each real (or
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complex) process x (t) by commuting operators x (t) ≃ x̆ (t) of multiplica-

tion x̆ (t)h = x (t) h densely defined at least if ‖x (t)‖2
Q

= EQ

[
|x (t)|2

]
< ∞

almost for all t.

Thus, each product measure Q = Q|B can be induced from a pure

quantum state P = |1〉〈1| on the operator algebra A = B (G), given by

Qt (∆) = 〈1 | E (∆) 1〉 ≡ 〈P, ex (∆)〉 , ∆ ∈ B
s
t . (11)

Here E (∆) = ex (∆) denotes the joint spectral measure ex (∆) = 1x−1(∆) (x)

of all commuting selfadjoint operators x = {x (t)} acting in an infinitely

divisible Hilbert product space G as the adapted representation

x (t) =

∫

Υ

υ (t) ex (dυ) ≃ t
x (x)

of a classical process x (t). Here t
x (x) = x (x) |Gt is defined by the classical-

quantum correspondence x (t) = x (x) ≃ x̆ (t) of commuting operators

xr (t) = x (t)− x (r) for all r ≤ t with their realization xr (t) = x (t)− x (r)

by the real-valued random variables x (t, ω) = υ (t) as spectral values of

x (t).

In this section we also consider quantum open dynamics for a con-

trolled object with indirect observation, extending the orthodox framework

of the closed quantum dynamics on a simple noncommutative W*-algebra

A = B (Ho) to a more general framework of quantum stochastics (QS) on

an arbitrary W*-algebra, icluding the classical commutative case A ≃ L∞.

(For the definitions and the basic facts related to W*-algebras see the Ap-

pendix A.) It is described by an interaction dynamics {Ut} usually de-

fined by unitary Hilbert space operators Ut, called scatterings, having the

inverse U (t) = U†
t . The operators U (t) are assumed to be adapted on

Ht = Gt] ⊗ Ft, embedding at any time t > 0 the Hilbert product spaces

Gt] = Gt ⊗Ho of the quantum object Ho and increasing measurement his-

tory Hilbert spaces Gt ≃ L2 into an initial Hilbert space F[0 = Ho ⊗ F0 of

the object with quantum noise Hilbert space F0 = F t
0 ⊗ Ft usually repre-

sented as the Fock space Γ (E0) over E0 = L2
(
R+

0 → k
)
. If Bt ⊆ B (Ht) are

proper W*-subalgebras Bt = At⊗̄N[t with increasing history W*-algebras

At ⊆ B (Gt), the reversible Schrödinger interaction dynamics Ut : F[0 → Ht

may induce an irreversible Heisenberg dynamics Bt → B0 even if the object

plus noise W*-algebra N[t = Ao⊗̄Nt is simple, N[t = B
(
F[t

)
. Thus, the

dynamics of even indirect, nondemolition measurements,28 induced by the

reversible scatterings on semisimple von Neumann algebras Bt = Mt⊗̄N[t

with increasing Abelian W*-algebras Mt ⊂ B (Gt) and decreasing noncom-

mutative N[t, becomes irreversible, since U†
tBtUt ⊂ B0 = N[0 for all r < t
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if N[t = B
(
F[t

)
. We will not require the unitarity but only semiunitarity

UtU
†
t = It, i.e. isometricity of U†

t = U (t), allowing for strict embeddings

Gt ⊂ F t
0 . By such relaxing the unitarity U†

t = U−1
t , applicable only for the

reversible dynamics of stable particles without observation, we will be able

to describe also the demolition indirect measurement processes in unstable

quantum systems by semiunitary (coisometric) dynamical scatterings Ut.

2.1. Classical stochastic calculus in Fock space

An appropriate candidate for the infinitely divisible Hilbert space suit-

able to accommodate a classical independent increment vector-process

v• = (v1, . . . , vd) on any interval It
0 of R+

0 = {r > 0} is the Guichardet-Fock

space F0 = Γ (E0) over the Hilbert space E0 of L2-functions ξ0 : R+
0 7→ k.

(The definitions and notation of Fock space, taken from,25 are summarized

in the Appendix B.) In this case G is adaptively vacuum-embedded into

F0 by considering only the square-integrable vector-functions ξ•0 ∈ E0 as

columns ξ•0 =
(
ξj
0

)j∈J•

with values in a subspace k• = Cd of k ≡ k◦ given

in an orthonormal basis indexed by J ⊇ {1, . . . , d} ≡ Jd.

The Fock space F0 = Γ (E0) is an exponential of the Hilbert space

E0 = L2
(
R+

0 → k
)

in the sense that it is generated by the exponential

vectors
{
ξ⊗0 |ξ0 ∈ E0

}
such that

∥∥ξ⊗0
∥∥2

F0
= exp

[
‖ξ0‖2

E

]
, where ‖ξ0‖2

E =

∫ t

0

‖ξ (r)‖2
k
dr.

The exponential vectors are infinitely divisible due to ξt+s
0 ≃ ξt

0 ⊕ ξs
t , with(

ξt
0

)⊗ ∈ F t
0 defining the coherent state vectors

fξt
0

= exp

{
−1

2

∥∥ξt
0

∥∥2

E

}
ξt⊗
0 ,

∥∥ξt
0

∥∥2

E
=

∫ t

0

‖ξ (r)‖2
k
dr. (12)

by ξt
0 = ξ|It

0 ∈ Et
0. The coherent states Pt

ξ = |f t
ξ〉〈f t

ξ | induce the product

states on increasing subalgebras At ⊆ B (Gt) factor-embedded into B (F t
0)

such that it satisfies the divisibility condition At+s ≃ At⊗̄As
t for all t, s > 0

with As
t represented in B (F s

t ). In particular, they can induce any infinitely

divisible classical state with compatible probability measures Qt = ǫt
ξ ◦ ex

on B
t defining classical expectations Et

Q
= ǫt

ξ ◦ x on Mt = L∞
B

(Υt, Qt)

as restrictions of the coherent expectations ǫt
ξ [B] =

〈
Pt

ξ, B
〉

to the local

Abelian algebras Mt = x (Mt) ≡ At
x.

There are two basic classical stationary processes with additive inde-

pendent increments and zero expectation which can be induced from the
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coherent state Pt
ξ in Fock space with complex ξj = eiθj

∣∣ξj

∣∣ ≡ ξ∗j indexed

by a subset J• of an orthonormal basis set J of k: The standard Wiener

vector-valued process w• = (wj) and the scaled Poisson compound process

m• = (mj) of mj = (nj − EQ [nj ]) / |ξi| compensated by the expectations

EQ [nj (t)] =

∫ t

0

∣∣ξj (r)
∣∣2 dr = ǫt

ξ [nj (t)] .

Here nj are the usual (noncompensated) Poisson processes of the intensity∣∣ξj

∣∣2 which can be realized as independent number processes nj in their

eigenrepresentation with respect to a coherent vector-state in F t
0 up to any

finite time t. The forward differential increments dvt
j of these vj (t) satisfy

quite distinct Itô multiplication tables

dwidwk = δikdt, dmidmk = δik

(
dt +

1

|ξi|
dmi

)
, (13)

with the Wiener nilpotent table as the central limit of the Poisson table at

|ξi| −→ ∞. These tables can be easily obtained from an operator calculus

in Fock subspace G over E• ≃ Cd ⊗ L2
(
R+

0

)
by representing dwj and dmj

as

dwj = 2 Re
[
eiθj dA+

j −
∣∣ξj

∣∣ dA+
−

]
, dmj =

1∣∣ξj

∣∣dAj
j −

∣∣ξj

∣∣ dA+
−. (14)

Here 2 Re
[
A+

j

]
= A+

j +Aj
− is doubled Hermitian part of the creation (or an-

nihilation Aj
−) operators A+

j = Aj†
− , A+

− (t) denotes the preservation process

A+
− (t) = tI and Aj

j (t) = nj (t) denotes the number processes in its eigen-

representation by the diagonal elements of the exchange matrix-process

A•
• =

(
Ak

i

)k∈J•

i∈J•
. The infinitesimal increments

dAκ
ι (t) = Aκ

ι (t + dt) − Aκ
ι (t)

of these canonical quantum processes satisfy the Hudson-Parthasarathy

(HP) table51

dA•
− (t) dA•

• (t) = dA•
− (t) , dA•

− (t) dA+
• (t) = dtI,

dA•
• (t) dA•

• (t) = dA•
• (t) , dA•

• (t) dA+
• (t) = dA+

• (t)

with all other increment multiplications vanishing, which can be written all

in one pseudo-Poisson multiplication table

dAν
ι (t) dAκ

µ (t) = δν
µdAκ

ι (t) ∀ι, µ ∈ {−, J} , ν, κ ∈ {J,+} (15)

as it was found by Belavkin in.10,25 Note that the matrix {Aκ
ι (t)}κ=−,•,+

ι=−,•,+ ,

with A−
i = 0 = Ak

+ for all i, k ∈ J• and with the creations arranged
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in the row A+
• =

(
A+

i

)
i∈J

and annihilations arranged in the column

A•
− (t) =

(
Aj

− (t)
)j∈J•

, is pseudo-Hermitian A
⋆ = A under the special in-

volution10,25
(
Aκ

−ι

)⋆
=

(
Aι†

−κ

)
as A+

− = A+
−
† A•

• = A•
•
†. Thus, the Belavkin

involution is pseudo-Hermitian conjugation

A
⋆ =





0 0 1

0 I 0

1 0 0









0 A•†
− A+†

−

0 A•†
• A+†

•

0 0 0









0 0 1

0 I 0

1 0 0



 ≡ JA

†
J

defined by the Hermitian conjugation † in F0 and the reflection

− (−, •, +) = (+, •,−) leaving the usual indices • = i, k ∈ J• unchanged.

The forward differentials dAν
µ, giving a linear basis of the vacuum Itô

⋆-algebra, serve as noncommutative integrators for the QS integrals

Vr (t) =

∫ t

r

K·dA : =

∫ t

r

Kµ
ν (s) dAν

µ (s) ≡ i
t
r (K) (16)

defined by four integrands K = Kµ
ν with Kµ

νdAν
µ =

∑
µ,ν Kµ

νdAν
µ as

operator-valued functions integrable in the QS sense defined in25 where

the following proposition was proved.

Proposition 2.1. The QS integrals (16) satisfy the ⋆-property in the form

itr (K)
†

= itr (K⋆) under the pseudo-Hermitian involution
(
Kµ

−ν

)⋆
=

(
Kν†

−µ

)

and the noncommutative Itô product rule

d(VV†) = d (V)V† + Vd
(
V†

)
+ d (V) d(V†), (17)

where dV = Kµ
νdAν

µ (the usual summation convention is assumed) and the

QS Itô correction is given for the adapted QS integrands Kµ
ν (t) in terms

of the matrix product (138) as

di
t
r (K) di

t
r (K⋆) = di

t
r (KK

⋆) . (18)

As an application of the quantum Itô algebra matrix representation

(138) one can easily check that d (c)d (c)
⋆

= d (cεc∗) + c†cd+
− for the

quadruples

d (c∗) =

[
d−
• d−+

d•• d•
+

]
(c∗) = d (c)

⋆
, d

+
− =

[
0 1

0 0

]

given by d (c) = cj
dj with the scalar-valued

di
k (c) = εδi

kci, e−iθkdk
+ (c) = (1 − λ) ck = eiθkd−k (c) (19)
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and d−
+ (c) =

∑
j ε−1λ (λ − 2) cj as linear functions of the C-valued test

functions cj (t) arranged into the column c =
(
cj

)
. This gives for the forward

increments dxε (c) = cj (t) dxε
j of the QS integrals xε

j (c) =
∫ t

0
d (c) ·dA that

the product dxε
t (c) dxε

t (c∗) is defined by the standard multiplication table

dxε
i dxε

k = δik (dt + εkdxε
k) = dxε

kdxε
i (20)

representing the commutative Itô tables (13) for λj = ε
∣∣ξj

∣∣ = 0 and λj =

ε
∣∣ξj

∣∣ = 1. Moreover, one can also easily find that dxε
jdxε′

j 6= dxε′

j dxε
j if

ε 6= ε′, in particular, for λi = 0 and λk = 1 it follows straightforward from

dmkdwi = δki
1

ξi

dA+
i , dwidmk = δik

1

ξ∗k
dAk

−.

Note that this cannot be realized in the classical category of the commuta-

tive processes unless the type ε is assumed to be a function of j (and possibly

of time t), εj (t) = ε′j (t), such that the Wiener and the Poisson processes

are indexed by disjoint subsets respectively Jw and Jm as it is always in

the classical case: dwt
idmt

k = 0 = dmt
kdwt

i . The joint probability measure

for the stationary processes can also be induced from the coherent states

as Qt (∆) =
〈
Pt

ξ, ex (∆)
〉

on each Bt with constant nonzero amplitudes
∣∣ξj (r)

∣∣ = ε−1
j λj for all r ∈ (0, t]. Note that the described representation

is eigen representation for the processes mj but not for wj , and that the

amplitudes may only be locally integrable in the sense
∫ t

0

∣∣ξj (r)
∣∣2 dr < ∞

such that there might be no limiting coherent state Pξ which would globally

induce the probability distribution Q.

As we prove below, any such Q can be also globally induced from the

vacuum state Q = P0,

Q (∆) :=
〈
δ∅ | ev (∆) δ∅

〉
≡ 〈Q, ev (∆)〉 , (21)

given by the vacuum vector δ∅ = f0 of F0 as the only stationary coher-

ent state vector corresponding to the only translationary invariant vector-

function ξ (t) = 0 square-integrable on R+
0 . This can be done even in the

nonstationary case by replacing each xε
j with locally unitary equivalent vε

j

given by

dvε
j = εjdAj

j + dAj
− + dA+

j ≡ b
ε
j · dA, (22)

where the canonical quadruple b
ε
j can be obtained form the quadruples d

ε
j

for dxε
j = d

ε
j (t) · dA by a linear transformation

d
ε
j =

[
d•†j dj

δ•jεjδ
•†
j d•

j

]
7→ b

ε
j =

[
δ•†j 0

δ•jεjδ
•†
j δ•j

]
. (23)



Quantum Filtering and Optimal Control 155

with d•j = δ•j (1 − λj) eiθj and dj = (λj − 2)
∣∣ξj

∣∣ corresponding to (19).

This equivalence is defined at any t ≥ r + dr by the unitary Weyl operator

Ut
ξ = Wt (aξ) as the multiplicative QS integral Wt (a) = exp {it0 (lng)}

resolving the the exponential QS differential equation

dWt (a) = Wt (a)a (t) ·dA (t) , W0 (a) = I (24)

It is given in terms of the Weyl generator a = 1 − g as the quadruple

[aι
κ]

ι=−,•
κ=+,• determined by the Weyl germ W̊t+ = g (t)Wt given by the

pseudo-unitary matrix g = {gι
κ}

ι=−,•,+
κ=−,•,+, g−1 = g

⋆, with the complex entries

gι
κ (t) defined by the column ξ• (t) = ξ†• (t) as gi

+ = ξi, g−k = − |ξk|, gi
k =

eiθkδi
k, g−+ = − 1

2 ‖ξ‖
2
k

in

gξ =

[
− |ξ•| − 1

2 ‖ξ•‖
2
k

eiθ• ξ•

]
≡ [gι

κ]
ι=−,•
κ=•,+ (25)

and g−− = 1 = g+
+ , g+

k = 0 = gi
− for all i, k ∈ J•.

Theorem 2.1. Let b be an Itô ⋆-algebra of the quadruples b =(bι
κ)

ι=−,•
κ=•,+

with pointwise matrix multiplication of locally bounded entries bι
κ (·) ∈

L∞
loc (R+), and Bt be the W*-algebra generated by the Weyl exponentials

Wt (b) satisfying to (24) with b−+ (r) = 0 and bi
k (t) = (exp {l (t)})i

k − δi
k

given by the matrix exponent of l (t) = [lικ (t)] ∈ b (t). Then

Wt (b) = e
∫

t

0
bi
+(r)dA+

i
(r)e

∫
t

0
lik(r)dAk

i (r)e
∫

t

0
b−

k
(r)dAk

−(r) ≡ exp
{
i
t
0 (l)

}
(26)

such that ǫ0 [Wt (b)] := 〈f0|Wt (b) f0〉 = 1 = 〈fξ|Wt (d) fξ〉 ≡ ǫt
ξ [Wt (d) f ],

where Wt (d) = Ut
ξWt (b)Ut†

ξ is given as exp {it0 (ln [1 + d])} by d = gξbg
⋆
ξ

with

e−iθj cj
+ = bj

+ − cj
kξk, c−j eiθj = b−j − ξic

i
j , e−iθj cj

keiθk = bj
k (27)

and c−+ + ξjc
j
+ + c−k ξk + ξjc

j
kξk = b−+. (The summation rule is applied with

ξj = ξ∗j .) This defines the statistical equivalence

ǫt
0

[
Wt

(
g

⋆
ξdgξ

)]
= e

∫
t

0
b−+(r)dr = ǫt

ξ [Wt (d)] (28)

of the locally coherent-induced state on the W*-algebras At
x generated by

x (t) = it0 (d) with d ∈ d := gξbg
⋆
ξ and the vacuum state on the local W*-

algebras Ct
v generated by v (t) = i

t
0 (b) with b = g

⋆
ξdgξ.

Proof. The existence and uniqueness of the solution Ut
ξ = Wt (aξ) to the

equation (24) follows21,58 from the local boundedness of
∣∣ai

k (r)
∣∣ = δi

k, local

L2-integrability of the complex functions
∣∣a−

i (r)
∣∣ = |ξi (r)| = ai

+ (r) and
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local L1-integrability of a−
+ (r) = 1

2 ‖ξ (r)‖2
k
. The unitarity U†

ξ = U−1
ξ fol-

lows21 from the directly verifiable pseudo-unitarity g
⋆
ξgξ = 1 = gξg

⋆
ξ of the

triangular matrix-function gξ (t) = 1 + aξ (t), can be checked by applying

the quantum Itô rule (17) to W†W = I with (18) giving for K = W ⊗ aξ,

K
⋆ = W† ⊗ a

⋆
ξ

d
(
W†W

)
=

[
W†W ⊗ (a⋆ + a + a

⋆
a)

]
· dA

=
[
W†W ⊗ (g⋆

g − 1) · dA
]

= 0.

This all can also be verified by the direct substitution of the exponential for-

mula (26) with bι
κ = aι

κ−δι
−δ+

κ a−
+ into Wt (a) = Wt (b) exp

{∫ t

0
a−
+ (r) dr

}
,

which follows from the functional QS Itô formula.21,27 Applying this normal

ordered exponential to the vacuum vector δ∅ = f0 we have

Ut
ξf0 = exp

{∫ t

0

[
a−
+ (r) dr + ai

+ (r) dA+
i

]}
f0 = fξ,

as a•
+ (r) = ξ• (r) ≡ ξ (r), a−

+ (r) = − 1
2 ‖ξ (r)‖2

k
, which can also be obtained

from dAk
−f0 = 0 and dAk

i (t) f0 = 0 in (24):

dUt
ξδ

∅ =

(
ξi (t) dA+

i (t) − 1

2
‖ξ (t)‖2

k

)
dtUt

ξδ
∅.

Due to the commutativity of the disjoint increments dAν
µ the solution

Us
ξ (t) = Wts (t) of (24) with Wt (t) = I satisfies at any ts = t + s > r

the hemigroup property Us
ξ (t)Ut

ξ = Ut+s
ξ ≃ Ut

ξ ⊗ Us
t,ξ. This proves the lo-

cal unitary equivalence Wt (b) ≃ Ut+s
ξ Wt (b)Ut+s†

ξ = Wt (d) for any s > 0,

where Wt (d) = Ut
ξWt (b)Ut†

ξ = Wt (gbg
⋆) as it follows from the Itô rule

dWt (d) = Wt (d) (aba
⋆ + ab + ba

⋆ + b) ·dA.

Thus, Wt (b) f0 = U†
ξWt (d) fξ, and therefore we have the equivalence (28)

as 〈f0|dWt (b) f0〉 = b−+ (t) dt, or directly from the exponential formula for

W (b) with arbitrary b−+ ∈ L∞
loc (R+).

Corollary 2.1. The equivalence (28) imply the correspondence

ǫ0 [ev•
(∆)] = Q (∆) = ǫt

ξ [ex•
(∆)] ∀∆ ∈ B

t, t > 0 (29)

if the vector process v• = (vj) is defined by dvj = bj · dA with bj =

g
⋆
ξdjgξ given by commuting pseudo-Hermitian integrands dj = d

⋆
j defining

the increments dxj = dj · dA of x• = (xj). In particular, the coherent-

induced probability measure Qt
ε = ǫt

ξ ◦ exε |Bt, given by the affine mixtures

dxε
j = λε

j (t) dmj +
(
1 − λε

j (t)
)
dwj (30)
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of (14) with λε
j = εj

∣∣ξj

∣∣, coincides on each B
t with the vacuum-induced

probability measure Qε = ǫ0 ◦ evε
•

for (22) representing the classical inde-

pendent increments of vε
• =

(
vε

j

)
defined by zero expectations and the Itô

table

dvε
i dvε

k = δik (dt + εkdvε
k) = dvε

kdvε
i . (31)

Indeed, the statistical equivalence (29) can also be extended to any

classical stochastic vector-process v• = (vj) with the same expectation and

Itô table as the QS vector process v• = (vj). In particular, one can easily

see that ǫξ [Vt
c] = 1 = EQ [V t

c ] for the solutions of quantum and classical Itô

equations

dVt
c = Vt

cc
j (t) dvε

j , dV t
c = V t

c cj (t) dvε
j (32)

given respectively by the normal ordered exponentials Vt
c = Wt (bc) with

bc = [bι
κ] = cj

bj and the classical stochastic exponentials

V t
c = exp

{
1

εj

∫ t

0

[
ln

(
1 + εjc

j (r)
) (

dvε
j +

1

εj
dr

)
− cj (r) dr

]}

of vc (t) =
∫ t

0
ci (r) dvr

i , where 1
ε ln (1 + εc) = c if ε = 0. Since

dVt
cdVt†

c = Vt
cc

j (t)
(
εjdvε

j + dt
)
c̄j (t) Vt†

c

and similar for |dV t
c |

2
, the classical and quantum stochastic exponentials

obey the same multiplication rule

Vt
cV

t†
c = Vt

c∔c̄e
∫

t

0
‖c(r)‖2

k
dr,

∣∣V t
c

∣∣2 = V t
c∔c̄e

∫
t

0
‖c(r)‖2

k
dr,

where cj
∔ c̄j = cj + εj

∣∣cj (t)
∣∣2 + c̄j . This proves the statistical equivalence

ǫt
ξ

[
Vt

cV
t†
c

]
= e

∫
t

0
‖c(r)‖2

k
dr = EQ

[∣∣V t
c

∣∣2
]

of the classical – quantum correspondence for the processes vε
• and xε

•, and

similar for the coherent states on the Weyl operators Xt
c = Wt (d) given by

the tests d in (19) as Wick exponentials of xc (t) =
∫ t

0
ci (r) dxr

i .

Note that not only translationary stationary but any infinitely divisi-

ble normal state on a W*-product subalgebra B ⊆ B (F0) can be globally

induced from the vacuum state on B (F0) by choosing F0 in a canonical

way22,23 with in general time-dependent Hilbert space k (t).
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2.2. Quantum stochastic differential equations

Let Mt]
0 = At

x denote the W*-algebra equivalent to Mt
0⊗̄Ao on G

s]
t = Gs

t ⊗
Ho, where Mt

0 = Ct
x be the Fock space representation of a commutative W*-

algebra At
x ⊆ B (Gt) generated as above by an observed process x (r) , r ≤ t,

and Ut (ts) : G
s]
t → F s

[t with ts = t + s > t be linear isometries from G
s]
t

onto F s
[t = Ho ⊗ F s

t forming a hemigroup in the sense

Ur (t) Ut (ts) = Ur (ts) ∀r < t < ts,

when Ur (t) are extended adaptively in both sides to the isometries Ht →
Hr of the Hilbert spaces Ht = Gt ⊗ F[t. The adjoint operators Ut (r) :=

Ur (t)
†

with r < t describe a Schrödinger picture interaction evolution

ψt = Ut (r)ψr with Ut (t) = It. Such adapted evolutions correspond to

quantum open Markovian systems and in the stationary case are defined as

Ut (ts) = θs (Uts
(t)) at ts = t−s by a one-parameter cocycle U (s) = U0 (s)

with respect to the right shift semigroup (θs)s>0 of W*-endomorphisms

θs : Bt → Bts on Bt = Ct
x⊗̄Nt. The shift describes the free irreversible

evolution Ct−s
x ⊗̄Nt → Ct

x⊗̄Nt+s of the semiquantum bath described by the

preoutput W*-algebras Mt
0 = Ct

x generated by the observable process x on

the Fock space F t
0 up to time t and the input quantum noise W*-algebras

Nt = B (Ft) by injective shifting of each subalgebra Ms]
t−s ≃ Ms

t−s⊗̄Ao

into N s
[t ≃ Ao⊗̄N s

t .

Hudson and Parthasarathy51,58 derived a QS forward equation

dU (t) = U (t)
(
K−

+dt + K−dA◦
− + K+dA+

◦ + KdA◦
◦

)
(33)

defining a stationary QS-continuous evolution Ur (t) for the case Gt = F t
0

by iterating the corresponding QS integral equation

U (t) = U (r) + i
t
r (UK) with U (r) = I. (34)

It is written in terms the QS integrators Aν
µ (t) of four adapted operator-

valued coefficients K−
+, K−

◦ = K−, K◦
+ = K+ and K◦

◦ = K which are usually

taken from the quantum object algebra, Kµ
ν ≃ Kµ

ν ∈ Ao. They gave necessary

and sufficient algebraic conditions for unitarity of this solution in terms of

such constant bounded operators Kµ
ν , which can be easily written in terms

of the scatterings Sµ
ν = δµ

νI
o + Kµ

ν as

S† = S−1, S− = −S†+S, 2 Re
(
S
−
+

)
= −S†+S+. (35)

(Re (S) denotes the Hermitian part
(
S + S†

)
/2 of an operator S).

It is important for the control to have also the time-dependent Kµ
ν (t) ∈

Ao, and even Ct
x-adapted operator-valued coefficients Kµ

ν (t, x) ∈ At
x for feed-

back control, where At
x ≃ Ct

x⊗̄Ao to be specified by the preoutput algebras
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Ct
x ⊆ B (Gt). To this end the HP equation ( ) was generalized by Belavkin

in10,21,25 for any increasing family (At) of W*-algebras At ⊆ B (Gt) con-

taining Ct
x. It is usually generated by an independent increment subprocess

up to time t of the pseudo-Poisson quantum noise A (t) represented on F t
0

by the quadruple
[
Aν

µ

]ν=◦,+

µ=−,◦
where A◦

µ denotes a column of Aj
µ for each

µ = −,m and Aν
◦ denotes a row of Aν

j for each ν = n,+ with j,m, n say, in

J = {0, 1, . . . , d}. (Or quadratic block-matrix
{
Aν

µ

}
with Aν

µ = 0 if µ = +

or ν = −.) It was shown that the HP unitarity relations (35) for an adapted

unitary evolution U can simply be expressed as S
⋆ = S

−1 in terms of the

right QS logarithmic germ

S (t) = Ur (t)
−1

Ůr

(
t+

)
≡ Ůt

(
t+

)
∀r < t

as the block-matrix S = It + {Kµ
ν}

µ=−,◦,+
ν=−,◦,+ with the elements S−

+ (t) ∈
At], S− (t) ∈ At]⊗̄k, S+ (t) ∈ At]⊗̄k† and S (t) ∈ At]⊗̄B (k) and equal to

zero if µ > ν in terms of the order − < ◦ < +. Here It = {δµ
κIt} with

the identity It on Ht and S
⋆ denotes the pseudo-Hermitian conjugation

(Belavkin involution) defined at each t by
(
Sµ
−ν

)⋆
=

(
Sν†
−µ

)
in terms of the

reflection −∓ = ± on the index set {−, J,+} leaving invariant the values

µ, ν ∈ J , see more on this and for the definition of the QS germ in the

Appendix and.21,34 Moreover, it was proved in21 that Ut (ts) is isometric

iff the scattering germ S (t) = Ůt (t+) is pseudo-isometric, S (t)
⋆
S (t) = It

for all t ≤ ts, and this remains true, with It = {δι
κIt}ι=−,•,+

κ=−,•,+ indexed by a

subset J• ⊆ J of ι = i, κ = k, say, in J• = {1, . . . , d} for the rectangular

S = {Sµ
κ} with κ ∈ {+, J•,−} and µ ∈ {−, J,+}. This condition, which

can be written in the form (35) for S− = K•, S−
+ = K−

+ with isometricity

S• (t)
†
S• (t) = It replacing the unitarity S† = S−1 by semi-unitarity of S†,

defined as the adjoint to an isometry S = S• (t) of k• ⊗ Ho into k ⊗ Ho,

is also necessary (and sufficient under a natural QS-integrability21) in the

case of unbounded Kµ
κ (t), densely defined operators in Ht.

Let us now consider an adapted QS semimartingale X (t) on H[0, by

which we simply mean an operator-valued process X (t) = X (r) + itr (D)

that has a QS derivative D
t
X = D (t) given at all t > r by a locally QS-

integrable operator-functions Dµ
ν (t) (with zero values for µ = + and for

ν = −). It was proved in25 that if X (t) is intertwined by the isometries

Ur (t) on Ht with X̆ (t) ,

X (t) Ur (t) = Ur (t) X̆ (t) ∀t > r,

then X̆ (t) = X̆ (r)+ itr (C) = Ur (t)
†
X (t)Ur (t). Moreover, the QS derivative

D
t
X̆

= [Cι
κ]

ι =−,•
κ=+,• ≡ C (t) is uniquely defined by intertwining J

t
XGr (t) =
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Gr (t)Jt
X̆

the right QS germ

J
t
X = X̊

(
t+

)
= X (t) + D (t) ≡ J (t)

with the germ JX̆ = X̆ + DX̆ of X̆ (t) by the pseudo-isometry Gr (t) =

Ur (t)S (t) as the right QS germ J
t
Ur

= Ůr (t+) of Ur (t). Note that in the

adapted case X (t) ≃ Xt] ⊗ It this can be shown25 by applying the HP Itô

formula50 corresponding to X = {Xδµ
ν} ≡ XI:

DX̆ = Gr
⋆
JGr − X̆I = Gr

⋆
DGr + Gr

⋆XGr − X̆I,

where I (t) = {δι
κIt} = J

t
I. However, it is more convenient to use the

Belavkin rule21 that The QS germ of any product (or a function) of (not

necessary commuting) processes is the product (or the function) of their

germs. It holds even in the nonadapted case,21 and it simply implies the

HP Itô formula in terms of the QS derivatives D
t
X̆

= J
t
X̆
− X̆ (t) with

X̆ (t) = X̆ (t) It for the adapted X̆ (t). If

J
t
Xr

= Gr (t)Jt
X̆
Gr (t)

⋆ ≡ γr

(
t,Jt

X̆

)
, (36)

then Xr (t) can be uniquely defined by this rule as the forward solution

Xr (t) = Ur (t) X̆ (t)Ur (t)
† ≡ αr (t, X̆ (t)) ,

corresponding to the boundary condition Xr (r) = X̆ (r) ∈ Ar] for the QS

Langevin equation

dX (t) =
(
γr

(
t,Jt

X̆

)
− X (t)1

)
· dA (t) . (37)

Obviously this is the case when the germ transformation (36) satisfies

the unitality condition γ (I) = I, i.e. if G is pseudounitary, otherwise

Pr (t) = γr (t, I) = Pr (t)
⋆

is a multiplicative hemigroup of pseudo-

Hemitian projectors P
2
r = Pr. This simply follows for J = I from the

⋆-multiplicativity of the linear map γr (t) = α̊r (t+) such that

γr (J⋆
J) = GrJ

⋆
JG

⋆
r = GrJ

⋆
G

⋆
rGrJG

⋆
r = γr (J)

⋆
γr (J) (38)

for any pseudo-isometric G. These projectors define the QS germ F̊0 (t+) =

P0 (t) of decreasing orthoprojectors F0 (t) = U0 (t) U0 (t)
† ≥ F0 (ts), repre-

senting on H0 = F[0 the quantum property of survival (the nondemolition

property) for an open unstable quantum particle if it has not been com-

pletely observed up to time t.

We shall say that the hemigroup U consistently describes a quantum

open dynamical system on a fixed object W*-algebra Ao ⊆ B (Ho) with
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respect to a W*-product system (At) of W*-algebras on (Gt) if it induces

in the Heisenberg picture

αr (t, X̆) = Ur (t) X̆Ur (t)
†
, X̆ ∈ At] (39)

a forward-adapted input-output transformation αt (ts) : At+s] → At]⊗̄N s
t

satisfying the consistency condition

αt (ts, XYZ) = Xαt (ts,Y) Z ∀X ∈ At, Y ∈ As]
t ,Z ∈ Nts (40)

where As]
t ≃ As

t ⊗̄Ao. Note that the last condition is met by assuming

that Ut (ts) is adapted and [Ut (ts) ,At] = 0 for all t < ts. Obviously

the two-sided adapted HP evolution corresponding to the Markovian case

αt

(
ts,As]

t

)
⊆ N s

[t trivially satisfies the condition (40) for Ao = B (Ho) and

any At ⊆ B (Gt), but in general it requires much less.

Proposition 2.2. The dynamical consistency condition (40) is equivalent

to the semi-Markovianity αt

(
ts,As]

t

)
⊆ Ct]⊗̄N s

t , where Ct] ≃ Ct⊗̄Ao is

given by an Abelian W*-algebra Ct from the center C (A) = A ∩A′ of At.

Proof. Since
[
As]

t ,At
]

= 0, the concistency (40) is equivalent to the com-

mutatativity
[
αt

(
ts,As]

t

)
,At

]
= 0 for the adapted αt

(
ts,As]

t

)
≃ B

s]
t ⊗̄Its .

Thus,

αt

(
ts,As]

t

)
⊆

(
At]⊗̄N s

t

)
\At =

(
At]\At

)
⊗̄N s

t =
(
At\At

)
⊗̄N s

t],

where the relative commutant At\At by definition is the center C (At).

Thus, the consistent quantum open dynamics αt (ts) can be controlled

not only by the current states on the quantum object and noise algebra

N s
[t, but also by the classical history states on an increasing commutative

W*-subalgebras Ct ⊆ C (At).

We shall assume that the stochastic control algebras (Ct) form a W*-

product system Ct+s ≃ Ct⊗̄Cs
t being generated, Ct = Ct

u, by a joint rep-

resentation {u (r) : r ≤ t} of one or several classical controlling processes

u (r, ω) up to t, and shall call them feedback control algebras with respect

to (Ct
x) if they are adapted in the sense Ct

u ⊆ Ct
x for all t to the preoutput

algebras (Ct
x). By reducing the total preoutput algebras At to the relative

commutants At\Ct
x, we can have the admissable feedback control algebras

Ct
u coinciding with Mt = Ct

x if no other constraints, apart from causality,
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is a priori given. Due to the consistency condition (40) the Heisenberg dy-

namics αr (t) = αu
r (t) controlled by the states on Cr

u are decomposable for

any Y ∈ At with respect to the central subalgebra Cr
u as

αu
r (t, Yt) =

∫

Υr

αυ
r (t,Yυ

t ) eu (dυ) = αu
r (t, Yu

t ) (41)

for any Yt ∈ At] decomposed as Yt =
∫
Υr Yυ

t eu (dυ) such that αυ
t (ts,Yυ

ts) ∈
N s

[t a.s. for all υ ∈ Υt if Yts ∈ Ct
u⊗̄As]

t .

In fact, since physically realizable control of quantum dynamics can be

performed through the input quantum channels by controlling the input

noise states on the algebra N we might need only the QS evolutions con-

trolled by the input stochastic coherent state vectors (12). They can be

defined by an adapted process ςj (t, ω) = ζu
r,j (t, υr) of complex stochas-

tic amplitudes indexed by j ∈ J , where u = {u (t) , t ≤ r} and υr ∈ Υr.

Let Uu
t (ts) = Us†

ζ̂
u

t

Ut (ts) denote a coherent controlled QS isometric evo-

lution given by QS Weyl transform Ut−r

ζ̂
u

r

= Wt

(
r,aζ̂

u

r

)
with the column

ζ̂
u

r (t) = ς◦ (t,u, v̂r)
†

of

ζ̂
u

r,j =

∫

Υr

ζu
r,j (υ) ev̂ (dυ) ≡ ζu

r,j (t, v̂r) ,

where v̂r (t) = yr (t) denotes the output representation of the commutative

input processes v̆r (t) = xr (t) such that yr (t)Uu
r (t) = Uu

r (t) xr (t). Then

Ut (ts) intertwines X̂U
u

t = Uu
t X̆ the representations X̂ (ts) = Us†

ζ̂
u

t

X (ts) Us
ζ̂
u

t

of X (ts) on F[0 intertwined by the (uncontrolled) evolution Ut (ts) with

X̆ (ts) on Hts . Here the Weyl transform Ut−r

ζ̂
u

r

(r) is defined as a solution of

the QS equation (24) at t > r with Wr (r) = I by the generators aζ̂
u

r
(t) =

gζ̂
u

r(t) − 1 with QS vector-amplitudes ζ̂
u

r =
(
ζ̂
u,j

r : j ∈ J
)

such that the

coherent controlled Heisenberg transform

αu
r (t, X̆) = Uu

r (t) X̆Uu
r (t)

†
= X̂r (t) F̂r (t)

is given by the QS Weyl transform F̂r (t) of the orthoprojector Fr (t) for

uncontrolled αt (ts, X̆) = Xt (ts) Fr (t).

Similarly, one can always represent the observable and controlling real-

valued processes x (t) and u (t) in Fock space with respect as

y (t) = Ut†
ξv
0
u (t)Ut

ξv
0
, v (t) = Ut†

ξv
0
x (t)Ut

ξv
0

to the vacuum state-vector δ∅ ∈ Γ (E•) if they were locally given in the

Fock spaces Gt = Γ (Et
•) with the reference measure induced by the co-

herent vector-states Ut
ξv
0
δ∅. Here ξv

0 =
{

ξv
• (t)

† |t ≥ 0
}

are given by the
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row-amplitudes ξx
• (t) ∈ k• which may causally depend on x represented in

Γ (E•
0 ). The dynamics αu

r (t) changes covariantly under such transformation

to

βr (t,X) = Vr (t) XtVr (t)
† ≡ Xr (t) , Xt ∈ At

v (42)

on the locally unitary equivalent algebras As
v = Ut†

ξv
0
As

xU
t
ξv
0

by perturbing the

controlled isometric evolution Ut (ts) to Vt (ts) = Ut (ts) Us
ξv

t
(t). Here the

QS Weyl transform Ut−r
ξv

r
(r) = Wt

(
r,aξv

r

)
is defined as a unitary operator

on the Fock space G = Γ (E•
0 ) by the complex amplitudes ξx

j (t), j ∈ J•

which may causally depend on the preoutput stochastic processes x (υ, t) =

v (t).

Theorem 2.2. Let ς◦ = (ςj)j∈J be stochastic row-amplitude with Bt−r
r -

measurable sections υ 7→ ζu
r,j (t, υ) = ςj (t, u, υ) as spectral values of ζ̂

u

r,j

a.s. in L2
loc

(
R+

0

)
for each ω = (u, υ), and let ξv

• (t) be row-vector ampli-

tude with spectral values ξv
j a.s. in L2

loc

(
R+

0

)
, j ∈ J•. Assume that X̆ (t) =

Ut
ξv
0
X(t)Ut†

ξv
0

is the Weyl transform of an At
v-adapted semi-martingale

X(t), and let β−
r (X) = UrXU†

r denote the uncontrolled QS dynamics

At
v → Ar

v⊗̄Nr given by the germ S (t) = Ůt (t+) at each t ≥ r given by a

quadruple [Sν
κ]

ν=−,◦
κ=•,+ of QS-integrable Ao-valued functions Sµ

κ (t) ≃ It⊗Sµ
κ (t).

Then the coherent controlled QS dynamics (42) is defined by the isome-

tries Vt (ts) = Us†

ζ̂
u

t

Ut (ts)Us
ξv

t
with the logarithmic QS germ V̊t (t+) =

I (t) + L (t) ≡ T (t) given by the injection I (t) = {δµ
κIt}µ=−,◦,+

κ=−,•,+ and a

quadruple T (t, v) = S
y (t)gξv(t) of controlled generators

T =

[
(Ky

• − ξv
•) eiθv

• Ky
+ + Ky

•ξ
v†
• − 1

2 ‖ξ
v
•‖2

k•
I

Sy
•e

iθv
• Sy

+ + Sy
•ξ

v†
•

]
≡

[
L• L+

T• T+

]
, (43)

S
y =

[
K• + ζy

◦S• K+ + ζy
◦S+ − 1

2 ‖ζ
y
◦‖2

k
I

e−iθy
◦S• e−iθy

◦ (S+ − ζyI)

]
≡

[
Ky

• Ky
+

Sy
• Sy

+

]
. (44)

Proof. Indeed, according to quantum Itô formula the germ of the product

Vt (ts) = Us†

ζ̂
u

t

Ut (ts)Us
ξv

t
= Uu

t (ts)Us
ξv

t
is the product of the germs,

Vr (t)T (t) = g
⋆
ζu

r(t,yr)U
t−r†

ζ̂
u

r

Ur (t)S (t) Ut−r
ξv

r
gξv

r(t)

= Uu
r (t)g⋆

ζu
r(t,xr)U

t−r
ξv

r
S (t)gξv

r(t)

= Uu
r (t)Ut−r

ξv
r

g
⋆
ζu

r(t,vt)
S (t)gξv

r(t),

where we rearranged the order by intertwining the representations xr with

yr by Uu
r (t) and vr with xt by Ut−r

ξv
r

and using the commutativity of u =
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{u (t) |t ≤ r} with Ut−r
ξv

r
. Therefore, by taking r = t we obtain T (t) =

g
⋆
ζu(t)S (t)gξv

r(t) since by assumption of causality ζu
t (t, υ) does not depend

on υt ∈ Υt.

Multiplying the germ-matrices S
y (t) = g

⋆
ζu(t)S (t) and gξv(t) corre-

sponding to the germ quadruples

S
y (t) =

[
Ky

• Ky
+

Sy
• Sy

+

]
, gξv(t) =

[
− |ξv

• (t)| − ‖ξv
• (t)‖2

/2

eiθ•(t,v) ξv
• (t)

†

]

we immediately obtain the result (43) and (44).

3. Stochastic Master and Filtering Equations

Let us fix an initial product state R[0 = ̺ ⊗ R0 on B[0 ≃ Ao⊗̄N0, with a

reference state R0 on N0 induced by normal, say, coherent states Pζt
0

on each

N t
0 given by ζ0|It

0 ≡ ζt
0 ∈ L2 (It

0 → k). We denote by R⋆
[0 the corresponding

expectation ǫ[0 [X] =
〈
R[0, X

〉
on B[0, and by R⋆

t the conditional expectation

on Bt ≃ At]⊗̄Nt as locally normal projection onto At], say, coherent-induced

by

ǫ
t]
A [Z] =

(
It] ⊗ fζt

)†

Z
(
It] ⊗ fζt

)
≡ 〈Rt, Z〉t]t ∀Z ∈ Bt.

The adapted isometric dynamics α (t, X̆ (t)) = U (t) X̆ (t)U (t)
†

is homomor-

phic, mapping At] ≃ At⊗̄Ao into Bt
[0 with preservation of all algebraic

relations except, maybe, the identity which is mapped into the survival pro-

jector F (t) = U (t) X̆ (t)U (t)
†

in the case of noninvertable isometry U (t).

It induces entangled object-output states described by the positive opera-

tors R̆t
[0 = αt

⋆

(
R[0

)
∈ At]

⋆ affiliated to At] ≃ At⊗̄Ao as the densities of the

expectation functionals R⋆
[0 ◦ α (t) induced by ǫ = R⋆

[0 on At]:

〈
αt

⋆

(
R[0

)
, X̆ (t)

〉
t]

=
〈
R[0, α (t, X̆ (t))

〉
[0

, ∀X̆ (t) ∈ At]. (45)

If U (t)
†
R[0U (t) ∈ At], obviously R̆t

[0 = UtR[0U
t† with respect to the induced

trace pairing, where Ut = U (t)
†
. However, the completely positive (CP) map

αt
⋆ : R[0 7→ R̆t

[0, which we call semimorphic as preadjoint to homomorphic

α (t), is not multiplicative in the case of noninvertible U (t). Note that the

coisometric semimorphic dynamics αt
⋆ is reversible only if α

(
t,At]

)
= Bt

[0

which cannot be the case for At] = At
x ≃ Ct

x⊗̄Ao if Bt
[0 = B

(
F t

[0

)
even for

the unitary dynamics U (t) Ut = I.

In the general case the induced states R̆t
[0 are controlled by the semi-

morphic dynamics which is well-defined by α (t)-marginalizations (45) with
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respect to the standard pairings
〈
At]

⋆ ,At]
〉

t]
as preadjoint completely pos-

itive (CP) coisometries αt
⋆ = α (t)⋆. As the maps into the growing spaces

At]
⋆ = αt

⋆

(
Bt

[0⋆

)
it cannot satisfy a detrministic but a QS forward equation

as the predual to the Langevin equation (37). The main purpose of this

Section is to derive this stochastic equation for a controlled QS dynamics

α (t) with the vacuum state R0 = P0 on N0, in which case it can be defined

as preadjoint to the deterministic backward differential equation for the

vaccum-expected completely positive contractive dynamics

µ (t, X̆ (t)) = ǫ
0]
A [α (t, X̆ (t))] ≡ P⋆

0 ◦ α (t, X̆ (t)) , ∀X̆ (t) ∈ At].

The general form of the forward QS differential equations for completely

positive dynamics continuously entangling the object state ̺t ⊢ Ao with the

output state Pt induced by R̆t
[0 on At was discovered by Belavkin in.32,33

It is presented in the Appendix B in the form (140) as a QS generalization

of the Lindblad equation. Here we shall give the derivation of this equa-

tion for the commutative algebras At = Ct
x generated by the preoutput

noise {x• (r) |r ≤ t} representing a classical independent increment process

v• (t) = x• (υ, t) on the vacuum of Fock space Gt = Γ (Et
•) up to the time

t.

In the case classical case of Abelian object algebra Ao this generalized

Lindblad equation is equivalent to the well-known Zakai linear stochas-

tic equation describing the stochastic state evolutions driven by x• (t) for

the probability density function ̟t
x = µt

⋆x (̺) of the object plus output

state given by a probability measure with respect to the reference mea-

sure λo ⊗ Q, given an initial density ̺ ∈ Ao
⋆ with respect to a Radon (say,

Lebesgues) measure λo on Ao. In the semiquantum case, when Ao = B (Ho),

the stochastic process ̟t
x realizing the states ̟t

x = R̆t
[0 ⊢ At

x satisfies a lin-

ear stochastic master equation first derived by Belavkin in a stochastic

Schrödinger form separately for the diffusive and counting processes x re-

spectively in12,13 and then in the unified form in.18 As in the commutative

case the solutions ̟t
x to the linear Belavkin equation with initially normal-

ized ̟0
x = ̺ do not remain normalized as the elements ̟t

x ∈ Ao
⋆ for each

particular trajectory x, but ̟t
x as an elements of the preadjoint space At]

⋆

to At] = At
x is normalized to the decreasing probability of survival such

that the stochastic process pt
x = 〈̟t

x, Io〉 is a positive Ct
x-submartingale

defining the Girsanov transformation as an input to output transforma-

tion of the reference probability measure Q to Pt (dυ) = pt
x (υ) Q (dυ). The

renormalized states ̺x (t) = ̟t
x/pt

x are the conditional states on Ao which



166 V. P. Belavkin & S. Edwards

are described by a nonlinear filtering equation first derived in the classi-

cal case of commutative Ao by Stratonovich60 and for the simple algebra

Ao = B (Ho) by Belavkin in.11,25

3.1. Quantum Master equations for continuous observation

In this section we consider the reduced stochastically controlled quantum

hemigroup dynamics which is described on the general W*-algebra Ao by

the vacuum expected controlled hemigroups µu
r (t) = Q⋆

r ◦αu
r (t). Say, αu

r (t)

is the Weyl-perturbed QS isometric evolution αr (t) coherently controlled

by the input sates Rr = Pζ̂
u

r
such that Q⋆

r ◦ αu
r (t) = P⋆

ζ̂
u

r

◦ αr (t) ,where

u = {u (t) |t ≤ r} ≡ ur is given by some classical stochastic processes

u (t, υ) adaptively represented in the preoutput algebras Mt = Ct
xI by

the causality condition u (t) ⊢ Ct
x. Our purpose is to derive the linear

dissipative equations for the general QS controlled isometric dynamics

αu
r (t) : At] → Ar] ⊗Nr on W*-algebras At] ≃ At ⊗ Ao with the increasing

At containing at the center the Abelian algebras Ct
x. Following the original

derivation by Belavkin11,18 we shall unify the two most important cases

(14): The case of diffusive measurements with coherent induced probabil-

ity corresponding to the Wiener preoutput process x• = w• and the case

of counting measurements corresponding to the Poisson preoutput process

x• = m•.

The quantum state dynamics µu,s
⋆ (t) : R̆t

[0 7→ R̆
t+s
[0 is defined in

〈
µu,s

⋆t

(
t, R̆t

[0

)
, Y

〉
t+s]

:=
〈
R̆t
[0, µ

u
t (ts,Y)

〉
t]

∀Y ∈ At+s]

by the preadjoint maps µu,s
⋆ (t) = µu

t (ts)⋆. The maps µu
r (t)⋆ : Ar]

⋆ → At]
⋆

are obviously completely positive (CP) and contractive as preadjoint to the

compositions ǫ
r]
A ◦ αu

r (t) of the isometries αu
r (t) and the CP projections

ǫ
r]
A = Q⋆

r , and they are conservative, preserving the normalization of the

states R̆t
[0 if αu

r (t, It) = Ir for all t. Due to the consistency condition (40)

these compositions satisfy the modularity property

µu
r (t, XY) = Xµu

r (t,Y) ∀X ∈ Ar,Y ∈ At] (46)

implying the commutativity of µu
r (t,Y) with respect to the central Abelian

subalgebras Cr
u ⊆ Cr

x in Ar generated by the feedback controls u (t). This

is in the correspondence with (41) for αr = αu
r as the orthogonal decompo-

sition

µu,s
⋆

(
t, R̆t

[0

)
=

∫

Υt

µu,s
⋆

(
t,Pt

υ

)
E (dυ) µu,s

⋆

(
t, Pt

x

)
(47)
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of the At-modular µs
⋆ (t) = µu,s

⋆ (t) for any R̆t
[0 = Pt

x ∈ At]
⋆ consistent

with the central decompositions At] =
∫
Υt Aυ

t E (dυ) of At] relatively to

Ct
x ⊆ C (At) decomposed into Ct

υ = CIo.

Thus, the expected semi-Markov quantum dynamics is described by a

forward hemigroup µu,s
⋆ (t) of normal contractive CP maps At]

⋆ → At+s]
⋆

satisfying the decomposability condition (47). If all µu
t (t) are unital, it is

Markov for the increasing family At]
⋆ , however it is not Markov on the object

state space Ao
⋆ unless the CP maps τ r (t) = µu

r (t) |Ao leave the algebra Ao

invariant, as it is in the case of uncontrolled dynamics µr (t) = Q⋆
r ◦ αr (t)

described by the generator κ (X) = (KXK⋆)
−
+ ∈ Ao on a dense domain of

X ∈ Ao as

κ (X) = K+X +
∑

j∈J•

KjXK
†
j + XK

†
+.

In this case the preadjoint maps τ s
⋆ (t) = τ t (ts)⋆ can be found on Ao

⋆ for

any t > r as the resolving maps ̺t+s = τ s
⋆ (t, ̺t) for the coherent controlled

Lindblad master equation

d

dt
̺t + K−̺t + ̺tK

†
− =

∑

j∈J•

Kj̺tK
j†, ̺0 = ̺ ∈ Ao

⋆. (48)

Here the Ao-valued operators K− = −K♯
+ and Kj = K

♯
j are defined by left

adjoints
(
K♯̺ | X

)
= (̺ | KX) with respect to a Hermitian pairing (X | B) =〈

B†, X
〉

on Ao. (In the case of the trace pairing (̺ | X) = tr
[
̺†X

]
the left

adjoint operator K♯ is simply the Hilbert space adjoints, K♯ = K†, see the

Appendix A).

In order to find the stochastic generators defining the stochastic master

equation for the semi-Markov dynamics µu
r (t)⋆ we have to find first the

adjoint nonstochastic equation for µu
r (t) not on the object algebra Ao but

on the increasing algebras At] ≃ At⊗̄Ao. The dynamical maps µu
t (ts) =

Q⋆
t ◦ αu

t (ts) describe the expected interaction evolution µu
r (t,Yt) of any

adapted QS-semimartingale Yt by the general master equation

d

dt
µu

r (t, Yt) = µu
r

(
t, κu

(
t,Jt

Y

))
, Yt = At], (49)

where the generator κu (J) = (Ku
JK

u⋆)
−
+ on the germ J (t) = Yt + D

t
Y ≡

J
t
Y is given by K

u (t) = S
u (t) − I (t) with S

u (t) = Ůu
t (t+). This simply

follows from

Q⋆
t

[
dAν

µ

]
=

(
It] ⊗ δ†∅

)(
It] ⊗ dAν

µ

) (
It] ⊗ δ∅

)
= δν

+δ−µ It]dt
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by applying the vacuum conditional expectation ǫ
t]
A = Q⋆

t to (37). Evalua-

tion of the matrix element (Ku
JK

u⋆)
−
+ yields a conditionally-CP map

κu (J) = J−+ + Ku
+Y + YKu†

+ + Ku
•J

•
+ + Ku

•J
•
•K

u†
• + J•K

u†
• (50)

for each t. In particular, in the case Jµ
ν (t) = Yrδ

µ
ν corresponding to a

constant Yt = Yr ∈ Ar]
0 for all t ≥ r, this reads as the Lindblad controlled

generator48,57 which is normally written in the decomposed form as

κu (Y) =
i

~
[Hu (t) , Y] + Λ⋆

u (Y) + δu (Y) . (51)

Here Hu = ~ Im
[
Ku

+

]
is the controlled Hamiltonian, the quantum diffusion

part, given by

Λ⋆
u (Y) =

1

2

(
Su†

+

[
Y, Su

+

]
+ [Su†

+ , Y]Su
+

)
, (52)

is uncontrolled, and δu (Y) = Ku
•YKu†

• − Su†
+ YSu

+ is the quantum jump

part controlled by Ku
• which can be written using isometricity condition

Ku
• + Su†

+ Su
• = 0 as

δu (t, Y) = Su
+ (t)

†
(
Su
• (t) YtS

u
• (t)

† − Yt

)
Su

+ (t) . (53)

We note that κu is decomposable,

κu (t,Jt) =

∫

Υt

κu (t,Jυ
t ) eu (dυ) ≡ κu (t,Ju

t )

due to the modularity (46), which is obviously satisfied if the uncontrolled

generator κ (Y) = (KYK⋆)
−
+ is given by the coefficients K−

ι ≃ K−ι as the

Ao-valued functions S−ι (t), ι = +, j ∈ J• on Υt. Thus, the contractive con-

ditionally CP maps κu (t) defines a semi-Markov evolution on the increasing

family of W*-algebras At] which is Markov in the conservative case corre-

sponding to κu (t, I) = O. It is usually not Markov with respect to Ao, but

it is conditionally Markov on Ao with respect to the central subalgebras

Ct
u ⊆ C (At) if conditioned by the controlling stochastic process u gen-

erating these Ct
u. Note that in the case of the trivial center C (At) there

is no feedback, Cu = C = Cx, the controlled dynamics is autonomous on

Ao as open controlled by a (deterministic) process u (t), corresponding to

the sub-Markovian (or Markovian if unital) case αu
t (ts, Ao) ⊂ N s

[t given by

K
u (t) ⊢ Ao

I (t).

From now on we will consider quantum semi-Markov dynamics under

time continuous measurements of the output processes yε
j (t) = v̂ε

j (t) rep-

resenting the commuting processes (22) on the vacuum after the controlled
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QS interaction with the object by isometric evolutions V0 (t) = U0 (t)Ut
ξv
0
.

They are intertwined by the isometric evolution U0 (t) with xε
j (t) = v̆ε

j (t),

where vε
j (t) = Ut

ζ̂0

v̂ε
j (t)Ut†

ζ̂0

, and with vε
j (t) by V0 (t):

yε
j (t)V0 (t) = V0 (t) vε

j (t) = v̂ε
j (t)V0 (t) , (54)

uniquely determining yε
j (t) in the unitary case V0V

†
0 = I0 as

yε
j (t) = β0

(
ts, vε

j (t)
)

= αu
0

(
ts, xε

j (t)
)

(55)

for any s ≥ 0.

Applying the quantum Itô formula to the products v̂ε
jV0 = V0v

ε
j defined

by the QS derivatives b
ε
j and V0L = V0 (T − I) respectively in (23) and in

(43), one can find that the output processes yε
j (t) can be defined as the QS

integrals i
t
0

(
D̂

ε
j

)
=

∫ t

0
dyε

j of

dyε
j =

(
L̂j + εjL̂jL̂

†
j + L̂†

j

)
dt + 2 Re

(
dB+

j Ĉ†
j

)
+ εjdnj

Here nj = T̂◦
j
† (Io ⊗ A◦

◦) T̂◦
j ≡ B

j
j , B

+
j = (Io ⊗ A+

◦ ) T̂◦
j and X = L̂j , Ĉj , T̂

◦
j

are the representations intertwined with X = Lj , Cj = It + εLj and T◦
j =

I◦j + L◦
j , which are uniquely defined in the unitary case by (42).

Indeed, the equation (54) can be written on the differential level as

D̂
ε
jH0 = H0b

ε
j , where H0 = V0T is the germ of V0 and D̂

ε
j are the QS

derivatives defining dyε
j = D̂

ε
j · dA. It is equivalent to D

ε
jT = Tb

ε
j for

D
ε
j =

[
T◦†

j (It + εjLj) Lj + εLjL
†
j + L†

j

T◦†
j εjT

◦
j (It + εLj)

†
T◦

j

]
= T

[
δ•†j 0

δ•jεjδ
•†
j δ•j

]
T

⋆

having the elements Dµ
ν intertwined V0D

µ
ν = D̂µ

νV0 with the elements D̂µ
ν

of D̂
ε
j . This can be verified straightforward for D

ε
j = Tb

ε
jT

⋆ by taking into

account that T
⋆
T = I.

Thus, the output processes corresponding to the standard Wiener pro-

cesses wj = Uξv
•
v0

jU
†
ξv
•
, given for j ∈ J• in (14) for εj = 0, realize after the

interaction a simultaneous indirect measurement of the evolved generalized

coordinates 2 Re

[
L†

j

]
:

dy0
j = 2 Re

(
L̂†

j (t) dt + dB+
j

)
=

(
L̂j + L̂†

j

)
(t) dt + dvj , (56)

where vj = 2 Re B
+
j , L̂j = K̂je

iθ̂j −
∣∣∣ξ̂j

∣∣∣ with K̂jV0 = V0K
y
j and similar for

ξ̂j (t) = ξ
y

j (t) intertwined with ξv
j (t) by V0 (t). Similarly, the output pro-

cesses corresponding to the compensated Poisson processes mj = Uξv
•
v1

jU
†
ξv
•
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scaled by
∣∣ξj

∣∣ = 1/εj for j ∈ J• in (14) realize after the interaction a si-

multaneous indirect measurement of the evolved ε−1
j

(
Cε

jC
ε
j
† − I

)
:

dyε
j = ε−1

j

(
Ĉε

jĈ
ε
j
† − I

)
dt + 2 Re

(
dB+

j Ĉε†
j

)
+ εjdnj , (57)

where Ĉε
j = I + εjL̂j is given by the row ε−1

• =
(∣∣ξj

∣∣)
j∈J•

of ξj ∈ L2
loc at

each t.

In order to obtain the form of the coherently controlled generators on the

algebras At] = At
v from the generator of the uncontrolled master equation

(48) for these particular cases of observation represented with respect to

the vacuum by noise vε
•, let us find the transformation of the generator (50)

from the algebras At] = At
x given in the reference of the locally coherent

states by the amplitudes ξv
•.

Theorem 3.1. Let Rt = Pζ̂
u

t
be the initial state on Nt locally induced by the

coherent vector fs
ζ̂
u

t

given by the stochastic row-amplitudes ζut

j (t) controlled

by an adapted process u (t) on the reference probability space (Υt, Bt,Qt)

with the probability measure Q induced by the coherent states f t
ξx
0

given by

row-amplitudes ξx
• . Then there exists a conditional expectation ǫ̂

t]
A = Ps⋆

ζ̂
u

t

as normal projection onto At] such that the compositions ǫ̂
t]
A ◦ β−

t (ts) form

a normal hemigroup of unital CP maps coinciding with the modular with

respect to the central W*-algebras At
y = Ut†

ξv
0
At

uUt
ξv
0

maps φt (ts) = Q⋆
t ◦

βt (ts) onto At]. It satisfies the forward evolution equation similar to (49),

given in terms of the germ Jt = X̊t+ by the controlled generator

λ (J) = L•J
•
+ + L• (J•• − Xδ••) L†

• + J−• L†
• + λ (X) , (58)

in the case J−+ = 0 corresponding to a vacuum martingale Xt ∈ At]). Here

Lj (t, v) =
(
Ky

j − ξv
j I

)
eiθv

• , j ∈ J• (59)

L+ (t, v) = Ky
+ + Ky

•ξ
v†
• − 1

2
‖ξv

•‖2
k•

I (60)

determines the Lindbladian λ (t,X) = κy (t,X),

λ (t, X) =
∑

j∈J•

Lj (t)XLj (t)
†
+ L+ (t)X + XL+ (t)

†
, (61)

coinciding with (51) determined by

Ky
j = Kj + ξy

◦Sj , j ∈ J• (62)

Ky
+ = K+ + ξy

◦S+ − ‖ξy
◦‖2

k
I/2. (63)
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Proof. Indeed, the conditional expectation Ps⋆
ζ̂
u

t

exists due to the unitary

equivalence fs
ζ̂
u

t

= Ut
ζ̂
u

r

δ∅ under the Weyl transformation Us
ζ̂
u

t

with the co-

variant transformation of the dynamics given by V−
r (t) = Ut

ζ̂
u

r

Vr (t). Ap-

plying the vacuum conditional expectation to βt (ts) which has the germ

β̊t (t+, Xt) = T (t) X̊t+T (t)
⋆

given by L (t)= T (t)−I (t) in (43), we imme-

diately obtain (58) with (61), where Ky
j (t), Ky

+ (t) are defined by the germ

R (t) = V̊−
t (t+) as the first row in (44).

Note that the Lindblad generator λ for the coherently controlled (62),

(63), decomposed as (51) can also be decomposed in the same way in terms

of Lι instead of Ky
ι and Tι instead of Sy

ι , ι = •,+, with H = ~ Im [L+], Λ

defined by T+ instead of Sy
+ and

δ (X) = T†
+

(
T•XT†

• − X
)

T+. (64)

3.2. Stochastic Master and filtering equations

The quantum dynamics with observation in general is not autonomous on

the object state space Ao
⋆ but can be described on the increasing family

of the preadjoint spaces Mt]
⋆ = Mt

⋆⊗̄Ao
⋆ to Mt] = At

x by stochastic maps

ϑt
x : Ao

x⋆ → At
x⋆ as preadjoints to the restrictions of µ (t) to Mt ⊆ At]. These

stochastic maps will be defined as resolving for a linear stochastic master

equation determining the states ̟t
x ∈ Mt

⋆ on At
x obtained from R̆t

[0 =

Pt
x ∈ At]

⋆ by the marginalizations ιt⋆ (Pt
x) as preadjoint to the injections

ιt : At
x ⊆ At].

Let us first derive the stochastic equation for the density operator ̟t
v

describing the states on the central subalgebras Ct
v ⊆ Bt] generated by

the canonical Fock space representation
{
vε

j (r) |r ≤ t
}

of the commuting

processes vε
j (t) with respect to the vacuum-induced reference state. It will

determine ̟t
v from the initial ̺ = ̟0

v ∈ Ao
⋆ by the map ϑt

v = ϑt
v (0) having

the adjoint

ϑt
v (0)

⋆
= φ0 (t) |At

v ≡ ϑ⋆
v (t)

on At
v ≃ Ct

v⊗̄Ao. To this end we apply the equation

d

dt
ϑ⋆

v (t,Zt) = ϑ⋆
v (t, λ (t,Jt)) , Z0 ≃ X ∈ Ao

to the vacuum martingales Zt = Z0V
t
c ≡ Xv

t generating the algebras At
v,

where Vt
c is Wick exponent of xε

c (t) defined by the equation dVt
c = Vt

cc
jdvε

j
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as in (32). Taking into account that the germ Jt = Zt+ in this case is given

by

Ji
k =

(
δi

k + cjδi
jεjδ

j
k

)
Zt, J−j = cjZt = Jj

+

and J−+ = 0, we obtain from (58)

λ (J) = cj
(
LjZ + εjLjZL†

j + ZL†
j

)
+ λ (Z)

where λ (t) is in (61). Note that, if εj 6= 0, the term in the parenthesis can

be written simply as ε−1
j

(
Cε

jZCε†
j − Z

)
. Thus,

d
〈
̟t

v, Zt

〉
= 〈̺,dϑ⋆

v (t,Zt)〉 =
〈
̟t

v, λ (t,J)
〉
dt.

This suggests that ̟t
v satisfies the linear stochastic master equation

d̟t
v = λ⋆

(
̟t

v

)
dt +

(
Lj̟t

v + εLj̟t
vL

j† + ̟t
vL

j†
)
dvε

j , (65)

as a particular semiquantum case of (139) for R = ̟t
v, where ε may depend

on j and t. Here Lj = L♯
j and λ⋆ is preadjoint to λ (t) = κy (t) written as

λ⋆

(
t,̟t

v

)
=

∑

j∈J•

Lj (t)̟t
vL

j (t)
† − L− (t) ̟t

v − ̟t
vL− (t)

†
, (66)

in terms of L− = −L♯
+. (L♯ denotes the left adjoint operator with respect to

a standard pairing coinciding with the adjoint L† with respect to the trace

pairing.) It can be easily verified by applying the classical Itô formula

d
〈
̟t

v, Zt

〉
=

〈
d̟t

v, Zt

〉
+

〈
d̟t

v, dZt

〉
+

〈
̟t

v,dZt

〉

=
〈
λ⋆

(
̟t

v

)
, Zt

〉
dt +

〈(
Lj̟t

v + εLj̟t
vL

j† + ̟t
vL

j†
)
, Zt

〉
.

The stochastic master equation (65), derived on the simple algebra

Ao = B (Ho) by Belavkin in,11,18 can also be written with respect to xε
j

by replacing v and y respectively for x and u, or as the classical stochastic

equation in the spectral representation xε
j = vε

j of xε
j (or equivalently, of

vε
j) by simple substitution x = v and u = y replacing respectively x and u.

Thus, the two most important cases εj = 0 and εj = 1/
∣∣ξj

∣∣ of the Belavkin

master equation (65) can be written in terms of the corresponding Wiener

processes xj = wj and the compensated Poisson processes xj = mj as

d̟t
w = λu

⋆

(
̟t

w

)
dt +

(
Lj̟t

w + ̟t
wLj†

)
dwj , (67)

d̟t
m = λu

⋆

(
̟t

m

)
dt +

(
Cj̟t

mCj† + ̟t
m

)
dmj . (68)
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The solutions ̟t
v of these equations, considered as a classical stochas-

tic Ao
⋆-valued process ̟t

υ on the reference probability space (Υ, B, Q) by

resolving the corresponding classical stochastic equation

d̟t
υ = κu

⋆

(
̟t

υ

)
dt +

(
Lj̟t

υ + εjL
j̟t

υL
j† + ̟t

υL
j†

)
(t, υ) dvε

j ,

for ̟0
υ = ̺ ∈ Ao

⋆, do not preserve the normalization 〈̺, I〉 (= tr {̺}, say)

in Ao
⋆. However, the stochastic dynamics, described by forward hemigroup

of the CP maps ϑu,s
υt

(t) : ̟t
υ 7→ ̟t+s

υ resolving this equation, is contractive

in the mean,

〈
̟t

x, I
〉
Q

:=

∫ 〈
̟t

υ, I
〉
Q (dυ) ≤

〈
̟t

x, I
〉
Q

∀r < t

in L1
Q

(Υ → Ao
⋆) since by definition of the representation v it coincides with

〈
̟t

x, I
〉

At
x

=
〈
R[0, F (t)

〉
[0
≤ 〈̟r

x, I〉 ,

where F (t) = α (t, It) is a decreasing orthoprojector of quantum survival.

It preserves the mean normalization of ̟t
v only in the conservative case

of nondemolition observation corresponding to F (t) = I[0. The positive

function pt
υ = 〈̟t

υ, I〉 gives the density of the output probability

Pt (∆) =
〈
R[0, I (t,∆)

〉
[0

=
〈
̟t

x,E (∆)
〉

=

∫

∆

pt
υQ (dυ)

of the events I (t, ∆) = α (t, E (∆)), where E (∆) = ex (∆) Io on B
t, normal-

ized for each t to the probability of nondemolition Pt (Υt) =
〈
R[0, F (t)

〉
[0

of

quantum object observed up to time t. It obviously satisfies the stochastic

equation

dpt
υ =

〈
̟t

υ, δ (t, υ, I)
〉
dt +

∑

j

〈
̟t

υ, Lj + LjεjL
†
j + L

†
j

〉
(t, υ) dvε

j

with δ (I) = T
†
+

(
T•T

†
• − I◦◦

)
T+ ≤ 0 coinciding for the coherent control with

the demping operator

δu (t, I) = −S+ (t)
†
E◦◦ (t) S+ (t) − ζu

◦ (t) E◦◦ (t) ζu
◦ (t)

†
, (69)

where E◦◦ = I◦◦ − S•S
†
• is the orthoprojector of quantum object demolition

(or exit) event. This implies that pt
υ is submartingale, EQ [pt

υ|Br] ≤ pt
υ,

since

EQ

[
dpt

υ|Bt
]

=
〈
̟t

υ, δu (t, I)
〉
dt ≤ 0

for every ̟t
υ ≥ 0 due to Su

•S
u†
• ≤ I◦◦ = δ◦◦I. (It is martingale in the conser-

vative case zero demping δu (I) = 0.)
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The posterior states on future subalgebras Bs]
t conditioned by a spectral

value υ ∈ Υt of the central subalgebras Ct
v ⊆ C

(
Bt]

)
of Bt] = Ct

v⊗̄Ao as a

result of the nondemolition measurement up to time t are described by the

posterior expectations

Et

[
βt (ts, Zs

t ) |Bt
]
(υ) =

1

pt
υ

〈
̟t+s

υ,v (t) , Zs
t

〉
≡ ǫ

t]
Cv

[Zs
t ] (υ) (70)

They are given in terms of Bs]
t⋆-valued conditional density

̟t,s
υ,v =

∫

Υt

̟t,s
υ,xev (dx) =

1

pt
υ

̟t+s
υ,v (t) , υ ∈ Υt

a.s. defined with respect to the reference expectation

〈
̟t,s

υ,v, Z
s
t

〉
=

∫

Υt

〈
̟t,s

υ,x, Ys
t (x)

〉
Ao Q (dx) ≡

〈
̟t,s

υ,x, Ys
t (x)

〉Q

Ao .

where x = vt ∈ Υt is the future of v ∈ Υ corresponding to the split v =

(υ, x). Since ̟t+s
υ,x = ϑs

x (t,̟t
υ), the posterior state on Ms]

t is determined

as ̟t,s
υ,v = ϑs

v (t, ̺t
υ) by the object posterior state

̺t
υ = ̟t,0

υ,v =
1

pt
υ

ϑt
υ (̺) ≡ ϕt

υ (̺) (71)

which is a.s. in Ao
⋆ not depending on any future v ∈ Bt. Thus, in order

to predict the future quantum states ̟t,s
υ,v, it is sufficient to find the object

posterior states ̺t
υ by a nonlinear filtering map ϕt

υ on the initial ̺0
υ = ̺ and

then to apply the linear stochastic dynamics ϑs
v (t). Our goal is to derive a

stochastic differential equation

d̺t
υ = λ̃⋆

(
t, ̺t

υ

)
dt +

∑

j∈J•

κ̃j
ε

(
t, ̺t

υ

)
dṽε

j (72)

for ̺t
υ from (65), and for this purpose we may write the posterior density

in any appropriate operator representation, say in the Fock representation

̺t
v = ̟t

v/pt
v, an eigen or input representation ̺t

x = ̟t
x/pt

x, or in the output

representation ̺t
v = ̟t

y/pt
y.

The nonlinear filtering equation (72) specified by the coefficients κ̃j
ε for

εj = 0 and εj = 1 was derived by Belavkin directly by finding the equation

for the conditional expectations
〈
̺t
y, X

〉
on X ∈ Ao with respect to the output

processes yε
j in.11,25 It was also obtained in18 from the linear equation (65)

in Fock space by applying the Itô formula

d
(
pt
v̺

t
v

)
= ̺t

vdpt
v + pt

vd̺t
v + dpt

vd̺t
v
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to ̟t
v = pt

v̺
t
v. Here we formulate the result in the mixed input x-

representation with arbitrary εj .

Theorem 3.2. Let the QS density ̟t
x ∈ Mt]

⋆ satisfy the universal linear

QS equation

d̟t
x = λ⋆

(
̟t

x

)
dt +

∑

j∈J•

κj
ε

(
̟t

x

)
dxε

j , (73)

where κj
ε (̟t

x) = Lj̟t
x+̟t

xL
j†+εLj̟t

xL
j†, Lj = L♯

j (= L†
j) and λ⋆ is given

in (66). Then the posterior density ̺t
x = ̟t

x/ 〈̟t
x, I〉 satisfies the universal

nonlinear filtering equation

d̺t
x = λ̃⋆

(
̺t
x

)
dt +

∑

j∈J•

κ̃j
ε

(
̺t
x

)
dx̃ε

j (74)

defined by the drift coefficient

λ̃⋆

(
̺t
x

)
= λ⋆

(
̺t
x

)
−

〈
̺t
x, T

†
+

(
T•T

†
• − I◦◦

)
T+

〉
̺t
x (75)

the innovation processes x̃ε
j given by the Itô differentials

dx̃ε
j =

[
dxε

j (t) −
〈
̺t
x, κ

j⋆
ε (I)

〉
dt

]
,

where κj⋆
ε (I) = Lj + L†

j + εjLjL
†
j, with the fluctuating coefficients

κ̃j
ε

(
̺t
x

)
=

κj
ε (̺t

x) −
〈
̺t
x, κ

j⋆
ε (I)

〉
̺x

1 + εj

〈
̺t
x, κ

j⋆
ε (I)

〉 , (76)

Proof. From the definition (71) of ̺t
υ and ϑt+s

υ,x (r) = ϑs
x (t) ◦ ϑt

υ for ϑs
x =

ϑu,s
x we have

ϕu,s
υ,x

(
t, ̺t

υ

)
=

1

pt+s
υ,x

ϑu,s
x

(
t,̟t

υ

)
=

pt
υ

pt+s
υ,x

ϑu,s
x

(
t, ̺t

υ

)
.

This can be written in the form of the quasilinear transformation

ϕu,s
υ,x

(
t, ̺t

υ

)
=

1

〈̺t
υ, Mu

t (ts)〉ϑ
u,s
x

(
t, ̺t

υ

)

in terms of the positive normalizing operator-function Mt (ts) = µu
t

(
ts, I

s]
t

)

defining

pt+s
υ

pt
υ

=
1

pt
υ

〈
̟t

υ, µu
t

(
ts, I

s]
t

)〉
=

〈
̺t

υ, Mu
t (ts)

〉
.

Since µu
r (t) is the identity map on At

x at r = t, its preadjoint ϑ0
x (r) is

also identity, and therefore ϕu,0
υ,x (t, ̺t

υ) = ̺t
υ as Mu

t (t) = µu
t (t, It) = It. Thus,
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one should expect that ̺t
x has a stochastic differential d̺t

x = ̺t+dt
x,v − ̺x of

the form (74) with respect to the innovation processes

x̃ε
j (t) = xε

j (t) − ǫ
t]
M

[
xε

j (t)
]

such that ǫ
t]
M

[
κ̃u

j (t, ̺x
t ) dx̃j

]
= 0, with a drift coefficient λ̃⋆ (t, ̺t

v) defining

the conditional expectation

ǫ
t]
M

[
d̺t

x

]
(υ) = E

[
d̺t

x|Bt
]
(υ) = λ̃⋆

(
t, ̺t

x

)
dt.

Using the Itô multiplication
(
dxε

j

)2
= dtIt +εjdxε

j , dtdxε
j = 0, (dt)

2
= 0

to obtain

dpt
xd̺t

x =
〈
̟t

x, κ
j⋆
ε (I)

〉
κ̃j

ε

(
̺t
x

) (
dt + εjdxε

j

)

for dpt
x = 〈̟t

x, δ (I)〉dt +
〈
̟t

x, κ
j⋆
ε (I)

〉
dxε

j and (73), one can easily obtain

〈
̟t

x, δ (I)
〉
̺t
x + pt

xλ̃
⋆
(
̺t
x

)
= λ⋆

(
̟t

x

)

by equating the coefficients in d (p̺) = d̟ against dt, and against dxε
j ,

〈
̟, κj⋆

ε (I)
〉
̺ + pκ̃j

ε (̺) +
〈
̟, κj⋆

ε (I)
〉

κ̃j
ε (̺) ε = κj

ε (̟) .

This gives the nonlinear expressions (75) and (76) for the coefficients λ̃⋆

and κ̃j
ε of the stochastic equation (73) with the innovations processes

x̃ε
j (t) = xε

j (t) −
∫ t

0

〈
̺t
x, L

j + Lj† + εLj†Lj
〉
ds. (77)

Note that the innovation processes (77) are martingales in the classical

sense E
[
ṽε

j (s) |̺, υt
0

]
= ṽε

j (t) for any s ≥ t, satisfying the same multipli-

cation table dtdṽε
j = 0 = dṽε

jdt and
(
dṽε

j

)2
= dt + εjdṽε

j as the output

processes vε
j (t). In the case of Markovianity of the stochastic Ao

⋆-valued

process υ 7→ ̺t
υ this simply follows from E [d̺t

x|̺, υt
•] = E [d̺t

x|̺] = d̺t for

a fixed ̺t
x = ̺, and therefore

0 = E
[
d̺t

x|̺
]
− λ̃⋆ (̺) dt = κ̃j

ε (̺) E
[
dṽε

j |̺, υt
0

]
.

However, except the diffusive case ε = 0, the counting innovation processes

ṽε
j are not independent increment processes with respect to the output prob-

ability measure P, as is w̃• = ṽ0
•. Thus, the Girsanov transformation m̃j of

the standard Poisson (respectively Q) processes mj are not Poisson, unlike

the Girsanov transformation w̃• of the Wiener (respectively Q) processes

wj , which remain Gaussian under the transformed measure P.
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In the case εj = 0 corresponding to (67) the Belavkin nonlinear filtering

equation (74) has the form

d̺t
x − λ̃⋆

(
̺t
x

)
dt = κ̃

j
0

(
̺t
x

) (
dwt

j −
〈
̺t
x,L

j + Lj†
〉
dt

)
(78)

where λ̃⋆ (̺) is the controlled generator (66) and

κ̃
j
0 (̺) = ̺Lj† + Lj̺ −

〈
̺, Lj + L†

j

〉
̺ ≡ ̺L̃j† + L̃j̺ (79)

is the nonlinear diffusion coefficient. In the case εj = 1 corresponding to

(68) the Belavkin nonlinear filtering equation has the form

d̺t
x − λ̃⋆

(
̺t
x

)
dt = κ̃

j
1

(
̺t
x

) (
dmt

j −
〈
̺t
x,CjC

†
j − I

〉
dt

)
, (80)

where Cj = I + Lj = C♯
j defining the nonlinear jump coefficient

κ̃
j
1(̺) = ς̃j (̺) − ̺, ς̃j (̺) =

Cj̺Cj†

〈̺, CjC
†
j〉

≡ C̃j̺C̃j†. (81)

4. Optimal Quantum semi-Markov Feedback Control

We now couple the system to a stochastic control force (row-vector)

u = (uj)j∈Jf
via forward feedback channels indexed by Jf ⊆ J which

is usually (but not necessary) assumed to be disjoint with the subset

Je ⊆ J• of estimation channels. The vector feedback control process

u (t, ω) will causally depend on the previsible stochastic output process

ve = (vj)j∈Je
≡ υ with the components vj (t, ω) represented in the Fock

space by the preoutput processes vj (t). The force perturbs interaction

quantum dynamics
{
V−

t (r) |r < t
}

described by the forward cocycle of

coisometries V−
t (r) = V−

r (t)
†

such that V−
r (ts) is replaced by a QS con-

trolled hemigroup Vr (ts) = Vs (t)
†

of isometric solutions to HP equation

(33) controlled pseudo-isometric germ T = I + L instead of S (t) = Ůt (t+)

for a given feedback control law u (t) = ℓ (t, ve).

In principle, the control law could determine any QS dynamics by an

arbitrary choice of any operator-valued QS-integrable function ℓ (t, ve) =

L (t, ve) satisfying the condition T
⋆
T = I. If dim (k ⊗ Ho) = ∞, this would

require infinite dimensional space for the possible values of vector u (t).

However, in practice the control law L (t, ve) as an adapted function of the

output process ve, normally satisfies, apart of the pseudoisometricity con-

straint L + L
⋆
L + L

⋆ = 0, many other constraints determining the matrix

elements Lµ
κ (t, ve) ⊢ At

v. Our main interest will be restricted to the coherent

control strategies given by the particular form (43) of L (t, ve) with ve in
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place of v = ve and a fixed uncontrolled germ-scattering S (t) determining

(44) (Which can also deterministically depend on t.)

Coherent control of thus described open semi-Markov quantum dynam-

ics, using field channels indexed by Jf ⊆ J , is realized by controlling quan-

tum noise in these channels by a real-valued vector-process u (t) ∈ Rdf

via their coherent states. One can start with uncontrolled dynamics de-

scribed by the object Hamiltonian Ho = ~ Im (S+), Lindbladian operators

K• = −S†
+S• defining QS isometric evolution by (33) by the arbitrary

vector-operator S+ and isometric scattering matrix S•. Then apply the co-

herent conditional expectation P⋆
ζ̂t

to the corresponding uncontrolled QS

flow αt (ts), ts = t + s ≥ t, with a QS amplitude ζ̂
u

t (ts) = i
~
û◦ (ts), where

u◦ is the column u◦ =
(
uj

)j∈J
= u

† of real-valued uj = uj , j ∈ Jf and

uj = 0, j /∈ Jf embedded into k and represented at each ts as a vector-

function of the commuting output operators v̂j,t (t′) = v̂j,t (t′), t′ ∈ (t, ts]

and possibly of u = {ve (r) |r ≤ t}. This effectively results in a coherent con-

trolled backward hemigroup {µu
r (t) |r ≤ t} of normal contractive CP maps

µu
r (t) : At

x → At
x as vacuum expected controlled homomorphic dynamics

µu
r (t) = Q⋆ ◦ αu

r (t). The resulting semi-Markov master dynamics with re-

spect to the increasing algebras Ct
x of the eventum histories may not be

Markov on the quantum object algebra Ao, but at least it is conditionally

Markov Ao. It can be found by resolving the controlled master equation

(49) given by change of the object Hamiltonian Ho to Hu and the Lindblad

operators S−
• to Ku

j according to (62) and (63):

Hu = Ho −
∑

j∈Jf

uj2 Re

(
Sj

+

)
, Ku

• = −Su†
+ Su

• , (82)

where is◦Su
+ = S+ − i

~
u◦I and is◦Su

• = S• corresponding to eiθj = isj ,

sj = signuj for j ∈ Jf and no change for the other Sj
+ and Sj

• with j /∈ Jf .

The corresponding semi-Markov dynamics, based on the observation of the

output stochastic process
(
yε

j (t) : j ∈ Je

)
given at the preoutput by the QS

integrals xε
j (t) = i

t
0

(
d

ε
j

)
, is described by the nonlinear Belavkin quantum

filtering equation (74) which we write now in the feedback controlled form

by simple substitution of the inputs xe = (xj)j∈Je
and u = ℓ (xe) for the

outputs ye = v̂e and û = ℓ (ye) as

d̺t
y = κ̃û

⋆

(
̺t
y

)
dt +

∑

j∈Je

κ̃j
ε

(
̺t
y

)
dỹε

j . (83)

Here κ̃û
⋆

(
̺t
y

)
= κû

⋆

(
̺t
y

)
+

〈
̺t
y,S

û†
+ E◦

◦S
û
+

〉
̺t
y, the orthoprojector E◦

◦ = I◦◦ −
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S
y
•S

y†
• describes the demolition (exit) event, and

κu
⋆

(
t, ̺t

υ

)
=

∑

j∈J•

Kj (t) ̺t
υKj (t)

† − Ku
− (t) ̺t

υ − ̺t
υKu

− (t)
†
, (84)

is the controlled Lindblad generator preadjoint to (51), given by Kj =(
Kj − i

~
uSj

)♯
and Ku

− (t) = −Ku
+ (t)

♯
. (Where in the tracial case ♯ = †.)

We are going to consider the quantum feedback coherent control prob-

lem in which for simplicity we assume that control channels Jf are disjoint

to the set Je = Jw ∪ Jm of estimation channels. In this case the controlling

amplitude ζ (t) ∈ kf is orthogonal to the subspace ke = kw ⊕ km of obser-

vation channels, so the output equations (56), (57) are not affected by the

coherent control; this will simplify the optimal feedback control problem

which we solve by applying dynamical programming to coherent controlled

quantum states. The controlled posterior density operator ̺t
υ = ϕt−r

υ (r, ̺υ
r )

can then be obtained from the relevant uncontrolled filtering equation by

replacing only the drift map κ̃⋆ for κ̃û
⋆ as in (83) without changing the

fluctuating maps (76). So, we have a controlled time-dependent nonlinear

filtering dynamics ̺t
υ satisfying the Belavkin equation in the form, say (78)

or (80), in which the fluctuating part under the above coherent control

assumption is independent of u (t).

4.1. Dynamical programming of quantum states

In the search for optimal control inputs, it is desirable to allow the control to

be determined in terms of measurement results on the system, particularly

in the quantum setting where classical-quantum interfaces introduce an

inevitable stochastic nature. A feedback strategy ℓ = {ℓ (t)} consists of

measurable adapted maps ℓ (t) : Υt → U which give for each 0 ≤ t < T a

control law u (t, ω) = ℓ(t, υ) as a causal function of only the current and

previous output variables υ (t) = ve (r): r ∈ (0, t]. Thus, the control law ℓ (t)

is a B
t-adapted random vector variable ℓ (t, υ) in an admissible domain

U ⊆ Rdf on the probability space (Υ, B, P) of the output measurement

results, and it can be represented in the operator form as a vector-function

ℓ̂ (t) =

∫

Υt

ℓ(t, υ)I (dυ) ≡ ℓ(t, v̂e)

of the commuting output variables v̂e (r) = ye (r) ≡ v̂e (r), r ≤ t, having

the joint spectral measure I (∆) = 1∆ (ye) on (Υ, B).

Following the original formulation5,7,36 of quantum optimal control the-

ory, we assume that the quality of a control process on a quantum object
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over a finite period [r, T ) starting at t = r in a product state Rr = ̟r
v ⊗Qr

on the algebra Ar ≃ Ar
v⊗̄Nr is judged by the integral expectation

Jr(Rr, ℓr) =

∫ T

r

〈
Rr, Ĉ

(
t, ℓ̂ (t)

)〉
dt + 〈Rr, Ŝ (T )〉 . (85)

Here the operator-valued cost function Ĉ (t) of the law ℓ̂ (t) = ℓ (t, v̂e) is de-

fined by a measurable operator-valued positive cost function u → C (t,u) ∈
Ao on U and Ŝ (T ) is the terminal, or bequest cost, defined by a positive

self-adjoint operator S ∈ Ao evolved as

Ĉ

(
t, ℓ̂

)
:= αu

r (t, C(t, ℓ (t))) , Ŝ (T ) := αu
r (T, S) (86)

(Or by unbounded positive operators C(t,u), S affiliated to Ao.) An alter-

native problem of risk-sensitive control has also been studied by James54,55

where the cost is exponentiated to enforce higher penalties for undesirable

behavior such that it replaces by multiplicativity the additivity of the in-

tegral (85).

When a control law is in place, the output operators vj (t)U (t) =

U (t) xj (t), changed to yj (t)V (t) = V (t) vj (t), once again form a com-

muting family compatible with the future Heisenberg operators X̂ (t) =

β (t, X (t)) as it was pointed out in.11,14 This implies the existence (70) of

the posterior expectations

ǫ
t]
Cv

[
Ys
v,x

]
(υ) =

〈
ϑs

x

(
̺t

υ

)
, Ys

υ,x

〉
≡ Eυ

t

[〈
̺t+s

υ,x , Ys
υ,x

〉]
(87)

of Ys
v,x ∈ Ct

v⊗̄Ms
r with respect to the classical realization ve (r) , r ≤ t

of the output operators yt] for t > r. It is given by the posterior state

̺t
υ = ϕt

υ (r, ̺) as a solution of the general Belavkin equation (74) which

now has dependence on the chosen control law u (t) = ℓ (t, ve) through the

generator (84), and it does not really depend on yr] in the Markovian case

considered in.7 The existence of this conditional expectation permits the

following theorem which lies at the heart of quantum feedback control based

on the continuous observation. It allows to describe the expected cost-to-

go Jr(Rr, ℓr) by a classical expression for a truncated admissible strategy

ℓr ∈ Lr when starting in an arbitrary state ̺r
υ = ̺ at time r.

Theorem 4.1. The expectation (85) of the operator valued costs (86)

when a feedback control law u (t, ω) = ℓ(t, υ, vr) on ω = (υ, vr), given

υ = {v (r) |r ≤ t}, is in operation can be written as a classical expectation

EP

[
Jve

r (̺r
ve

, ℓr)
]

with respect to the output probability measure P (dω) =
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pt
ωQ (dω) of the conditional expectation

Jυ
r (̺r

υ, ℓr) =

∫

Υr

Jω
r (̺ω, ℓr (ω))P (dω|υ) := Eυ

r [Jυ,x
r (̺υ,x, ℓr)], (88)

where x (ω) = vr ≡ vr (ω) and Jω
r and of the random cost-to-go function

Jω
r (̺ω, ℓr) =

∫ T

r

〈̺t
ω, C(ℓ(t, ω)〉dt + 〈̺T

ω , S〉. (89)

Here ̺t
ω = ϕt−r

ω (r, ̺) is the solution to the controlled filtering equation

corresponding to the chosen measurement processes xr = {xr (t) |t > r},
classically represented as vr = {vr (t) |t > r} for the feedback strategy ℓr

with the initial condition ̺r
ω = ̺ for all ω = (υ, vr).

Proof. Using the existence and state invariance of the conditional expecta-

tion and the classical isomorphism proved in the first Section, it is a straight

forward application of the formula (87) to X (t) = C (ℓ (t)) and X (T ) = S in

(85). We can write the expected cost as

Jr(̺, ℓr) =

∫ T

r

〈
̟r

x, Q
⋆
r

[
Ĉ

(
ℓ̂ (t) , t

)]〉
dt + 〈̟r

x,Q
⋆
r [S]〉

=

∫ T

r

〈
ϑt−r

v (̟r
x) , C (y (t))

〉
dt +

〈
ϑT−r

v (̟r
x) , S

〉

=

∫ T

r

∫

Υt

(〈
̟t

υ, C (ℓ (t, υ))
〉
dt +

〈
̟t

υ, S
〉)

Q (dυ)

=

∫ T

r

∫

Υt

(〈
̺t

υ, C (ℓ (t, υ))
〉
dt +

〈
̺t

υ, S
〉)

pt
υQ (dυ)

= EP

[∫ T

r

〈
̺t

υ, C (ℓ (t))
〉
dt +

〈
̺t

υ, S
〉
]

.

We denote the subspace of admissible operator-valued feedback control

segments ℓ
s
r on the interval [r, r + s) by L

s
r (Υ). Note that no measure-

ment results are available initially, so the initial control is deterministic,

ℓ (0, υ) = u (0), and also no controls are applied at the termination time T .

It is too restrictive to consider only continuous sample paths (ℓ(t, υ) : t > 0),

since, for example, a counting process {m (t)} certainly does not have con-

tinuous sample paths. Instead we give the following definition of an admis-

sible strategy.

Definition 4.1. An feedback control strategy ℓr (vr) = {ℓr (t, vr) |t > r}
determining for vr ∈ Υr the adapted control laws u (t, ω) = ℓ(t, υ, vr) is
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called admissible if it forms previsible sample paths {u (t, ω) |t > r} as left

continuous, having the right limits, realizing the values in a given constraint

sets U (t). Moreover, an admissible strategy ℓ
o
r shall be called optimal if it

realizes the infimum

S(t, ̺) = inf
ℓt∈Lt

EP

[
J

ve

t (̺t
ve

, ℓt)|̺
]

= Jr(̺, ℓo
t ) (90)

over the space Lr of admissible feedback control strategies, where Jr(̺, ℓr)

is the expected cost

EP

[
Jve

r (̺r
ve

, ℓr)|̺
]

=

∫

Υt

Jυ
r (̺, ℓr (υ))P̺ (dυ)

for the control process determined by the feedback strategy ℓr under the

condition ̺t
υ = ̺.

Thus, we can treat the quantum feedback control problem as a clas-

sical stochastic control problem on the space of quantum states as it was

first done by Belavkin in.7,11,14 Here, instead of repeating the derivation of

the corresponding Bellman equation for this special case, we will use the

following result. It is essentially an application of the corresponding classi-

cal stochastic control separation lemma to the case of quantum state-valued

stochastic controlled processes, and the detailed proof specified for this case

can be found in.42

Theorem 4.2. Suppose that S(t, ̺) is a functional continuously differen-

tiable in t, has continuous Frèchet derivatives of all order with respect to ̺

and satisfies

inf
u∈U(t)

{
〈̺t

υ, C (u)〉 + EP

[
d

dt
S(t, ̺t

x)|Bt

]
(υ)

}
= 0. (91)

for all 0 < t < T and S(T, ̺) = 〈̺, S〉 for all ̺ ∈ s (Ao). Suppose also

that ℓ
o
r is the strategy built from the control laws attaining these minima

fro t > r within admissible control values, then S(r, ̺) is the function which

minimizes (88) under the condition ̺r
υ = ̺ and ℓ

o
r is the optimal strategy

for the control problem on (r, T ).a

Sketch proof. Let {ℓ (t)}, {̺t
υ} be any control and state trajectories re-

sulting from an admissible strategy ℓr and the state ̺r
υ = ̺, then from (91),

a
Additional technical assumptions and mathematical rigour are required to formalise the

proof of this theorem when dealing with unbounded operators which is beyond the scope

of this paper. See recommended texts e.g.
41,56

for a formal classical treatment.
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we have the inequality

〈̺t
υ, C(ℓ (t, υ))〉 + E

[
d

dt
S(t, ̺t

x)|Bt

]
(υ) ≥ 0

which we integrate over [r, T ] and take the expectation to obtain due to

convexity

E

[∫ T

r

〈̺t
x, C(ℓ (t))〉dt + S(T, ̺T

x ) − S(r, ̺)

]
≥ 0

Since we have ̺r
x = ̺, we can rearrange and use the terminal condition to

obtain

S(r, ̺) ≤ E

[∫ T

r

〈̺t
x, C(ℓ (t))〉dt + 〈̺T

x , S〉
]

= Jr(̺, ℓ).

with equality when ℓr = ℓ
o
r and so the lower bound S(r, ̺) is attained,

proving optimality of ℓ
o
r.

A choice of controlled filtering equation is required to determine the

stochastic trajectories ̺t
x along which to differentiate candidate solutions.

The next two sections are concerned with the examples of feedback con-

trol with respect to continuous measurements of the diffusive process(
y0

j : j ∈ Jw

)
and the counting process

(
y1

j : j ∈ Jm

)
respectively.

4.2. Quantum state Bellman equations

First let us introduce notations of differential calculus on the quantum state

space s (Ao) ⊂ Ao
⋆. Let F = F [·] be a (nonlinear) scalar function ̺ 7→ F [̺]

on s (Ao), then we say it admits a (Frèchet) derivative if there exists an

Ao-valued function ∇̺F [·] on Ao
⋆ such that

lim
h→0

1

h
{F [· + hϕ] − F [·]} = 〈ϕ,∇̺F [·]〉 = (ϕ,∇̺F [·]) (92)

for each ϕ = ϕ† ∈ Ao
⋆. In the same spirit, a Hessian ∇⊗2

̺ ≡ ∇̺ ⊗∇̺ can be

defined as a mapping from the functions F onto the Ao⊗̄2
sym-valued functions,

via

lim
h,h′→0

1

hh′
{F [· + hϕ + h′ϕ′] − F [· + hϕ] − F [· + h′ϕ′] + F [·]}

= 〈ϕ ⊗ ϕ′,∇̺ ⊗∇̺F [·]〉 , (93)

and we say that the function F is twice continuously differentiable whenever

∇⊗2
̺ F [·] exists and is continuous in the uniform topology of Ao

⋆.
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4.2.1. Diffusive Bellman equation

We have the Itô rule dv0
i dv0

k = δikIdt with i, k ∈ Je = Jw for the increments

of diffusive processes v0
j = wj which have the expectations

Eu
t [dv0

j (t) |Bt] (υ) = 〈̺t
υ, 2 Re (Lj) (υ)〉dt,

so using the classical Itô formula for the diffusive process v0
j we can show

for any ̺ = ̺t
υ

Eu
t [

d

dt
S(t, ̺)|Bt] =

∂

∂t
S(t, ̺) + 〈κ̃u

⋆ (̺) ,∇̺S(t, ̺)〉

+
1

2

∑

j∈Jw

〈κ̃j
0(̺) ⊗ κ̃

j
0(̺),∇⊗2

̺ S(t, ̺)〉
(94)

where ∇̺S ∈ Ao denotes Frèchet derivative with respect to ̺ ∈ Ao
⋆, and

∇⊗2
̺ S ∈ Ao⊗̄Ao denotes Hessian applied to S. Observing ∂

∂tS(t, ̺) is inde-

pendent of u leads to the following corollary.

Corollary 4.1. Suppose there exists a function S(t, ̺) which is contin-

uously differentiable in t, has continuous first and second order Frèchet

derivatives with respect to ̺ and satisfies the following Bellman equation

− ∂

∂t
S(t, ̺) = inf

u∈U

{
〈̺, C(u)〉 + 〈κ̃u

⋆ (̺) , [∇̺S(t, ̺)]〉
}

(95)

+
1

2

∑

j

〈κ̃j
0(̺) ⊗ κ̃

j
0(̺),∇⊗2

̺ S(t, ̺)〉

for all t > 0, ̺ ∈ s (Ao) with the terminal condition S(T, ̺) = 〈̺, S〉. Then

the strategy ℓ
o (t, vw) = u

o (t, ̺t
υ) built from the control laws

u
o (t, ̺) = arg inf

u∈U

{
〈̺, C(u)〉 + 〈κ̃u

⋆ ,∇̺S(t, ̺)〉
}

(96)

for 0 ≤ t < T is optimal for the feedback control problem based on diffusive

output measurements.

Note that the last line in (95) defines the Laplace operator

△0S (̺) =
∑

j∈Jw

〈
κ̃

j
0 (̺) ⊗ κ̃

j
0 (̺) ,∇⊗2

̺ S(t, ̺)
〉

in the quantum state ‘coordinates’ ̺ ∈ Ao
⋆ as the sufficient coordinates from

the preadjoint space of the algebra Ao.
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4.2.2. Counting Bellman equation

We have the Itô rules dv1
i dv1

k = δj
i δ

j
kdv1

j for the increments of the counting

processes v1
j = mj , j ∈ Je = Jm which have the expectations

Eu
t [dv1

j |Bt] (υ) = 〈̺t
υ, Mj (t) − I〉dt,

where Mj = (I + Lj) (I + Lj)
†
, so using Itô formula for the counting pro-

cesses vt
j we can show for any ̺ = ̺t

υ

Eu
t [

d

dt
S(t, ̺)|Bt] =

∂

∂t
S(t, ̺) + 〈κ̃u

⋆ (̺) ,∇̺S(t, ̺)〉

+
1

2
△1S (t, ̺) .

(97)

It is written similar to the diffusive case using the Feller Laplassian

△1S (t, ̺) = 2
∑

j∈Jm

〈̺, Mj (t)〉
(
S

(
t, ς̃j (̺)

)
−

(
1 +

〈
κ̃

j
1 (̺) ,∇̺

〉)
S (t, ̺)

)
,

where κ̃
j
1 (̺) = ς̃j (̺) − ̺. It has formal Taylor expansion

△j
1S (t, ̺) = 2

∞∑

n=2

1

n!
〈̺, Mj (t)〉

〈
κ̃

j
1 (̺)

⊗n
,∇⊗n

̺ S (t, ̺)
〉

in terms of the higher order Frèchet derivatives ∇⊗n
̺ starting from the

Hessian ∇⊗2
̺ = ∇̺ ⊗ ∇̺ determining the usual Laplace operator for the

diffusive approximation of this counting measurement case.

Let us introduce the Pontryagin’s ‘Hamiltonian’ in the ‘coordinates’

Q (̺) = ̺0 − ̺ and ‘momenta’ P ∈ Ao as the Legendre-Fenchel transform

H (Q, P) = sup
u∈U

{〈κ̃u
⋆ [Q] , P〉 − L (Q, u)}

of the ‘Lagrangian’ L (Q, u) = 〈̺0 − Q, C (u)〉, where ̺0 = Q − ̺ is any

stationary element ̺0 = ̺†0 in Ao
⋆ such that κ̃u

⋆ (̺0) = 0 for any u ∈ U (e.g.

̺0 = 0). Then one can write Bellman equation defining minimal expected

cost-to-go (90) as the action function in the compact Jacobi-Feller form for

ε = 1, unified with the diffusive case corresponding to ε = 0.

Corollary 4.2. Suppose there exists a function S(t, ̺) which is continu-

ously differentiable in t, has continuous first order Frèchet derivatives with

respect to ̺ and satisfies the following Bellman-Jacobi-Feller equation

− ∂

∂t
S(t, ̺) + H (Q (̺) ,∇̺S(t, ̺)) =

1

2
△j

ε S (t, ̺)
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for all t > 0, ̺ ∈ Ao
⋆ with the terminal condition S(T, ̺) = 〈̺, S〉. Then the

strategy ℓ
o (t, ve) = u

o (t, ̺t
υ) built from the control laws

u
o (t, ̺) = arg inf

u∈U

{
〈̺, C(u)〉 + 〈κ̃u

⋆ (̺) ,∇̺S(t, ̺)〉〉
}

(98)

is optimal for the feedback control problem based on counting output mea-

surements.

Thus we have shown that without loss in optimality, one can reformulate

the unobservable quantum feedback control problem into a feedback prob-

lem based on indirect QND measurements with feedback of the controlled

conditional density matrix. However, the corresponding Hamilton-Jacobi-

Bellman equation resulting from the minimization rarely has a regular so-

lution S(t, ̺) from which to construct the optimal feedback laws. We now

study a specific quantum filtering and feedback case where such a control

solution can be explicitly found, which is familiar as the only such example

in the classical case.

5. Linear Quantum Stochastic Dynamical System

Let so = (s1, . . . , sm) be the canonical self-adjoint operators si = s
†
i , i =

1, ...,m on the quantum object Hilbert space H o satisfying the canonical

commutation relations (CCRs)

[si, sk] := sisk − sisi = i~jikI
o, (99)

and so (t) = It ⊗ so ⊗ It be their representation on Ht = Gt ⊗Ho ⊗Ft. Here

jik = −jki = j∗ik are the real elements of antisymmetric matrix j = (jik)

defining the CCR for the operator row-vector so = (sj) in the matrix form

as [s⊺
o , so] = i~jI. Usually j is the standard symplectic matrix j

⊺ = j
−1, but

we may assume that j is nonstandard or even degenerate in order to include

also the commuting (classical) random variables into so = (s1, . . . , sm) as it

is in the case of odd m. It is worth remarking at this point that the noncom-

muting operators si are secondary commuting (in the sense of commutativ-

ity with all the commutants (99)), and therefore they must be unbounded

generators of the object W*-algebra Ao.

We couple the open quantum system to de = |Je| estimation (side)

channels with linear combinations Lj =
∑

i λjisi indexed by a subset Je ⊆
{1, . . . , d}, given by a complex-valued de×m matrix λe = (λij) with λij = 0

for i /∈ Je. At the output the channel, we perform a measurement of the

preoutput process of operator row-vectors

ve (t) = 2 Re
[
A−

e (t)
]

= (v1, . . . , vd) (t)
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given by the output operators yj (t) = v̂j with j ∈ Je, where 2 Re
[
A+

j

]
=

A+
j + Aj

− is the canonical vacuum representation of the standard indepen-

dent Wiener processes xj = wj and v̂j (t) = β (t, vj (t)) is defined by a

controlled QS dynamics β (t, Z) = V (t) ZV (t)
†

to be specified. The sys-

tem is also coupled to df = |Jf | feedback (input) channels by the operators

Kj = L†
j as linear combinations of (sj), given by the row Lf = soλ

⊺
f of oper-

ators Lj , j ∈ Jf for a complex-valued df×m matrix λf = (λij) with λij = 0

for i /∈ Jf , and we apply a control strategy ℓ (ve) as a row u = (uj)j∈Jf

representing an adapted stochastic processes uj (t) = ℓj

(
t, v

t]
e

)
with real-

values uj (t, υ). Both matrices λe, λf may depend on t, but they are always

orthogonal such that λ
†
λ = λ

†
eλe + λ

†
fλf , where λ = λe + λf and λ

† is

transposed to complex conjugated matrix λ
∗ =

(
λ∗

ij

)
.

Let the free dynamics of the quantum system be described by a

quadratic Hamiltonian Ho = 1
2 soωs⊺

o for a real symmetric m × m matrix

ω. We now separate the controlling amplitude u (t) bfdt in the additive su-

perposition with the control noise ~ Im
(
dA+

◦

)
bf coming from the feedback

channel given by the matrix bf = 2 Re λf on the row u = (ujI)j∈Jf
, so that

the Hamiltonian in (51) is modelled by

Hu (t) =
1

2
soωs⊺

o + u (t) bf s⊺
o . (100)

Using CCR’s (99) and assuming that the QS dynamics is purely diffusive

and nondemolition (no scattering, Si
k = Iδi

k in (33 with J• = J), we can

easily evaluate the controlled Lindblad generator κu (t, si) on the generating

operators si = s†i for controlled CP dynamics µu
0 (t,X) on the object algebra

Ao, arising from time dependent quadratic Hamiltonian (100). Substituting

Y = sj into the decomposed generator (51) with linear Lj in sj and zero

jump part, ρµ
ν (Y) = 0, we obtain κu (t, si) as linear transformation of

so = (si) written in vector form as

κu (t, s⊺
o) = j(ω + ~ Im

(
λ
†
λ

)
)s⊺

o − cfu (t)
⊺

where c
⊺
f = bfj. From this, we can obtain the coherent controlled quantum

Langevin equation (37) for X̆ = si with J
t
X̆

= si1, given by the QS germ

γ (t) = β̊ (t+) for the Heisenberg controlled evolution of the row-operator

ŝo (t) = β (t, so) in the linear form

dŝt
o +

(
ŝo (t)a⊺ + û (t) c

⊺
f

)
dt = dwt

o (101)

derived in.24 Here a
⊺ = (~ Im(λ⊺

λ
∗) + ω)j for λ = λe + λf , the feedback

control is given by the row û = (ûj)j∈Jf
of Heisenberg operators ûj (t) =
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β (t, yj (t)) defined by a control law y (t) = (yj)j∈Jf
= ℓ (t, ve), with the

total quantum noise wo = I⊗ wo given by

wo := 2~ Im
[
A+

• λ
]
j = uo + vo, (102)

where uo = u•c
⊺ is total Langevin force and vo = v•f

⊺ is total Wiener

noise given by left action of matrices

c
⊺ = 2Re λj, f

⊺ = ~ Im λj, (103)

on rows u• = ~ Im
(
A+

1 , . . . ,A+
d

)
, v• = 2 Re

(
A+

1 , . . . ,A+
d

)
of all quantum

Langevin forces and all conjugate Wiener noises respectively, coming both

from the estimation and feedback channels.

5.1. Quantum linear continuous observation

The output observable process is given by the row ye = (yj)j∈Je
of observ-

ables yj (t) = β (t, vj) ≡ v̂j (t) in estimation channel. It satisfies the linear

in ŝo (t) equation (56):

dyt
e = ŝo (t) b

⊺
edt + dvt

e (104)

where be = 2 Re λe and the quantum measurement noise is given by the row

ve = (vj)j∈Je
of vj = Io ⊗ vj having Gaussian independent increments on

each measurement channel with zero mean and standard variance given by

de×de identity matrix 1e. Considered alone, this noise represents the stan-

dard de-dimensional classical Wiener process which we measure in the field

after interaction with the quantum object by the output isomorphic trans-

formation ye (t) = v̂e (t) of ve = 2Re A+
e . However, it does not commute

with the quantum Langevin force uo as

[u⊺
o (r) , ve (s)] = (r ∧ s) i~ceI, (105)

due to the noncommutativity with ve = (vj)j∈Je
and commutativity with

uf = ~ Im

[
A+

f

]
, resulting form the independence of A+

f =
(
A+

j

)
j∈Jf

. The

fundamental CCR (105), defined by nonzero (if j 6= 0) matrix c
⊺
e = bej,

was first derived in a complex form in5,6 and in even more general infinite

dimensional setting in.24 It expresses the Heisenberg error-perturbation un-

certainty principle in the standard form

du⊺
oduo ≥ ~2

4
cec

⊺
e Idt if dv⊺

edve = Iedt (106)

(Ie = 1eI), which was derived by Belavkin in6,24 as necessary and sufficient

condition for nondemolition causality of the observable past (ye (r) : r ≤ t)

and quantum future described by (ŝo (r) : r ≥ t).
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The error-perturbation Heisenberg principle implies the dependence of

ve and wo = uo + vo which may result in a nonzero covariance matrix

fe = ~j Im
(
λ
†
e

)
describing the real part of quantum Itô table

dw⊺
odve =

(
fe +

i~

2
ce

)
Idt (107)

as the sum of du⊺
odve = i~

2 cedt and dv⊺
odve = fedt. Note that although

each component wj = w†
j of the row wo = (w1, . . . ,wm) for vector quantum

noise (102) having the independent increments can also be realized as a

classical Wiener process, these components mutually do not commute, hav-

ing complex multiplication table dw⊺
odwo = ~2

λ
†
λdt with imaginary part

defining the commutation relations

[w⊺
o (r) , wo (s)] = (r ∧ s) 2i~2

j
⊺ Im

(
λ
†
λ

)
jI.

The symmetrized multiplication Re [dw⊺
odwo] = ~2 Re

[
λ
†
λ

]
dt results in

the symmetric covariance

Re 〈w⊺
o (r)wo (s)〉 = (r ∧ s) ~2

j
⊺ Re

(
λ
†
λ

)
j

⊺

defined by λ
†
λ = λ

†
eλe + λ

†
fλf . It can be parametrized as f

⊺
efe + g with

positive matrix

g =
~2

4
cec

⊺
e + ~2

j
⊺ Re

(
λ
†
fλf

)
j (108)

implying the error-perturbation uncertainty relation

Re [dw⊺
odwo] ≥

(
f

⊺
efe +

~2

4
cec

⊺
e

)
Idt

in terms of the total perturbative noise (102) in the linear Langevin equation

(101) with respect to the standard normalized error noise in estimation

channel (104).

5.2. Quantum stochastic Gaussian filtering

Let us denote by ro = (ri) the initial mean vector 〈so〉 of the canonical

operator-row so = (si) by the component wise expectations ri = 〈̺, si〉 and

by Ξ the symmetric matrix

Ξ :=

(
1

2
〈̺, sisk + sksi〉 − rirk

)
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of real covariances Ξik = Re〈̺, sisk〉−rirk. Note that a quantum Gaussian

state, like in the classical case, is completely determined by the row-vector

ro and the matrix Ξ = (Ξik), however, given an antisymmetric matrix j, the

matrix Ξ should not be just positive-definite, it must satisfy the Heisenberg

uncertainty relation 2Ξ ≥ ±i~j, preventing zero covariances in the case of

nondegenerate j.

As it was shown by Belavkin in11,40 and in infinite dimensions in,24 the

filtering equation (78) preserves the Gaussianity of the posterior state,24 so

the posterior mean ŝo (t) = 〈̺t
x, so〉 of so = It ⊗ so and the posterior matrix

Σ (t) of symmetric error covariances given by the real part of
〈
̺t
x,

(
si − ŝt

i

) (
sk − ŝt

k

)〉
= 〈̺t

x, sisk〉 − ŝt
iŝ

t
k

form a set of sufficient coordinates for the quantum LQG system which

agree with the initial mean and covariance for ̺0
x = ̺. Applying (78) to

the first and second symmetrized moments of so, provides posterior ex-

pectations of these sufficient coordinates for diffusive non-demolition mea-

surement of the output operators ye. These can be found as solutions to

Belavkin’s Kalman filter equation6,24 written in vector form as

dŝt
o + (ŝo (t)a⊺ + û (t) c

⊺
f )dt = dỹt

ek
⊺ (t) (109)

with initial condition ŝ0
o = ro for the posterior mean,

k(t) = Σ(t)b⊺
e + fe, dỹt

e = dyt
e − ŝo (t) b

⊺
edt (110)

and for the symmetric error covariance we have

d

dt
Σ = g − Σa

⊺
e − aeΣ − Σb

⊺
ebeΣ, (111)

ae = a + febe, Σ(0) = Ξ. (112)

6. Optimal Quantum LQG Feedback Control

We aim to control an output QS linear evolution zf (t) = β (t, yf ) of a df -

dimensional linear combination yf = soe
⊺
f , where ef is a real, in general

time dependent df × m matrix, represented in the Heisenberg picture as

a row zf = ŝoe
⊺
f = (zj)j∈Jf

by forcing each classical input process uj (t)

to follow the quantum output zj (t) causally controlled by the feedback

force {u (r) |r ≤ t} whilst constraining, for energy considerations, a positive

quadratic functional of phase space operators ŝo (t) = β (t, so). Thus, our

control objectives and restraints can be described by the general quadratic

operator-valued risk (85) in the canonical form

C(u) = (u − yf ) (u − yf )
⊺

+ sohs⊺
o (113)
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and S = soΩs⊺
o for positive real symmetric m × m matrices Ω,h.

Since the posterior expectation ŝo (t) and symmetric covariance Σ (t)

completely determine the quantum Gaussian posterior state ̺t
x, they form

a set of sufficient coordinates, ro = ŝo (t) and Ξ = Σ (t). So we may consider

the variations of S(t, ̺) only with respect to r and Ξ by partial derivatives

of S(t, ro,Ξ)

〈δ̺,∇̺S(t, ̺)〉

+
1

2
〈δ̺ ⊗ δ̺,∇⊗2

̺ S(t, ̺)〉
=

dro∂
⊺
o S(t, ro,Ξ) +

(
∂ooS(t, ro,Ξ), dΞ

)

+
1

2

(
∂⊺
o ∂oS(t, ro,Ξ), dr⊺

odro

)
.

We use the notation (·, ·) to denote the matrix trace inner product(
d, f

)
= Tr[d⊺

f ] on the vector space of matrix configurations for the multi-

dimensional system. This gives the directional derivatives along drj and

dΞik as linear functions of the column ∂⊺
o S of partial derivatives ∂iS =

∂S/∂ri and the matrices

∂ooS =

(
∂

∂Ξik
S

)
, ∂⊺

o ∂oS =

(
∂

∂ri

∂

∂rk
S

)

which are evaluated at (ŝo (t) ,Σ (t)).

Inserting this parametrization into the Bellman equation (95) and min-

imizing gives the optimal control strategy

ℓ̂ (t) =
1

2
∂oS (t, ŝo (t) ,Σ (t)) c + ŝo (t)e

⊺
f (114)

where S(t, ro,Ξ) at ro = ŝo (t), Ξ = Σ (t) now satisfies the non-linear partial

differential equation

− ∂
∂tS(t, ro,Ξ) = 1

2 (roa
⊺∂⊺

o S + ∂oSar⊺
o ) + rohr⊺

o

+ 〈∂ooS, g − aΞ + Ξa
⊺〉 + (h,Ξ)

−( 1
2∂oSc + roe

⊺
f )( 1

2∂oSc + roe
⊺
f )⊺

+ 1
2 (∂⊺

o ∂oS − ∂ooS, (Ξb
⊺ + fe)(Ξb

⊺ + fe)
⊺)

(115)

which is the Hamilton-Jacobi-Bellman equation for this example.

6.1. The microduality of quantum LQG problem

It is well known from classical control theory that LQG control has a min-

imum cost-to-go which is quadratic in the state, so we try the candidate

solution

S(t, ro,Ξ) = roΩ(t)r⊺
o + (Ω(t),Ξ) + s(t)
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in the HJB equation (115). This separates the HJB equation into a set

of coupled ordinary differential equations and gives the optimal feedback

control strategy

û (t) = ŝo (t) l
⊺(t), l

⊺(t) = Ω(t)cf + e
⊺
f (116)

which is linear in the solution ŝo to the filtering equation at time t where

Ω(t) satisfies the matrix Riccati equation

− d

dt
Ω = h − Ωaf − a

⊺
fΩ − Ωcfc

⊺
fΩ (117)

af = a + cfef , Ω(T ) = Ω

and the function s(t) with s(T ) = 0 is given by

− d

dt
s(t) =

(
(Ω(t)cf + e

⊺
f )(Ω(t)cf + e

⊺
f )⊺,Σ(t)

)
+ (Ω(t), g) .

Integrating this we obtain the total minimal cost for the control experiment

S(0, ro,Ξ) = roΩ0r
⊺
o + Tr[Ω0Σ0] +

∫ T

0

Tr[Ω(t)g]dt (118)

+

∫ T

0

Tr[(Ω(t)cf+e
⊺
f )⊺

Σ(t)(Ω(t)cf+e
⊺
f )]dt

where Σ0 = Ξ and Ω0 is the solution to (117) at time t = 0.

The equations (110)-(111) and (116)-(117) demonstrate the intrinsic du-

ality between optimal quantum linear filtering and optimal classical linear

control, which we call microduality. To make this duality more transparent

let us introduce real matrices e and f defining the matrices fe and ef

in (103) and (113) by ej = f
⊺
e and efj = f

⊺, similar to bj = c
⊺
e and

bfj = c
⊺ in terms of the estimation and feedback channel matrices b = be

and c = cf . Then the microduality can be summarized in the table

Filt aj bj ej k (T − t) g (T − t) Σ (T − t)

Con ja
⊺

c
⊺

f
⊺

jl
⊺ (t) jh (t) j

⊺
jΩ (t) j

⊺ (119)

in which the duality notations are made in filtering-control alphabetical

order (b,c), (e,f), (g,h) and (k,l) and if the matrices a, b,e depend on t,

they should be also taken at t⊺ = T − t for the duality with a
⊺, c⊺,f⊺ eval-

uated at t. This allows us to formulate and solve the dual classical control

problem given the solution to quantum filtering problem with dual param-

eters. The microduality can be understood when we examine the nature

of each of the methods used. Both methods involve the minimization of a

quadratic function for linear, Gaussian systems, (i.e. the least squares error
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for filtering and the quadratic cost for control). The time reversal in the

dual picture is explained by the interchange of the input (feedback) and

the output (estimation) channels together with the linear canonical trans-

formation given by the symplectic matrix j. Note that e = ~ Im λe, and

g must be Hermitian-positive, satisfying the relation (108) due to Heisen-

berg uncertainty relation corresponding to the error-perturbation CCR’s

[du
⊺
o , dve] = i~cedtI in the Itô multiplication table (107). In order to com-

plete this filtering-control microduality we may also set f
⊺ = ~ Im λfj to

have the relation between e and f similar to the duality of b = 2 Re λe and

c
⊺ = 2 Re λ

∗
fj, and also assume that matrix h is also Hermitian-positive,

satisfying

h = (~/2)
2
b

⊺
fbf + ~2 Re

(
λ
†
eλe

)
, (120)

where bf = 2 Im λf . Note that although the condition (120) is not a re-

quirement in this classical-quantum setting, in which only positivity of the

combination h + e
⊺
fef suffices.

6.2. Example: Quantum particle feedback control

We can now apply the obtained results to demonstrate optimal quantum

filtering and optimal feedback control and their microduality on the model

example considered in the introduction. The optimal estimates of the quan-

tum particle position and momentum based on the nondemolition observa-

tion of free controlled quantum particle via the continuous measurement of

ye when a control strategy û (t) = ℓ
(
t, yt]

)
is in place are given by quantum

Kalman filter (109) in the form of a pair of the linear stochastic equations

dq̂t + q̂ (t) λdt =
1

µ
p̂ (t) dt + (βσq (t) − ε) dỹt

e (121)

dp̂t + p̂ (t) λdt = γû (t) dt + βσqp (t) dỹt
e. (122)

with q̂ (0) = rqI, p̂ (t) = rpI (They were originally derived in11,38 in the

absence of a control channel γ = 0.) Here the estimation innovation process

~ye describes the gain of information due to measurement of the output

process ye given by dỹt
e = dyt

e − βq̂ (t) dt, and the error covariances satisfy

the Riccati equations

d
dtσq = ζq + 2

(
1
µσqp + σqδ

)
− (βσq)

2

d
dtσqp = 1

µσp − (λ − δ)σqp − β2σqσqp
d
dtσp = ζp − 2λσp − (βσp)

2,

(123)
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where we denote δ = 1
2 (βε − ϕγ), with initial conditions

σq (0) = σq, σqp (0) = σqp, σp (0) = σp.

The Riccati equations for the error covariance in the filtered free particle

dynamics have an exact solution38 with profound implications for the ulti-

mate quantum limit satisfying the Heisenberg uncertainty relations for the

accuracy of optimal quantum state estimation via the continuous indirect

quantum particle coordinate measurement.

The dual optimal control problem can be found by identifying the cor-

responding dual matrices from the table (119) which give the quantum

control parameters of the quadratic cost operators

C(u) = (uI− y)
2

+ ηqq
2 + ηpp

2, (124)

S = ωqq
2 + ωqp(pq + qp) + ωpp

2

corresponding to the dual output process given by y = ϕp. For the linear

Gaussian system (116) gives the optimal control strategy

û (t) = (ωpq (t) p̂ (t) + ωp (t) q̂ (t))γ (125)

where the coefficients ω (t) are the solutions to the Riccati equations

− d
dtωq (t) = ηq − 2λσq − (γσq)

2

− d
dtωqp (t) = 1

µωq − (λ + δ) ωqp − γ2ωpωqp

− d
dtωp (t) = ηp + 2

(
1
µωqp − ωpδ

)
− (γωp)

2

(126)

with the terminal conditions

ωp (T ) = ωp, ωqp (T ) = ωqp, ωq (T ) = ωq.

Note that as seen in this example the microduality table (119) requires

not only an identification of the dual matrices by transposition and time

reversal, but also symplectic interchange the quantum phase variables

(q, p) ↔ (p, q). This is because the matrix of coefficients a is non-symmetric

and nilpotent, so it is dual to its transpose only when we interchange the

variables in the dual picture. Thus the optimal coefficients {ωp, ωqp, ωq} (t)

in the quadratic cost-to-go correspond to the minimal error covariances

{σq, σqp, σp} (T − t) in the dual picture. This demonstrates the linear mi-

croduality in the following specified form of the table (119)

Filtering q λ − µ−1 β ε j
⊺
k gj Σj

Control p λ − µ−1 γ ϕ l
⊺

jh jΩ
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showing the complete symmetry under the time reversal and exchange of

(q, p), in which the coordinate observation is seen as completely dual to the

feedback of momentum.

The minimal total cost for this linear quantum feedback experiment on

the interval [0, T ] can be obtained by substitution of these solutions into

(118):

S = ωq(σq (0) + r2
q) + 2ωqp(σqp (0) + rqrp)

+ωp (0) (σp (0) + r2
p) +

∫ T

0
(~2ωp (t) + ω2

pq (t) σq (t))dt

+
∫ T

0
(ω2

p (t)σp (t) + 2ωqp (t) ωp (t)σpq (t))dt.

(127)

7. Discussion

The Bellman equations for quantum systems having separate diffusive and

counting measurement schemes have been derived in continuous time under

a general setup. This presents original derivations of the results stated in11

(a derivation of the diffusive case has also appeared in62) and allows us to

reformulate the optimal control problem for a fundamentally unobservable

quantum system into a classical control problem on the Banach space of

observable filtered states.

The multi-dimensional quantum LQG problem demonstrates the first

application of the general quantum Bellman equation from which one can

obtain the special cases of the Gaussian quantum oscillator36 and quantum

free particle.38 Note that the fundamental difference between this exam-

ple and the corresponding well studied classical case is in the observabil-

ity of the system. The quantum noises introduced act only to account for

the quantum backaction due to the incompatibility of quantum events. No

further restrictions on the observability or additional classical noise are

introduced. As such, the corresponding classical problem (when ~ → 0)

admits direct observations of commuting operators ŝo (t) = so (t) for a de-

terministic classical system and has an optimal direct feedback strategy

u (t) = so (t) l (t) and the minimal cost S(0, so) = soΩ0s
⊺
o . Also this exam-

ple clearly demonstrates the micro duality between quantum linear filtering

and classical feedback control as a more elaborated duality involving also

the linear symplectic transformation j.

During the publication of this paper, there have appeared a number

of recent works on quantum filtering and feedback control by Bouten et

al.42–44 (See also in this volume.)
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8. Appendix

8.1. A. Some definitions and facts on W*-algebras

(1) A complex Banach algebra A with involution a 7→ a∗ such that

‖a∗a‖ = ‖a‖2
is called C*-algebra, and W*-algebra if it is dual to a

linear subspace L ⊆ A⋆ (called preadjoint of A = L⋆ if it is closed,

denoted as L = A⋆). They all can be realized as operator algebras

A = {A : H → H} on a complex Hilbert space H with involution given

by the Hermitian conjugation A 7→ A†, and an operator W*-algebra

is called von Neumann algebra if its unit is the identity operator I in

H. The simplest example of W*-algebra is the von Neumann algebra

B (H) of all bounded operators acting in a complex Hilbert space H.

A von Neumann algebra A is called semisimple if H has an orthogonal

decomposition into invariant subspaces Hi in which A is A (Hi). Note

that the commutant

A′ = {B ∈ B (H) | [A,B] = 0} ,

where [A, B] = {AB − BA|A ∈ A}, is a von Neumann algebra which is

semisimple iff it is commutant of an Abelian algebra A.

(2) Let {ri} (or {Ai}) be a family of self-adjoint operators (operator alge-

bras Ai, i ∈ I) acting in H, e.g. orthoprojectors P2
i = Pi = P†

i . The

W*-algebra generated by this family is defined as the smallest weakly

closed self-adjoint sub-algebra A ⊆ A (H) containing these operators

(the algebras Ai, A = ∨Ai), or their spectral projectors P∆ ∈ A if ri

are unbounded in H. (In the latter case ri ⊢ A, i.e. affiliated with A.)

Such A has an identity I, and if I is identified with identity operator,

it consists of all bounded operators that commute with the bounded

commutant B = ∩i {ri}′(or with B = ∩iA′
i), i.e., it is the second com-

mutant A = {ri|i ∈ I}′′ = B′ of the family {ri}. The latter can be

taken as the definition of the von Neumann algebra Cr generated by

the family {ri}.
(3) A (normal) state on a von Neumann algebra A is defined as a linear

ultraweakly continuous functional ǫ : A → C of expectations ǫ [A] sat-

isfying the positivity and normalization conditions ǫ [A] ≥ 0, ∀A ≧ 0,

ǫ [I] = 1. (A ≧ 0 signifies the Hermit positivity 〈ψ | Aψ〉 ≧ 0 ∀ψ ∈ H.)

It is usually given by a Hermitian-positive trace-one operator R as

ǫ [A] := tr [RA] ≡ 〈R, A〉1, and is called vector state if ǫ [A] = 〈ψ | Aψ〉
corresponding to R = |ψ〉〈ψ| ≡ Pψ. The linear span of all normal states

is isometric with the preadjoint space A⋆ which can be identified with

the space of density operators R ∈ A (or affiliated to A: R ⊢ A) with re-
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spect to a standard pairing 〈A⋆,A〉 extending a real symmetric densely

defined form

〈X, Z〉 = 〈X, Z〉 , 〈X, Z〉∗ =
〈
X†, Z†

〉
∀X,Z ∈ D (128)

(A⋆ is isometric to the space B⋆ (H) of all trace class operators R with

respect to the standard trace tr = TrH only in the simple case A =

B (H).)

(4) If A ⊆ A (H), the density R of a state ǫ [X] = 〈R, A〉 may not be a

trace class operator, but it is uniquely defined by a Hermitian-positive

mass one element, 〈R, I〉 = 1, affiliated to A. For semifinite algebras

one can always choose a tracial pairing such that 〈AX,Z〉 = 〈X,ZA〉
for all A ∈ A. For the general W*-algebra A there might be no such

tracial pairing, but there is always a standard modular pairing,
〈
X, ZA†

〉
=

〈
A♯X,Z

〉
∀A ∈ A, X, Z ∈ D. (129)

The antilinear map A 7→ A♯ into the left multipliers of A⋆ is densely

defined as an involution A♯♯ = A in the algebra A. The modular super-

operator δ (A) = A♯♭ is given by the adjoint (right) involution A♭ = A†♯†

with respect to the Hermitian form (X|Z) =
〈
X†, Z

〉
. Usually the pair-

ing 〈R,A〉 is determined on a dense domain in A by a reference state

or by a normal faithful semifinite weight µ [A] = 〈I,A〉 such that the

density R is related to µ by

〈R, A〉 := µ
[
Aδ

1
2 (R)

]
≡ ǫ [A] ,

where δ
1
2 (R) = R♯†. In this case (Y|Y) ≥ 0 for any Y ∈ D, but in

general the form (Y|Y) may be defined by an indefinite metric on D. If

the algebra A is semifinite (i.e. there exists a faithful normal semi-finite

trace A 7→ trA ≡ µ [A] on A), then the normal states can be described

by positive selfadjoint unit-trace operators R ∈ A (or R ⊢ A), by means

of the tracial pairing 〈R, A〉 = µ [AR].

(5) Let A, B be von Neumann algebras in respective Hilbert spaces H0

and H1, and let φ : B → A be a linear map that transforms the op-

erators B ∈ B into operators A ∈ A (called sometimes superopera-

tor, or operation). The preadjoint map Φ = φ⋆ := φ⋆|A⋆ in terms of

(φ⋆ (R) | B) = (R | φ (B)) to ultraweakly continuous superoperator is

called transfer map if φ is completely positive (CP) in the sense

∞∑

i,k=1

〈
ψi | φ

(
B†

iBk

)
ψk

〉
≧ 0, ∀Bj , ψj (130)
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(i = 1, . . . , de < ∞), and unity-preserving: φ (I1) = I0 (or φ (I1) ≤ I0).

The CP condition is obviously satisfied if φ is normal homomorphism

(or W*-representation)  : A → A, which is defined by the addi-

tional multiplicativity property 
(
B†B

)
=  (B)

†
 (B). The composition

Φ [R] (B) = 〈R, φ (B)〉µ of a transfer map Φ with any state R ∈ s (A) is

a state S ∈ s (B) described by the preadjoint action of the superoperator

φ = Φ⋆ on R:

〈R, φ (B)〉 = 〈φ⋆ (R) ,B〉 ,∀B ∈ B, R ∈ A⋆.

A transfer map Φ is called spatial if

Φ⋆ (B) = FBF† , or Φ (R) = F⋆RF†
⋆, (131)

where F is a linear coisometric operator H1 → H0, FF† = I0 (or

FI1F
† ≤ I0) called the propagator and F⋆ = F♯. Every transfer map

is in the closed convex hull of spatial transfer maps, but there might

be no extreme point in this hull.

8.2. B. Quantum stochastic calculus in Fock space

(1) Guichardet Fock space F s
t = Γ (Es

t ) over the space Es
t = L2(Is

t ) of

square integrable complex functions ξ (r) on the interval Is
t = (t, t +

s] is built as the Hilbert sum ⊕∞
n=0En of the spaces En = L2(Γn) of

square integrable functions gn : τ ∈ Γn 7→ C of finite chains τ =

{t1 < . . . < tn} ⊂ Is
t for all n = 0, 1, . . .. Here g0 (∅) = c is a constant

corresponding to only one – empty chain τ0 = ∅ of Γ0, with c = 1

for the vacuum vector state gn = δn
0 . It is L2 (Γ (Is

t )), where Γ (Is
t ) is

disjoint union
∑∞

n=0 Γn (Is
t ) of the n-simplices Γn (Is

t ). The integration

on Γ is assumed over the Lebesgues sum dτ =
∑

dτn of measures

dτn = dt1 . . .dtn on the simplices Γn of chains τn : |τn| = n with the

only atom dτ0 = 1 at Γ0 = {∅} such that

∞∑

n=0

∫

Γn

∥∥ξ⊗n (τn)
∥∥2

dτn = exp

[∫ ∞

0

‖ξ (t)‖2
dt

]

for the exponential vector-functions ξ⊗n (τn) = ξ (t1) · · · ξ (tn) given by

a single-point function ξ ∈ E . It is isomorphic to both usual Fock spaces

⊕∞
n=0E±

n of symmetric and antisymmetric functions gn (r1, . . . , rn) ex-

tending g (τn) on (Is
t )

n
with respect to the measure (n!)

−1
dr1 · · ·drn.

Fock space is infinitely divisible in the multiplicative sense F r+s
t−r ≃

F r
t−r ⊗ F s

t for any r, s > 0, which is a reflection of the additive di-

visibility Er+s
t−r ≃ Er

t−r ⊕ Es
t of L2

(
Ir+s
t−r

)
. The generalization to the
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multiple Fock-Guichardet case over the space Es
t = L2 (Is

t → k) of

vector-valued functions ξ (t) in a Hilbert space k (say, of columns

ξ =
(
ξj : j ∈ J

)
) is straight forward and can be found in.10,25 All

properties remain the same, and the only difference is that F t
0 is

not L2-space of scalar-valued functions g on Γ but is Hilbert inte-

gral
∫ ⊕

τ∈Γ(Is
t )
K (τ) dτ of K (τ) = k

⊗|τ | ≡ Kn, which is the Hilbert sum

of spaces L2 (Γn → Kn) = k⊗|τ | ⊗ L2 (Γn) of square integrable tensor-

valued functions f : Γn (Is
t ) → k⊗n.

(2) Four basic integrators A+
−, A◦

−, A+
◦ and A◦

◦ of the universal quantum

stochastic (QS) calculus10,25 are operator-valued measures Aν
µ (I) of

preservation, annihilation, creation and exchange respectively. They de-

fine the basic QS integrals of the total QS integral as sum-integral

i
t
0 (K) =

∑

µ=−,◦;ν=◦,+

∫ t

0

Kµ
ν (r)Aν

µ (dr) (132)

of four basic integrands K−
+, K−

◦ , K◦
+ and K◦

◦ as measurable operator-

valued functions Kµ
ν (r) in F by the following explicit formulas:

[
i
t
0 (K)

+
−

]
g (τ) =

∫ t

0

[K (r) g] (τ) dr, (133)

[
i
t
0 (K)

◦
−

]
g (τ) =

∫ t

0

[K (r) g̊ (r)] (τ) dr, (134)

[
i
t
0 (K)

+
◦ g

]
(τ) =

∑

r∈τ(t)

[K (r) g] (τ\r) , (135)

[
i
t
0 (K)

◦
◦

]
g (τ) =

∑

r∈τ(t)

[K (r) g̊ (r)] (τ\r) . (136)

Here [̊g (r)] (τ) = g (r ⊔ τ), where r ⊔ τ is union of disjoint τ ∈ Γ and

r /∈ τ , τ\r is difference of τ and a singleton r ≡ {r} ⊆ τ and τ (t) =

τ ∩ [0, t). The functions K (r) should be Lp-integrable in a uniform

operator topology,10,25 with p = 2/ |s (ν) − s (µ)| = 1, 2,∞ defined by

the signature s (∓) = ∓1 and s (◦) = 0 of the indices µ, ν corresponding

to K = Kµ
ν . Note that these definitions do not assume adaptedness of

the integrands Kµ
ν (r) with respect to the algebras At

0 = A (F t
0) as

they generalize Hitsuda-Skorochod extended stochastic integral. The

multiple version of this explicit QS-integration is straight forward if

one indicates by index value ◦ a block indexed by j ∈ J , with values,

say, in {0, 1, . . . , d}, for all of which we set the signature s (j) = 0, and it

can be found also in10,25 as an nonadapted version of the Parthasarathy

calculus58 based on the coherent vectors.
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(3) Itô rule (17) for QS integrals V (t) = V (0) + it0 (K) with adapted four-

integrand K = [Kµ
ν ] is based on the noncommutative Itô table (18)

defined in terms of the matrix product

KL
⋆ =





0 K−
◦ K−

+

0 K◦
◦ K◦

+

0 0 0









0 L◦†
+ L−†

+

0 L◦†
◦ L−†

◦

0 0 0





(137)

with involution L⋆µ
−ν = Lν†

−µ in the standard matrix representation

K (t) = {Kµ
ν (t)}µ=−,◦,+

ν=−,◦,+ of the integrands forming a noncommutative

Itô ⋆-algebra,10,25 where we set Kµ
− = 0 = K+

ν . This rule was derived

in51 for simple bounded integrands, and therefore can not be rigorously

applied for multiple integration of QS equations except the special iso-

metric case. In the general form presented here the QS Itô formula

was proved for unbounded integrands in21 where it was also extended

to nonadapted integrands. The functional noncommutative Itô formula

was also obtained in the pseudo-Poisson form as

df (V (t)) =
(
f

(
V̊

(
t+

))
− f (V (t))1

)µ

ν
Aν

µ (dt) . (138)

Here 1 is unit matrix {δµ
ν} indexed by µ, ν ∈ {−, J,+} with V ⊗ 1

denoted for any operator V simply as V1 ≡ V, and V̊ (t+) = J
t
V is the

right QS germ34 of the QS integral V (t) which is given as the matrix

sum J
t
V = {Vδµ

ν + Kµ
ν}µ=−,◦,+

ν=−,◦,+ ≡ V + K at each t by the quadruple

K (t) = [Kµ
ν (t)] of the QS derivatives Kµ

ν (t). (The summation conven-

tion over µ, ν = −, ◦, + is applied.) Using this formula the HP differen-

tial conditions (35) for the QS unitarity of a QS interaction evolution

U (t) were obtained as pseudo-unitarity condition in terms of the germ

Ů (t+) = U (t)S (t). Also the QS differential conditions of complete

positivity, contractivity and projectivity were found in34,35 respectively

as conditions for complete pseudo-positivity, pseudo-contractivity and

pseudo-projectivity of the corresponding QS germs V̊ (t+).

(4) Using quantum Itô formula, the general QS evolution equation was ob-

tained in32,33 for QS density operators Rt ⊢ At], defining normal states

〈Rt, B〉 evolved by a QS completely positive cocycle φs
⋆ (t) : Rt 7→ Rt+s

on an increasing family
(
At]

)
of W*-algebras At

0⊗̄Ao on the Hilbert

space F t
0 ⊗ Ho. It has the generalized form of the linear QS master

equation

dR = (Cι
νRC⋆ν

κ − Rδι
κ) dAκ

ι , R0 = ̺ ⊗ I0 (139)
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Here C = I + L = {Cµ
ν} is an adapted triangular bock-operator with

C−
− = I = C+

+ defining the germ V̊t+ = VtC (t) for the QS evolu-

tion equation dV = VLµ
νdAν

µ with Lµ
ν = 0 if µ = + or ν = − for

the adapted Vt (which is not assumed to be isometric). In the case of

martingale normalization condition S−
ι S⋆ι

+ = O in terms of left adjoint

operators Sµ
−ν = Cν♯

−µ with respect to a standard Hermitian pairing

(Ao
⋆|Ao) this equation describes QS object-output entangling process.

It evolves an initial state R0 = ̺ onto a QS state Rt satisfying normal-

ization 〈(Rt | I) , I0〉∅ = 1 = (̺ | I) with respect to the modular pairing

〈R, B〉∅ =
〈
R∗δ∅ | Bδ∅

〉
on an input algebra A0 with the faithful vac-

uum vector δ∅ = 0⊗. This is the most general QS equation preserving

complete positivity and normalization in the martingale sense. Denot-

ing K−
ι = −C−

ι ≡ Kι such that C⋆ι
+ = −K†

ι , it can be written32,35

as

dR + 2 Re
[
KιRdAι

−

]
=


∑

j

Cj
κRCj†

ι − Rδι
κ


dAκ

ι . (140)

More explicitly this generalized Belavkin equation can be written in

terms of K = K+, Li
+ = Ci

+ ≡ Li such that Cj†
+ = Lj† as

dRt +


2 Re [KRt] −

∑

j

LjRLj†


dt

=
∑

k

2 Re





∑

j

Cj
kRtL

j† − KkRt


 dAk

−




+
∑

ik


∑

j

Cj
kRtC

j†
i − Rtδ

i
k


 dAk

i .

The martingale normalization condition can be written as

K + K† +
∑

i

LiL
†
i = 0

in terms of left adjoint K,Li to −L, Li such that L = −K♯, Li = L♯
i

(K = −L†
+, Li = L†

i in the case of trace pairing) for any number of

i’s, and arbitrary Ki, Ci
k, i, k = 1, . . . , d. This is a QS generalization of

Lindblad equation57 which is given by the generator (48) corresponding

to the deterministic case d = 0.
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It is well known that quantum continuous observations and nonlinear filtering

can be developed within the framework of the quantum stochastic calculus

of Hudson-Parthasarathy. The addition of real-time feedback control has been

discussed by many authors, but the foundations of the theory still appear

to be relatively undeveloped. Here we introduce the notion of a controlled

quantum flow, where feedback is taken into account by allowing the coefficients

of the quantum stochastic differential equation to be adapted processes in the

observation algebra. We then prove a separation theorem for quantum control:

the admissible control that minimizes a given cost function is a memoryless

function of the filter, provided that the associated Bellman equation has a

sufficiently regular solution. Along the way we obtain results on existence and

uniqueness of the solutions of controlled quantum filtering equations and on

the innovations problem in the quantum setting.

Keywords: Quantum stochastic control, quantum filtering, controlled quantum

flow, separation theorem.

1. Introduction

Quantum feedback control is a branch of stochastic control theory that takes

into account the inherent uncertainty in quantum systems. Though quan-

tum stochastic control was first investigated in the 1980s in the pioneering

papers of Belavkin1,2 it is only recently that this has become a feasible

technology, as demonstrated by recent laboratory experiments in quantum

optics3,4. On the other hand, modern computing and sensing technology are

rapidly reaching a level of miniaturization and sensitivity at which inher-

ent quantum uncertainties can no longer be neglected. The development

of control theoretic machinery for the design of devices that are robust in

presence of quantum uncertainty could thus have important implications
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for a future generation of precision technology.

Though not as mature as their classical counterparts, mathematical

tools for quantum stochastic analysis have been extensively developed over

the last two decades following the introduction of quantum stochastic cal-

culus by Hudson and Parthasarathy5. Quantum stochastic differential equa-

tions are known to provide accurate Markov models of realistic quantum

systems, particularly the atomic-optical systems used in quantum optics,

and continuous-time optical measurements are also accurately described

within this framework. Furthermore, nonlinear filtering theory for quantum

systems has been extensively developed6–8 and provides a suitable notion of

conditioning for quantum systems. Nonetheless the theory of quantum con-

trol is still very much in its infancy, and despite the large body of literature

on classical stochastic control only a few rigorous results are available in

the quantum case. Our goal here is to make a first step in this direction by

proving a quantum version of a simple but important theorem in classical

control theory: a separation theorem for optimal stochastic controls.

To set the stage for the remainder of the article, let us demonstrate

the idea with a simple (but important) example. We consider an atom

in interaction with the vacuum electromagnetic field; the atom can emit

photons into the field, and we allow ourselves to control the strength of a

fixed atomic Hamiltonian. The system dynamics is given by the quantum

stochastic differential equation (QSDE)

djt(X) = u(t) jt(i[H, X]) dt + jt(L[X]) dt + jt([X, L]) dA∗
t + jt([L

∗, X]) dAt

where jt(X) denotes the atomic observable X at time t, and for now u(t) is

a deterministic control (i.e. an open loop control). If we perform homodyne

detection in the field, we observe the stochastic process Yt given by

dYt = jt(L + L∗) dt + dA∗
t + dAt.

We now have a system-observation pair as in classical stochastic control.

Inspired by results in classical control theory, we begin by finding a recursive

equation for πt(X) = P(jt(X)|Yt), the conditional expectation of the atomic

observable X at time t, given the observations Ys up to time t. One obtains

the nonlinear filter

dπt(X) = u(t)πt(i[H, X]) dt + πt(L[X]) dt

+ (πt(XL + L∗X) − πt(L + L∗)πt(X)) (dYt − πt(L + L∗) dt).

A crucial property of the conditional expectation is that the expectation of

πt(X) equals the expectation of jt(X), i.e. P(πt(X)) = P(jt(X)). Suppose
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we pose as our control goal the preparation of an atomic state with particu-

lar properties, e.g. we wish to find a control u(t) such that after a long time

P(jt(X)) = Pf (X) for some target state Pf . Then it is sufficient to design a

control that obeys this property for the filter πt(X). The advantage of using

the filter is that πt(X) is only a function of the observations, and hence is

always accessible to us, unlike jt(X) which is not directly observable. This

approach was taken e.g. in9,10.

We immediately run into technical problems, however, as we have as-

sumed in the derivation of the filtering equation that u(t) is a deterministic

function whereas state preparation generally requires the use of a feedback

control. One can of course simply replace the deterministic function u(t) in

the filter with some (feedback) function of the observation history, which

is the approach generally taken in the literature, but does this new equa-

tion actually correspond to the associated controlled quantum system? The

first issue that we resolve in this paper is to show that if u(t) is replaced

by some function of the observation history in the equation for jt(X), then

the associated filtering equation corresponds precisely (as expected) to the

open loop filtering equation obtained without feedback where the control

u(t) is replaced by the same function of the observations.

The separation of the feedback control strategy into a filtering step and

a control step, as suggested above, is a desirable situation, as the filter

can be calculated recursively and hence the control strategy is not difficult

to implement. It is not obvious, however, that such a separation is always

possible. Rather than taking state preparation as the control objective,

consider the optimal control problem in which the control goal is to find

a control strategy that minimizes a suitably chosen cost function. This is

a common choice in control theory, and in general the cost function can

even be expressed in terms of the nonlinear filter. However, it is not at

all obvious that the optimal control at time t only depends on πt(X); in

principle, the control could depend on the entire past history of the filter

or even on some aspect of the observation process that is not captured

by the filtering equation! The implementation of such a control would be

awkward, as it would require the controller to have sufficient memory to

store the entire observations history and enough resources to calculate an

appropriate functional thereof.

Optimal control problems are often approached through the method of

dynamic programming, which provides a candidate control strategy in sep-

arated form. We will show that if we can find a separated control strategy

that satisfies the dynamic programming equations, then this strategy is in-
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deed optimal even with respect to all non-separated strategies. Thus the

fortunate conclusion is that even in the case of optimal controls we gen-

erally do not need to worry about non-separated control strategies. This

establishes a foundation for the separation principle of quantum control,

by which we mean that as a rule of thumb the design of quantum feedback

controls can be reduced to a separate filtering step and a control step.

On the technical side, our treatment of quantum filtering proceeds by

means of the reference probability approach8 which is inspired by the ap-

proach of Zakai11 in classical nonlinear filtering. Our treatment of the sep-

aration theorem is directly inspired by the classic papers of Wonham12

and Segall13. A fully technical account of the results in this article will be

presented in14, and we apologize to the reader for the liberally sprinkled

references to that paper. Here we will mostly neglect domain issues and

similar technicalities, while we focus our attention on demonstrating the

results announced above.

This paper is organized as follows. In section 2 we briefly recall some of

the basic ideas of quantum probability theory, and we develop the reference

probability approach to quantum filtering without feedback. In section 3 we

introduce the notion of a controlled quantum flow and show that for such

models the controlled filter takes the expected form. In section 4 we convert

the filtering equations into classical stochastic differential equations and

study their sample path properties; as a corollary, we obtain some results

on the innovations problem. Finally, in section 5 we introduce the optimal

control problem and prove a separation theorem.

2. Quantum probability and filtering

The purpose of this section is to briefly remind the reader of the basic

ideas underlying quantum probability and filtering. For a more thorough

introduction we refer to8 and the references therein.

A quantum probability space (A, P) consists of a von Neumann alge-

bra A, defined on some underlying Hilbert space H , and a normal state

P. If A is commutative then this definition is essentially identical to the

usual definition in classical probability theory: indeed, the spectral theo-

rem then guarantees that for some measure space (Ω, Σ, µ) there exists a
∗-isomorphism ι : A → L∞(Ω,Σ, µ) such that P(A) = EP(ι(A)) for all

A ∈ A, where EP denotes the expectation w.r.t. the probability measure

P ≪ µ.a Thus any self-adjoint element of A represents a bounded random

a
We will also denote the

∗
-isomorphism as ι : (A, P) → L∞

(Ω, Σ, µ,P); this means that
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variable (observable). In quantum models A is noncommutative, but in each

realization we are only allowed to measure a commuting set of observables

which generate a commutative von Neumann algebra C. Hence if we fix a

set of (commuting) observations to be performed in every realization of the

experiment, then many computations reduce to classical probability theory.

To define conditional expectations in quantum probability, we simply

“pull back” the associated notion from classical probability theory:

Definition 2.1 (Conditional expectation). Let (A, P) be a quantum

probability space and C ⊂ A be a commutative von Neumann algebra.

Define the commutant C′ = {A ∈ A : AC = CA ∀C ∈ C}. The map

P(·|C) : C′ → C is called (a version of) the conditional expectation onto C if

P(P(A|C)C) = P(AC) for all A ∈ C′, C ∈ C.

Let us clarify the statement that this is nothing more than a clas-

sical conditional expectation. Let A ∈ C′ be self-adjoint; then CA =

vN(A, C), the von Neumann algebra generated by A and C, is a com-

mutative algebra, and the spectral theorem gives a ∗-isomorphism ιA to

some L∞(ΩA, ΣA, µA,PA). But then we can simply calculate the clas-

sical conditional expectation and pull it back to the algebra: P(A|C) =

ι−1
A (EPA

(ιA(A)|σ(ιA(C)))). This is in fact identical to Definition 2.1, and

can be extended to any A by writing is as B+iC where B, C are self-adjoint.

The definition we have given is less general than the usual definition15.

In particular, we only allow conditioning onto a commutative algebra C
from its commutant C′. For statistical inference purposes (filtering) this is

in fact sufficient: we wish to condition on the set of measurements made

in a single realization of an experiment, hence they must commute; and

it only makes sense to condition observables that are compatible with the

observations already made, otherwise the conditional statistics would not be

detectable by any experiment. Definition 2.1 has the additional advantage

that existence, uniqueness, and all the basic properties can be proved by

elementary means8.

We list some of the most important properties of the conditional ex-

pectation: it exists, is a.s. unique (the difference between any two ver-

sions is zero with unit probability), and satisfies the least-squares property

|||A − P(A|C)||| ≤ |||A − C|||, |||X|||2 = P(X∗X) for all C ∈ C. Moreover

we have (up to a.s. equivalence) linearity, positivity, invariance of the state

P(P(A|C)) = P(A), the module property P(AB|C) = B P(A|C) for B ∈ C,

the null sets are quotiented w.r.t. the measure µ, whereas P ≪ µ is the image of P.
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the tower property P(P(A|B)|C) = P(A|C) if C ⊂ B, etc. Finally, we have

the following Bayes-type formula:

Lemma 2.1 (Bayes formula
8
). Let (A, P) be a quantum probability

space and C ⊂ A be a commutative von Neumann algebra. Let V ∈ C′

be such that V ∗V > 0, P(V ∗V ) = 1. Then we can define a new state on C′

by Q(A) = P(V ∗AV ) and Q(X|C) = P(V ∗XV |C) / P(V ∗V |C) for X ∈ C′.

Up to this point we have only dealt with bounded operators. In the

framework of quantum stochastic calculus, however, we unavoidably have

to deal with unbounded operators that are affiliated to, not elements of,

the various algebras mentioned above. As announced in the introduction,

we largely forgo this issue here and we claim that all the results above (and

below) can be extended to a sufficiently large class of unbounded operators.

We refer to14 for a complete treatment.

Let us now introduce a class of quantum models that we will consider

in this paper. The model consists of an initial system, defined on a finite-

dimensional Hilbert space H0, in interaction with an external (e.g. electro-

magnetic) field that lives on the usual Boson Fock space Γ = Γs(L
2([0, T ])).

We will always work on a finite time horizon [0, T ] and we have restricted

ourselves for simplicity to a single channel in the field (the case of multiple

channels presents no significant complications; it can be treated in the same

manner on a case by case basis8. A completely general theory can also be

set up, e.g.6, but the required notations seem unnecessarily complicated.)

Throughout we place ourselves on the quantum probability space (A, P)

where A = B ⊗W, B = B(H0), W = B(Γ), and P = ρ ⊗ φ for some state

ρ on B and the vacuum state φ on W. We will use the standard notation

Γt] = Γs(L
2([0, t])), Wt] = B(Γt]), etc. For f ∈ L2([0, T ]) we denote by

e(f) ∈ Γ the corresponding exponential vector, by Φ = e(0) the vacuum

vector, and by At, A∗
t and Λt the fundamental noises. The reader is referred

to5,16–18 for background on quantum stochastic calculus.

For the time being we will not consider feedback control—we extend

to this case in section 3. Without feedback, the interaction between the

initial system and the field is given by the unitary solution of the Hudson-

Parthasarathy QSDE

Ut = I +

∫ t

0

LsUs dA∗
s −

∫ t

0

L∗
sSsUs dAs

+

∫ t

0

(Ss − I)Us dΛs −
∫ t

0

(iHs + 1
2L∗

sLs)Us ds.



212 L. Bouten & R. van Handel

Here Lt, St and Ht are bounded processes of operators in B, St is unitary

and Ht is self-adjoint. Without external controls the processes will usually

be chosen to be time-independent, or we can imagine that e.g. the Hamil-

tonian Ht = u(t)H is modulated by some deterministic (open loop) scalar

control u(t). In addition we specify an output noise that will be measured

in the field; it takes the general form

Zt =

∫ t

0

λs dΛs +

∫ t

0

αs dA∗
s +

∫ t

0

α∗
s dAs

where λ : [0, T ] → R and α : [0, T ] → C are bounded scalar functions.

Together Ut and Zt provide a full description of a filtering problem: any

initial system observable X ∈ B is given at time t by the flow jt(X) =

U∗
t XUt, whereas the observation process that appears on our detector is

given by Yt = U∗
t ZtUt. Using the quantum Itô rules, we obtain the explicit

expressions

djt(X) = jt(i[Ht, X] + L∗
t XLt − 1

2{L
∗
t LtX + XL∗

t Lt}) dt

+ jt(S
∗
t [X, Lt]) dA∗

t + jt([L
∗
t , X]St) dAt + jt(S

∗
t XSt − X) dΛt, (1)

dYt = λt dΛt + jt (S∗
t (αt + λtLt)) dA∗

t + jt ((α∗
t + λtL

∗
t )St) dAt

+ jt (λtL
∗
t Lt + α∗

t Lt + αtL
∗
t ) dt. (2)

This “system-theoretic” description in terms of the system-observations

pair (1) and (2) is closest in spirit to the usual description of filtering and

control problems in classical control theory. We will not explicitly use this

representation, however.

We now turn to the filtering problem, i.e. the problem of finding an

explicit representation for the conditional state πt(X) = P(jt(X)|Yt), X ∈
B, where Yt = vN(Ys : 0 ≤ s ≤ t) is the von Neumann algebra generated

by the observations up to time t. Before we can go down this road we must

prove that πt(X) is in fact well defined according to Definition 2.1. This is

guaranteed by the following proposition.

Proposition 2.1 (Nondemolition property). The observation process

Yt satisfies the self-nondemolition condition, i.e. Yt is commutative for all

t ∈ [0, T ], and is nondemolition with respect to the flow, i.e. jt(X) ∈ Y ′
t for

all X ∈ B and t ∈ [0, T ].

Proof. Let Zt = vN(Zs : 0 ≤ s ≤ t). We begin by showing that Zt is a
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commutative algebra for all t ∈ [0, T ]. To this end, define

Z(c, d) =

∫ T

0

cs dΛs +

∫ T

0

ds dA∗
s +

∫ T

0

d∗
s dAs

so that Zt = Z(λχ[0,t], αχ[0,t]). Using the quantum Itô rules, we obtain

[Z(C,D), Z(c, d)] =
∫ T

0

(Csds − csDs) dA∗
s +

∫ T

0

(D∗
scs − d∗

sCs) dAs +

∫ T

0

(D∗
sds − d∗sDs) dt.

But then we obtain [Zt, Zt′ ] = 0 for all t, t′ ∈ [0, T ] by setting

Cs = λsχ[0,t](s), cs = λsχ[0,t′](s), Ds = αsχ[0,t](s), ds = αsχ[0,t′](s).

We conclude that the process Zt generates a commutative algebra.

Next, we claim that U∗
s ZsUs = U∗

t ZsUt for all s ≤ t ∈ [0, T ]. To see this,

let E ∈ Zs be an arbitrary projection operator in the range of the spectral

measure of Zs. Using the quantum Itô formula, we obtain

jt(E) = js(E) +

∫ t

s

jσ(i[Hσ, E] + L∗
σELσ − 1

2{L
∗
σLσE + EL∗

σLσ}) dσ

+

∫ t

s

jσ(S∗
σ[E, Lσ]) dA∗

σ +

∫ t

s

jσ([L∗
σ, E]Sσ) dAσ +

∫ t

s

jσ(S∗
σESσ−E) dΛσ

where jt(X) = U∗
t XUt. But by construction E commutes with all

Hσ, Lσ, Sσ, hence we obtain jt(E) = js(E). As this holds for all spectral

projections E of Zs, the assertion follows. We conclude that Yt = U∗
T ZtUT

for all t ∈ [0, T ]. But then Yt = U∗
TZtUT , and as Zt is commutative Yt

must be as well.

It remains to prove the nondemolition condition. To this end, note that

jt(X) ∈ U∗
t BUt and Yt = U∗

t ZtUt. But Zt consists of elements in W, which

clearly commute with every element in B. The result follows directly.

To obtain an explicit representation for the filtering equation we are

inspired by the classical reference probability method of Zakai11. The idea

of Zakai is to introduce a change of measure such that under the new

(reference) measure the observation process is independent of the system

observables, which significantly simplifies the calculation of conditional ex-

pectations. The Bayes formula relates the conditional expectations under

the reference measure and the true measure. We will follow a similar route

and make use of the quantum Bayes formula of Lemma 2.1. The main

difficulty is the choice of an appropriate change of measure operator V .
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In the classical reference probability method the change of measure is

obtained from Girsanov’s theorem. Unfortunately, there is no satisfactory

noncommutative analog of the Girsanov theorem; even though Girsanov-

like expressions can be obtained, they do not give rise to a change of state

that lies in the commutant of the observations as required by Lemma 2.1.

A different naive choice would be something like R(X) = P(UT XU∗
T ), so

that Yt under R has the same statistics as the martingale Zt under P, but

once again UT does not commute with the observations. However, the latter

idea (in a slightly modified form) can be “fixed” to work: starting from a

change of state that is the solution of a QSDE, we can modify the QSDE

somewhat so that the resulting solution still defines the same state but has

the desired properties. This trick appears to have originated in a paper by

Holevo19. We state it here in the following form.

Lemma 2.2. Let Ct, Dt, Ft, Gt, C̃t, F̃t be bounded processes, and let

dVt = {Ct dΛt + Dt dA∗
t + Ft dAt + Gt dt}Vt,

dṼt = {C̃t dΛt + Dt dA∗
t + F̃t dAt + Gt dt}Ṽt, V0 = Ṽ0.

Then P(V ∗
t XVt) = P(Ṽ ∗

t XṼt) for all X ∈ B ⊗W.

Proof. As any state ρ on B is a convex combination of vector states, it is

sufficient to prove the Lemma for any vector state ρ(B) = 〈v, Bv〉, v ∈ H0.

Hence it suffices to prove that 〈Vt v⊗Φ, XVt v⊗Φ〉 = 〈Ṽt v⊗Φ, XṼt v⊗Φ〉
for any X ∈ B ⊗W and v ∈ H0, as P = ρ ⊗ φ. But clearly this would be

implied by Vt v ⊗ Φ = Ṽt v ⊗ Φ ∀v ∈ H0. Let us prove that this is in fact

the case.

As all the coefficients of the QSDE for Vt, Ṽt are bounded processes both

Vt and Ṽt have unique solutions. Consider the quantity

‖(Vt − Ṽt) v ⊗ Φ‖2 = 〈(Vt − Ṽt) v ⊗ Φ, (Vt − Ṽt) v ⊗ Φ〉.

Using the quantum Itô rule we obtain (see e.g.17)

‖(Vt − Ṽt) v ⊗ Φ‖2 =

∫ t

0

〈(Vs − Ṽs) v ⊗ Φ, (Gs + G∗
s)(Vs − Ṽs) v ⊗ Φ〉 ds

+

∫ t

0

〈Ds(Vs − Ṽs) v ⊗ Φ, Ds(Vs − Ṽs) v ⊗ Φ〉 ds.

Note that the last integrand can be expressed as

‖Ds(Vs − Ṽs) v ⊗ Φ‖2 ≤
[

sup
t∈[0,T ]

‖Dt‖2

]
‖(Vs − Ṽs) v ⊗ Φ‖2.
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To deal with the first integrand, note that Gs +G∗
s are self-adjoint bounded

operators. Denote by G+
s the positive part of Gs+G∗

s, and by K+
s the square

root of G+
s (i.e. G+

s = K+∗
s K+

s ). Then

〈(Vs − Ṽs) v ⊗ Φ, (Gs + G∗
s)(Vs − Ṽs) v ⊗ Φ〉 ≤ ‖K+

s (Vs − Ṽs) v ⊗ Φ‖2.

But as Gs + G∗
s is a bounded process, so is K+

s and we have

‖K+
s (Vs − Ṽs) v ⊗ Φ‖2 ≤

[
sup

t∈[0,T ]

‖K+
t ‖2

]
‖(Vs − Ṽs) v ⊗ Φ‖2.

Thus we obtain

‖(Vt − Ṽt) v ⊗ Φ‖2 ≤ C

∫ t

0

‖(Vs − Ṽs) v ⊗ Φ‖2 ds

were by boundedness of Dt and K+
t

C = sup
t∈[0,T ]

‖K+
t ‖2 + sup

t∈[0,T ]

‖Dt‖2 < ∞.

But then by Gronwall’s lemma ‖(Vt − Ṽt) v ⊗ Φ‖ = 0, and the Lemma is

proved.

We are now in the position to prove the main filtering theorem: a quan-

tum version of the Kallianpur-Striebel formula. We consider separately two

versions of the theorem for diffusive and counting observations, respectively

(but the former also covers some cases with counting observations if λt 6= 0.)

Theorem 2.1 (Kallianpur-Striebel formula, diffusive case).

Suppose that |αt| > 0 for all t ∈ [0, T ]. Let Vt be the solution of the QSDE

Vt = I +

∫ t

0

α−1
s LsVs (λs dΛs + αs dA∗

s + α∗
s dAs)−

∫ t

0

(iHs + 1
2L∗

sLs)Vs ds.

Then Vt is affiliated to Z ′
t for every t ∈ [0, T ], and we have the representa-

tion πt(X) = σt(X)/σt(I) with σt(X) = U∗
t P(V ∗

t XVt|Zt)Ut, X ∈ B.

Theorem 2.2 (Kallianpur-Striebel formula, counting case).

Suppose that |λt| > 0 for all t ∈ [0, T ]. Let Et be the solution of the QSDE

Et = I +

∫ t

0

λ−1
s Es {(1 − αs)dA∗

s − (1 − α∗
s)dAs}−

1

2

∫ t

0

λ−2
s |1−αs|2Es ds

and let Ct = E∗
t ZtEt, Ct = vN(Cs : 0 ≤ s ≤ t) = E∗

t ZtEt, so that

Ct = A∗
t + At +

∫ t

0

λs dΛs +

∫ t

0

λ−1
s (1 − |αs|2) ds.
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Define Vt as the solution of the QSDE

Vt = I +

∫ t

0

(Ls − λ−1
s (1 − αs))Vs (λs dΛs + dA∗

s + dAs)

−
∫ t

0

(iHs + 1
2L∗

sLs + 1
2λ−2

s |1 − αs|2 − λ−1
s (1 − α∗

s)Ls)Vs ds.

Then Vt is affiliated to C′
t for every t ∈ [0, T ], and we have the representation

πt(X) = σt(X)/σt(I) with σt(X) = U∗
t EtP(V ∗

t XVt|Ct)E
∗
t Ut, X ∈ B.

Proof of Theorem 2.1. We begin by using a general transformation prop-

erty of the quantum conditional expectation. Let U be a unitary opera-

tor and define a new state Q(X) = P(U∗XU). Then P(U∗XU |U∗CU) =

U∗Q(X|C)U provided that C is commutative and X ∈ C′. The statement is

easily verified by direct application of Definition 2.1. The reason we wish to

perform such a transformation is that in order to apply Lemma 2.2, it will

be more convenient if we condition with respect to Zt rather than Yt. From

this point on, we fix a t ∈ [0, T ] and define the new state Q(X) = P(U∗
t XUt).

Evidently πt(X) = U∗
t Q(X|Zt)Ut.

We would now like to apply Lemma 2.1 to Q(X|Zt). Note that by

Lemma 2.2 we obtain P(V ∗
t XVt) = P(U∗

t XUt) = Q(X). Moreover Vt is

affiliated to B ⊗ Zt ⊂ Z ′
t, as it is defined by a QSDE which is inte-

grated against Zt and has coefficients in B (this statement can be rigorously

verified by an approximation argument.) Hence by Lemma 2.1 we obtain

Q(X|Zt) = P(V ∗
t XVt|Zt)/P(V ∗

t Vt|Zt). The result follows immediately.

Proof of Theorem 2.2. The proof proceeds along the same lines as the

proof of Theorem 2.1, except that in order to apply Lemma 2.2 we must

make sure that the coefficient in front of dA∗
t in the output noise does not

vanish. To this end we perform an additional rotation by Et; the expres-

sion for Ct is obtained by direct application of the quantum Itô rules. If

we introduce the transformed state Q(X) = P(U∗
t EtXE∗

t Ut), we obtain

πt(X) = U∗
t EtQ(X|Ct)E

∗
t Ut for X ∈ B (we have used the fact that any

such X commutes with Et.) It remains to notice that P(V ∗
t XVt) = Q(X)

by Lemma 2.2 and by application of the quantum Itô rules to E∗
t Ut. The

statement of the Theorem follows from Lemma 2.1.

Now that we have the quantum Kallianpur-Striebel formulas, it is not

difficult to obtain a recursive representation of the filtering equations. Let

us demonstrate the procedure with Theorem 2.1. Using the quantum Itô
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rules, we can write

V ∗
t XVt = X +

∫ t

0

V ∗
s (i[Hs, X] + L∗

sXLs − 1
2{L

∗
sLsX + XL∗

sLs})Vs ds

+

∫ t

0

V ∗
s (α−1

s XLs + α−1∗
s L∗

sX + (α∗
sαs)

−1λsL
∗
sXLs)Vs dZt

for every X ∈ B (and we use the shortened notation dZt = λs dΛs+αs dA∗
s+

α∗
s dAs.) Taking the conditional expectation of both sides, we obtain

P(V ∗
t XVt − X|Zt) =
∫ t

0

P(V ∗
s (i[Hs, X] + L∗

sXLs − 1
2{L

∗
sLsX + XL∗

sLs})Vs|Zs) ds

+

∫ t

0

P(V ∗
s (α−1

s XLs + α−1∗
s L∗

sX + (α∗
sαs)

−1λsL
∗
sXLs)Vs|Zs) dZt,

where the fact that we can pull the conditional expectation into the integrals

can once again be verified by an approximation argument. It remains to

rotate the expression by Ut; we obtain directly

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs(α
−1
s XLs + α−1∗

s L∗
sX + (α∗

sαs)
−1λsL

∗
sXLs) dYt

where dYt is given by (2). This is the noncommutative counterpart of the

unnormalized filtering equation of classical nonlinear filtering theory. Ap-

plying a similar procedure to Theorem 2.2 yields an unnormalized filtering

equation for the counting case.

3. Controlled quantum flows and controlled filtering

In the previous section we considered a quantum system where the coeffi-

cients Ht, Lt, St were deterministic functions in B; for example, we consid-

ered the case where L, S were constant in time and where the Hamiltonian

Ht = u(t)H was modulated by a deterministic control. This gives rise to

a filtering equation, e.g. the unnormalized filtering equation that propa-

gates σt(·), which also depends deterministically on the control u(t). In a

feedback control scenario, however, we would like to adapt the controls in

real time based on the observations that have been accumulated; i.e., we

want to make u(t) a function of the observations Ys up to time t. We now

introduce the notion of a controlled QSDE, and show that this gives rise to

a controlled filtering equation of the same form as in the previous section.
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Definition 3.1 (Controlled quantum flow). Given

(1) an output noise Zt of the form

Zt =

∫ t

0

Ξs dΛs +

∫ t

0

Υs dA∗
s +

∫ t

0

Υ∗
s dAs

such that Ξt,Υt are adapted and affiliated to Zt = vN(Zs : 0 ≤ s ≤ t)

for every t ∈ [0, T ], Ξt is self-adjoint, and Zt is a commutative algebra;

(2) a controlled Hudson-Parthasarathy equation

Ut = I +

∫ t

0

LsUs dA∗
s −

∫ t

0

L∗
sSsUs dAs

+

∫ t

0

(Ss − I)Us dΛs −
∫ t

0

(iHs + 1
2L∗

sLs)Us ds

where Ht, Lt, St are affiliated to B ⊗ Zt for every t ∈ [0, T ],

the pair (jt, Yt), where jt(X) = U∗
t XUt (X ∈ B ⊗Zt) and Yt = U∗

t ZtUt, is

called a controlled quantum flow jt with observation process Yt.

To use this definition we must impose sufficient regularity conditions on

the various processes involved so that these are indeed well defined. From

this point onward we assume that Ξt, Υt, Ht, Lt, St are bounded measurable

processes, i.e.

sup
t∈[0,T ]

‖Ξt‖ < ∞, t 7→ Ξtψ is measurable ∀ψ ∈ H0 ⊗ Γ,

and similarly for the other processes. Under such assumptions (essentially

bounded control requirements) we can show14 that Zt is well defined and

that Ut has a unique unitary solution (see also17,20,21 for related results.)

Before we discuss filtering in the context of Definition 3.1, let us clarify

the significance of this definition. First, note that we can use the quantum

Itô rules to obtain the system-observations pair

djt(X) = jt(i[Ht, X] + L∗
t XLt − 1

2{L
∗
t LtX + XL∗

t Lt}) dt

+ jt(S
∗
t [X, Lt]) dA∗

t + jt([L
∗
t , X]St) dAt + jt(S

∗
t XSt − X) dΛt, (3)

dYt = Ξt dΛt + jt (S∗
t (Υt + ΞtLt)) dA∗

t + jt ((Υ∗
t + ΞtL

∗
t )St) dAt

+ jt (ΞtL
∗
t Lt + Υ∗

t Lt + ΥtL
∗
t ) dt, (4)

which is simply the controlled counterpart of (1), (2). The essential thing to

notice is that though the quantities Ht, Lt etc. that appear in the equation

for the flow Ut are affiliated to the output noise Zt, the quantities that
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appear in the system-observations model are in fact of the form jt(Ht),

etc., which are affiliated to the observations Yt. Our model is extremely

general and allows for any of the coefficients of the QSDE, and even the

measurement performed in the field, to be adapted in real time based on

the observed process. To illustrate the various types of control that are

typically used, we give the following examples.

Example 3.1 (Hamiltonian feedback). Consider the controlled flow

dUt = (L dA∗
t − L∗ dAt − 1

2L∗Ldt − iut(Zs≤t)H dt) Ut, Zt = At + A∗
t .

That is, we have chosen St = 0, fixed L,H ∈ B, H = H∗, and ut(Zs≤t) is

a bounded (real) scalar function of the output noise up to time t. This gives

the system-observation pair

djt(X) = jt([X, L]) dA∗
t + jt([L

∗, X]) dAt

+ jt(L
∗XL − 1

2 (L∗LX + XL∗L)) dt + ut(Ys≤t) jt(i[H, X]) dt

and dYt = dAt + dA∗
t + jt(L + L∗) dt, where we have pulled the control

outside jt. This scenario corresponds to a fixed system-probe interaction,

measurement and system Hamiltonian, where we allow ourselves to feed

back some function of the observation history to modulate the strength of

the Hamiltonian; see e.g.9.

Example 3.2 (Coherent feedback). The controlled quantum flow

dUt = ((L + ut(Zs≤t)I) dA∗
t − (L∗ + ut(Zs≤t)

∗I) dAt

− 1
2 (L∗L + ut(Zs≤t)

∗ut(Zs≤t)I + 2ut(Zs≤t)L
∗) dt)Ut,

where Zt = At + A∗
t , describes an initial system driven by a field in a

coherent state, where we modulate the coherent state amplitude through

the bounded (complex) control ut(Zs≤t)
22. As in the previous example, the

control becomes a function of the observations when we transform to the

system-theoretic description.

Example 3.3 (Adaptive measurement). In this scenario we choose an

uncontrolled flow dUt = (LdA∗
t − L∗ dAt − 1

2L∗Ldt − iH dt) Ut, but the

measurement in the probe field is adapted in real time by

dZt = e−iut(Zs≤t)dA∗
t + eiut(Zs≤t)dAt

where ut(Zs≤t) is a real scalar control function. This gives rise to

dYt = dZt +
[
jt(L) eiut(Ys≤t) + jt(L

∗) e−iut(Ys≤t)
]

dt.
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Evidently the control determines which of the system observables Leiu +

L∗ e−iu is detected in the probe. The possibility to adapt the measurement

in real time is useful for the detection of quantities that are not described

by a system observable, such as the phase of an optical pulse. See e.g.3,23.

We now wish to solve the filtering problem for a controlled quantum

flow. It turns out that when we use the reference probability method, very

little changes in the procedure outlined above. In particular, the proofs of

Proposition 2.1 and Lemma 2.2 extend readily to the controlled case, and

it is straightforward to extend the proofs of Theorems 2.1 and 2.2 to prove

the following statements.

Theorem 3.1 (Kallianpur-Striebel formula, diffusive case).

Suppose that Υt has a bounded inverse for all t ∈ [0, T ]. Let Vt be the

solution of the QSDE

Vt = I +

∫ t

0

(Ξs dΛs +Υs dA∗
s +Υ∗

s dAs)Υ−1
s LsVs −

∫ t

0

(iHs + 1
2L∗

sLs)Vs ds.

Then Vt is affiliated to Z ′
t for every t ∈ [0, T ], and we have the representa-

tion πt(X) = σt(X)/σt(I) with σt(X) = U∗
t P(V ∗

t XVt|Zt)Ut, X ∈ B ⊗ Zt.

Theorem 3.2 (Kallianpur-Striebel formula, counting case).

Suppose that Ξt has a bounded inverse for all t ∈ [0, T ]. Let Et be the

solution of the QSDE (|X|2 = X∗X)

Et = I+

∫ t

0

Ξ−1
s Es {(1 − Υs)dA∗

s − (1 − Υ∗
s)dAs}−

1

2

∫ t

0

Ξ−2
s |1−Υs|2Es ds.

Let Ct = E∗
t ZtEt, Ct = vN(Cs : 0 ≤ s ≤ t) = E∗

t ZtEt, so that

Ct = A∗
t + At +

∫ t

0

E∗
sΞsEs dΛs +

∫ t

0

E∗
sΞ−1

s (1 − Υ∗
sΥs)Es ds.

Define Vt as the solution of the QSDE

Vt = I +

∫ t

0

(E∗
sΞsEs dΛs + dA∗

s + dAs) E∗
s (Ls − Ξ−1

s (1 − Υs))EsVs

−
∫ t

0

E∗
s (iHs + 1

2L∗
sLs + 1

2Ξ−2
s |1 − Υs|2 − Ξ−1

s (1 − Υ∗
s)Ls)EsVs ds.

Then Vt is affiliated to C′
t for every t ∈ [0, T ], and we have πt(X) =

σt(X)/σt(I) with σt(X) = U∗
t EtP(V ∗

t E∗
t XEtVt|Ct)E

∗
t Ut, X ∈ B ⊗ Zt.

We now obtain controlled filtering equations for σt(·) in recursive form.

The following statements are readily verified using the quantum Itô rules.
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Corollary 3.1 (Unnormalized filtering equation, diffusive case).

Suppose that Υt has a bounded inverse for all t ∈ [0, T ]. Then σt(·) of

Theorem 3.1 satisfies

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs(Υ
−1
s XLs + Υ−1∗

s L∗
sX + (Υ∗

sΥs)
−1Ξs L∗

sXLs) dYs

for X ∈ B, where dYt is given by (4) and πt(X) = σt(X)/σt(I).

Corollary 3.2 (Unnormalized filtering equation, counting case).

Suppose that Ξt has a bounded inverse for all t ∈ [0, T ]. Then σt(·) of

Theorem 3.2 satisfies

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs(Ξs L∗
sXLs + Υ∗

sXLs + ΥsL
∗
sX − Ξ−1

s (1 − Υ∗
sΥs)X)×

(dYs − js(Ξ
−1
s (1 − Υ∗

sΥs)) ds)

for X ∈ B, where dYt is given by (4) and πt(X) = σt(X)/σt(I).

What is the relation between the open loop filters of the previous section

and the closed loop filters associated to a controlled quantum flow? Consider

for example the case of Hamiltonian control where Zt = At + A∗
t , St = 0,

Lt = L ∈ B is constant and Ht = u(t)H with H ∈ B. In open loop u(t) is

a deterministic function and we saw in the previous section that this gives

rise to the unnormalized filtering equation

dσt(X) = u(t) σt(i[H, X]) dt

+ σt(L
∗XL − 1

2{L
∗LX + XL∗L}) dt + σt(XL + L∗X) dYt.

In closed loop the model is given by the controlled quantum flow of Example

3.1, and by Corollary 3.1 we obtain the controlled unnormalized equation

dσt(X) = u(Ys≤t)σt(i[H,X]) dt

+ σt(L
∗XL − 1

2{L
∗LX + XL∗L}) dt + σt(XL + L∗X) dYt.

Evidently we obtain the same filter for the closed loop controlled quantum

flow as we would obtain by calculating the open loop filter and then sub-

stituting a feedback control for the deterministic function u(t). This is in
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fact a general property of controlled filtering equations, as can be seen di-

rectly from the statement of Corollaries 3.1 and 3.2. Though this property

is usually assumed to hold true in the literature, we see here that it follows

from the definition of a controlled quantum flow.

4. Sample path properties and the innovations problem

In the remainder of this paper we will use explicitly the properties of quan-

tum filtering equations in recursive form, as given e.g. in Corollaries 3.1

and 3.2. In the next section we will show that under suitable regularity

conditions, the quantum optimal control problem is solved by a feedback

control policy that at time t is only a function of the normalized solution

of the unnormalized filtering equation at that time. In order for this to be

sensible, we have to show that the controlled unnormalized filtering equa-

tion, and in particular its normalized form, has a unique strong solution.

The purpose of this section is to investigate these and related properties of

the solutions of recursive quantum filters.

The approach we will take is to convert the entire problem into one of

classical stochastic analysis. Note that all the quantities that appear in the

unnormalized filtering equations of Corollaries 3.1 and 3.2 are adapted and

affiliated to the commutative algebra Yt. Thus, we may use the spectral

theorem to map the filter onto a classical stochastic differential equation

driven by the (classical) observations. This will allow us to manipulate the

filter by using the Itô change of variables formula for jump-diffusions and

puts at our disposal the full machinery of classical stochastic differential

equations driven by semimartingales.

We begin by proving the following Proposition. This property will be

crucial in the proof of the separation theorem; at this point, however, we

are mostly interested in the fact that as a consequence, the observation

process Yt is a semimartingale.

Proposition 4.1 (Innovations martingale). Recall that dZt = Ξt dΛt+

Υt dA∗
t + Υ∗

t dAt as in Definition 3.1. Define the innovations process

Zt = U∗
t ZtUt −

∫ t

0

πs(ΞsL
∗
sLs + Υ∗

sLs + ΥsL
∗
s) ds.

Then Zt is a Yt-martingale, i.e. P(Zt|Ys) = Zs for all s ≤ t ∈ [0, T ].

Proof. We need to prove that P(Zt − Zs|Ys) = 0 for all s ≤ t ∈ [0, T ],

or equivalently P((Zt − Zs)K) = 0 for all s ≤ t ∈ [0, T ] and K ∈ Ys. The
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latter can be written as

P(U∗
t ZtUtK) − P(U∗

s ZsUsK) =

∫ t

s

P(πs(ΞsL
∗
sLs + Υ∗

sLs + ΥsL
∗
s)K) ds

for all s ≤ t ∈ [0, T ] and K ∈ Ys. Since Ys = U∗
t ZsUt for all s ≤ t ∈ [0, T ],

it is sufficient to show that

P(U∗
t ZtCUt)−P(U∗

s ZsCUs) =

∫ t

s

P(U∗
t (ΞsL

∗
sLsC+Υ∗

sLsC+ΥsL
∗
sC)Ut) ds

for all s ≤ t ∈ [0, T ] and K ∈ Zs. But this follows directly from (4).

The innovations process is the starting point for martingale-based ap-

proaches to (quantum) filtering6,7. The idea there is to obtain a particular

martingale which is represented as a stochastic integral with respect to the

innovations. The method is complicated, however, by what is known as the

innovations problem: it is not clear a priori whether the observations and

the innovations generate the same (σ-)algebras24, which is a prerequisite

for the martingale representation theorem. The problem is resolved using a

method by Fujisaki-Kallianpur-Kunita, where the Girsanov theorem is used

to prove a special martingale representation theorem with respect to the

innovations24. In contrast, the reference probability method is completely

independent from the innovations problem. Though we will not need this

fact to prove the separation theorem, we will see at the end of this section

that the equivalence of the observations and innovations σ-algebras follows

as a corollary from the existence and uniqueness theorems.

To return to the task at hand, it is evident from Proposition 4.1 that

the observation process Yt can be written as the sum of the innovations

process, which is a martingale, and a process of finite variation, both of

which are affiliated to the algebra generated by the observations. Hence if

we map Yt to its classical counterpart through the spectral theorem, we

obtain a classical semimartingale.

Remark 4.1. For convenience, we will abuse our notation somewhat

and denote by Yt, Zt, πt(X), σt(X) both the corresponding quantum pro-

cesses and the associated classical processes obtained through the spec-

tral theorem. By Ξ̃t, Υ̃t we denote the classical processes obtained by

applying the spectral theorem to jt(Ξt) and jt(Υt), whereas L̃t, H̃t are

(dimH0×dimH0)-matrix valued processes obtained by applying the spec-

tral theorem to each matrix element of jt(Lt) and jt(Ht). Hence Ξ̃t, Υ̃t are

Yt-adapted bounded scalar processes, whereas jt(Lt), jt(Ht) are Yt-adapted

bounded matrix-valued processes.
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We now map the unnormalized filtering equation of Corollary 3.1 to a

classical stochastic differential equation. This gives

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs−(Υ−1
s−XLs− + Υ−1∗

s− L∗
s−X + (Υ∗

s−Υs−)−1Ξs− L∗
s−XLs−) dYs

and similarly, we obtain the classical equivalent of Corollary 3.2

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs−(Ξs− L∗
s−XLs−+Υ∗

s−XLs−+Υs−L∗
s−X−Ξ−1

s−(1−Υ∗
s−Υs−)X)×

(dYs − Ξ̃−1
s (1 − Υ̃∗

sΥ̃s) ds)

where now the stochastic integrals are classical Itô integrals with respect to

the semimartingale Yt
25 (the fact that we can map a quantum Itô integral

with respect to fundamental processes to a classical Itô integral with respect

to a semimartingale is verified by approximation.) As we are now dealing

with stochastic processes on the level of sample paths, we have to choose a

modification such that the processes are well defined—this is an issue that

does not occur on the level of QSDEs. We will make the standard choice25

that all our (semi)martingales are càdlàg, and include explicitly the left

limits σs− etc. to enforce causality.

We are now ready to apply classical stochastic analysis to our quan-

tum filtering equations. We begin by normalizing the equations using the

classical Itô formula.

Proposition 4.2 (Nonlinear filtering equation, diffusion case).

Suppose Ξt = 0 and Υt has a bounded inverse for all t ∈ [0, T ]. Then

πt(X) = P(X) +

∫ t

0

πs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

{
πs(Υ

−1
s XLs + Υ−1∗

s L∗
sX) − πs(Υ

−1
s Ls + Υ−1∗

s L∗
s)πs(X)

}
dZs

for X ∈ B, where Zt is the innovations process of Proposition 4.1.

Furthermore, there is a (dimH0 × dimH0)-matrix process ρt such that

πt(X) = Tr[Xρt] for all X ∈ B, which satisfies the classical Itô stochastic



On the Separation Principle in Quantum Control 225

differential equation (w.r.t. the semimartingale observations Yt)

ρt = ρ0 +

∫ t

0

{
−i[H̃s, ρs] + L̃sρsL̃

∗
s − 1

2 (L̃∗
sL̃sρs + ρsL̃

∗
sL̃s)

}
ds

+

∫ t

0

{
Υ̃−1

s L̃sρs + Υ̃−1∗
s ρsL̃

∗
s − Tr[(Υ̃−1

s L̃s + Υ̃−1∗
s L̃∗

s)ρs] ρs

}
dZs.

Proposition 4.3 (Nonlinear filtering equation, jump case).

Suppose that Ξt has a bounded inverse for all t ∈ [0, T ]. Then

πt(X) = P(X) +

∫ t

0

πs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

{
πs−((Υs− + Ξs−Ls−)∗X(Υs− + Ξs−Ls−))

πs−((Υs− + Ξs−Ls−)∗(Υs− + Ξs−Ls−))
− πs−(X)

}
Ξ̃−1

s− dZs

for X ∈ B, where Zt is the innovations process of Proposition 4.1.

Furthermore, there is a (dim H0 × dimH0)-matrix process ρt such that

πt(X) = Tr[Xρt] for all X ∈ B, which satisfies the classical Itô stochastic

differential equation (w.r.t. the semimartingale observations Yt)

ρt = ρ0 +

∫ t

0

{
−i[H̃s, ρs] + L̃sρsL̃

∗
s − 1

2 (L̃∗
sL̃sρs + ρsL̃

∗
sL̃s)

}
ds

+

∫ t

0

{
(Υ̃s− + Ξ̃s−L̃s−)ρs−(Υ̃s− + Ξ̃s−L̃s−)∗

Tr[(Υ̃s− + Ξ̃s−L̃s−)ρs−(Υ̃s− + Ξ̃s−L̃s−)∗]
− ρs−

}
Ξ̃−1

s− dZs.

Proof of Propositions 4.2 and 4.3. In pure diffusion case (Proposition

4.2) the observation process Yt is a continuous semimartingale, and hence

the normalization is easily verified by applying the Itô change of variables

formula to the Kallianpur-Striebel formula πt(X) = σt(X)/σt(I). In both

cases, the conversion to the matrix form follows from the fact that by con-

struction πt(X) is a random linear functional on B, and hence there is a

unique random matrix ρt such that πt(X) = Tr[Xρt] for all X ∈ B. The

expressions given are easily seen to satisfy this requirement.

It remains to normalize σt(X) of Proposition 4.3. Here we use the Itô

change of variables formula for Stieltjes integrals, but the manipulations

are somewhat more cumbersome. We begin by noting that

Ỹt =

∫ t

0

Ξ̃−1
s−(dYs + Ξ̃−1

s Υ̃∗
sΥ̃s ds)

is a pure jump process with jumps of unit magnitude. To see this, we
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calculate the quadratic variation

[Ỹ , Ỹ ]t = Ỹ 2
t − 2

∫ t

0

Ỹs− dỸs = Ỹt

by applying the quantum Itô rules to (4) and using the spectral theorem.

[Ỹ , Ỹ ]t is by construction an increasing process, so Ỹt is also increasing and

hence of finite variation. But any adapted, càdlàg finite variation process is

a quadratic pure jump semimartingale25, meaning that

Ỹt = [Ỹ , Ỹ ]t =
∑

0<s≤t

(Ỹs − Ỹs−)2.

As Ỹt is an increasing pure jump process and Ỹs − Ỹs− = (Ỹs − Ỹs−)2, we

conclude that Ỹt is a pure jump process with unit magnitude jumps. We

can now rewrite the unnormalized filtering equation for the pure jump case

in terms of Ỹt. This gives

σt(X) = P(X) +

∫ t

0

σs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

σs−((Υs− + Ξs−Ls−)∗X(Υs− + Ξs−Ls−) − X) (dỸs − Ξ̃−2
s ds)

where the integral over Ỹt is a simple Stieltjes integral. To normalize σt(X),

we first use the change of variables formula for finite variation processes25

f(Vt) − f(V0) =

∫ t

0

f ′(Vs−) dVs

+
∑

0<s≤t

{f(Vs) − f(Vs−) − f ′(Vs−) (Vs − Vs−)}

to calculate σt(I)−1. We obtain directly that

σs(I) − σs−(I) = (σs−(B∗
s−Bs−) − σs−(I)) (Ỹs − Ỹs−)

where Bs = Υs + ΞsLs. Similarly we have

σs(I)−1 − σs−(I)−1 = (σs−(B∗
s−Bs−)−1 − σs−(I)−1) (Ỹs − Ỹs−).

We thus express the correction term in the change of variables formula as

∑

0<s≤t

{
σs(I)−1 − σs−(I)−1 + σs−(I)−2 (σs(I) − σs−(I))

}
=

∫ t

0

(πs−(B∗
s−Bs−) + πs−(B∗

s−Bs−)−1 − 2)σs−(I)−1 dỸs
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and we obtain

σt(I)−1 = 1 +

∫ t

0

πs(B
∗
sBs) − 1

σs(I)
Ξ̃−2

s ds +

∫ t

0

πs−(B∗
s−Bs−)−1 − 1

σs−(I)
dỸs.

Finally, applying the integration by parts formula for Stieltjes integrals to

the Kallianpur-Striebel formula πt(X) = σt(X)/σt(I) gives

πt(X) = P(X) +

∫ t

0

πs(i[Hs, X] + L∗
sXLs − 1

2{L
∗
sLsX + XL∗

sLs}) ds

+

∫ t

0

{
πs−(B∗

s−XBs−)

πs−(B∗
s−Bs−)

− πs−(X)

}
(dỸs − Ξ̃−2

s πs(B
∗
sBs) ds).

and it remains to notice that Ξ̃−1
s− dZs = dỸs − Ξ̃−2

s πs(B
∗
sBs) ds.

Now that we have obtained the filtering equations in their sample path

form, let us study the question of existence and uniqueness of solutions.

Proposition 4.4 (Existence and uniqueness). Let Ξ̃s, Υ̃s and the ma-

trix elements of L̃s and H̃s have càdlàg sample paths. Then both the un-

normalized and nonlinear filtering equations have a unique strong solution

with respect to Yt. Moreover, matrix ρt is a.s. positive with unit trace, i.e.

a density matrix, for every t.

Proof. As σt(X) is linear by construction, we can find a matrix process

τt such that σt(X) = Tr[Xτt]. As we did for ρt, we obtain directly that τt

must satisfy

τt = ρ0 +

∫ t

0

{
−i[H̃s, τs] + L̃sτsL̃

∗
s − 1

2 (L̃∗
sL̃sτs + τsL̃

∗
sL̃s)

}
ds

+

∫ t

0

{
Υ̃−1

s L̃sτs + Υ̃−1∗
s τsL̃

∗
s

}
dYs,

in the pure diffusion case, and in the pure jump case τt must satisfy

τt = ρ0 +

∫ t

0

{
−i[H̃s, τs] + L̃sτsL̃

∗
s − 1

2 (L̃∗
sL̃sτs + τsL̃

∗
sL̃s)

}
ds

+

∫ t

0

{
(Υ̃s− + Ξ̃s−L̃s−)τs−(Υ̃s− + Ξ̃s−L̃s−)∗ − τs−

}
×

Ξ̃−1
s−(dYs − Ξ̃−1

s (1 − Υ̃∗
sΥ̃s) ds).

Both these equations are finite-dimensional linear stochastic differential

equations with càdlàg coefficients, for which the existence of a unique strong
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solution is a standard result25. Thus the unique solution τt of these equa-

tions must indeed satisfy σt(X) = Tr[Xτt] (this need not be true if the

solution were not unique—then it could be the case that only one of the

solutions coincides with σt(·).)
To demonstrate the existence of a solution to the equations for ρt, note

that by construction σt(X) is a positive map (we will always assume that

ρ0 is chosen so that σ0(X) = π0(X) = Tr[Xρ0] is a state, i.e. ρ0 is a positive

matrix with unit trace.) Hence by uniqueness τt must be a positive matrix

for all t. Moreover, as the linear solution map τ0 7→ τt is a.s. invertible25 τt

is for all t a.s. not the zero matrix. This means that for all t the process

ρt = τt/Tr[τt] is well-defined and satisfies the nonlinear filtering equations

for ρt which we obtained previously. Hence we have explicitly constructed

a solution to the equations for ρt, and moreover ρt is a.s. a positive, unit

trace matrix for every t. Finally, from the Kallianpur-Striebel formula it is

evident that πt(X) = Tr[Xρt].

It remains to prove that there are no other solutions ρt that satisfy

the nonlinear filtering equations, i.e. that the solution ρt constructed above

is unique. To this end, suppose that there is a different solution ρ̄t with

ρ̄0 = ρ0 that also satisfies the nonlinear filtering equation (with respect to

dYt). Define Π̄t as the unique strong solution of the linear equation

Π̄t = 1 +

∫ t

0

Tr[(Υ̃−1
s L̃s + Υ̃−1∗

s L̃∗
s)ρ̄s]Π̄s dYs

in the pure diffusion case, and as the unique strong solution of

Π̄t = 1 +

∫ t

0

{
Tr[(Υ̃s− + Ξ̃s−L̃s−)∗(Υ̃s− + Ξ̃s−L̃s−)ρ̄s−] − 1

}
Π̄s−×

Ξ̃−1
s−(dYs − Ξ̃−1

s (1 − Υ̃∗
sΥ̃s) ds)

in the pure jump case. Using the Itô rules, one can verify that Π̄tρ̄t satisfies

the same equation as τt. But τt is uniquely defined; hence we conclude that

ρt = (Π̄t/Tr[τt])ρ̄t. By taking the trace of the nonlinear filtering equations

it is easily verified that Tr[ρt] = Tr[ρ̄t] = 1 a.s. for all t, and hence a.s.

ρt = ρ̄t. The proof is complete.

To conclude the section, we will now prove that the innovations problem

can be solved for the class of systems that we have considered under some

mild conditions on the controls. It is likely that the innovations problem

can be solved under more general conditions; however, as we will not need

this result in the following, we restrict ourselves to the following case for

sake of demonstration.
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Proposition 4.5 (Innovations problem). Let Υ̃s and the matrix ele-

ments of L̃s and H̃s be càdlàg semimartingales that are adapted to the

filtration generated by the innovations process. The the observations Yt and

the innovations Zt generate the same σ-algebras.

Proof. First, note that we can restrict ourselves to the case of diffusive

observations. In the case of counting observations the result is trivial: as

Yt − Zt is a continuous process, Yt can be completely recovered as the

discontinuous part of Zt. Moreover, Zt is Yt-measurable by construction.

Hence Yt and Zt generate the same σ-algebras.

Things are not so simple in the diffusive case. Denote by ΣY
t the σ-

algebra generated by Yt up to time t, and similarly by ΣZ
t the σ-algebra

generated by Zt up to time t. The inclusion ΣZ
t ⊂ ΣY

t holds true by con-

struction, so we are burdened with proving the opposite inclusion ΣY
t ⊂ ΣZ

t .

This is essentially an issue of “causal invertibility”: given only the stochas-

tic process Zt, can we find a map that recovers the process Yt in a causal

manner? Clearly this would be the case24 if the nonlinear filtering equa-

tion has a unique strong solution with respect to Zt; as we have already

established that it has a unique strong solution with respect to Yt the two

solutions must then coincide, after which we can recover Yt from the for-

mula dYt = dZt + Tr[(Υ̃∗
t L̃t + Υ̃tL̃

∗
t )ρt] dt. Our approach will be precisely

to demonstrate the uniqueness of ρt with respect to Zt.

To this end, consider the diffusive nonlinear filtering equation for ρt

given in Proposition 4.2, where we now consider it to be driven directly by

the martingale Zt rather than by the observations Yt. Now introduce the

following quantities: let Xt be a vector which contains as entries all the

matrix elements of ρt, L̃t, H̃t, and the process Υ̃t, and let Kt be a vector

that contains as entries all the matrix elements of L̃t, H̃t, the process Υ̃t,

and Zt. Then Kt is a vector of semimartingales and we can rewrite the

nonlinear filtering equation in the form

Xt = X0 +

∫ t

0

f(Xs−) dKs

for a suitably chosen matrix function f . By inspection, we see that f(X) is

polynomial in the elements of X and hence f is a locally Lipschitz function.

Thus there is a unique solution of the nonlinear filtering equation with

respect to Ks up to an accessible explosion time ζ25. By uniqueness, the

nonlinear filtering solution ρt with respect to Zt must coincide with the

solution with respect to Yt up to the explosion time ζ. This also implies

that for all t < ζ, the solution with respect to Zt must be a positive unit
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trace matrix. But the set of all such matrices is compact, and hence the

accessibility of ζ is violated unless ζ = ∞ a.s. We conclude that the unique

solution ρt with respect to Zt exists for all time.

5. A separation theorem

We are now finally ready to consider the control problem for quantum

diffusions; i.e., how do we choose the processes Lt, Ht, etc. in the controlled

quantum flow to achieve a certain control goal? As we will be comparing

different control strategies, we begin by introducing some notation which

allow us to keep them apart.

Definition 5.1 (Control strategy). A strategy µ = (Ξ, Υ, S, L, H) is a

collection of processes Ξt,Υt, St, Lt,Ht defined on [0, T ] that satisfy the

conditions of Definition 3.1. Given µ, we denote by µt = (Ξt,Υt, St, Lt,Ht)

the controls at time t, by µt] = (Ξ[0,t], Υ[0,t], S[0,t], L[0,t],H[0,t]) the strategy

on the interval [0, t], and similarly by µ[t the strategy on the interval [t, T ].

Each control strategy µ defines a different controlled quantum flow. To

avoid confusion, we will label the various quantities that are derived from

the controlled flow by the associated control strategy. For example, jµ
t (X)

and Y µ
t are the flow and observations process obtained under the control

strategy µ, etc.

Our next task is to specify the control goal. To this end, we introduce a

cost function which quantifies how successful a certain control strategy is

deemed to be. The best control strategy is the one that minimizes the cost.

Definition 5.2 (Cost function). Let Cµ be a process of positive opera-

tors, possibly dependent on the control strategy µ, such that Cµ
t is affiliated

to vN(µt,B), the algebra generated by the initial system and the control

strategy at time t, for each t ∈ [0, T ]. Let CT ∈ B. The total cost is defined

by the functional

J [µ] =

∫ T

0

jµ
t (Cµ

t ) dt + jµ
T (CT ).

Cµ
t and CT are called the running and terminal cost operators, respectively.

Ultimately our goal will be to find, if possible, an optimal control µ∗

that minimizes the expected total cost P(J [µ]). Let us begin by converting

the latter into a more useful form. Using the tower property of conditional
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expectations, we have

P(J [µ]) = P

(∫ T

0

P(jµ
t (Cµ

t )|Yµ
t ) dt + P(jµ

T (CT )|Yµ
t )

)

where Yµ
t is the algebra generated by Y µ

s up to time t (note that the condi-

tional expectations are well defined as jµ
t (Cµ

t ) is affiliated to jµ
t (B) ⊗ Yµ

t .)

But then

P(J [µ]) = P

(∫ T

0

πµ
t (Cµ

t ) dt + πµ
T (CT )

)
,

and we see that the expected cost can be calculated from the associated

filtering equation only. As the filter lives entirely in the commutative alge-

bra Yµ
T we can now proceed, as in the previous section, by converting the

problem into a classical stochastic problem. To this end, we use the spec-

tral theorem to map the commutative quantum probability space (Yµ
T , P) to

the classical space L∞(Ωµ, Σµ
T , νµ,Pµ) (note that different control strate-

gies may not give rise to commuting observations, and hence the classical

space depends on µ.) Thus we obtain the classical expression

P(J [µ]) = EPµ

(∫ T

0

πµ
t (Cµ

t ) dt + πµ
T (CT )

)
.

We will use the same notations as in the previous section for the classical

stochastic processes associated to Lt, Ht, etc. In addition, we denote by Σµ
t

the σ-algebra generated by the observations Y µ
s up to time t.

We have now defined the cost as a classical functional for an arbitrary

control strategy. In practice not every control policy is allowed, however.

First, note that in practical control scenarios only a limited number of con-

trols are physically available; e.g. in the example of Hamiltonian feedback

Ht = u(t)H we can only modulate the strength u(t) of a fixed Hamiltonian

H, and we certainly cannot independently control every matrix element of

St, Lt, etc. Moreover we have expressed the (classical) cost in terms of the

filter state πµ
t (·); hence we should impose sufficient regularity conditions

on the controls so that we can unambiguously obtain the filtered estimate

from the observations using the nonlinear filtering equation of the previous

section. To this end we introduce an admissible subspace of control strate-

gies that are realizable in the control scenario of interest, and we require

the solution of the optimal control problem to be an admissible control.

Definition 5.3 (Admissible controls). Define the admissible range

Bt ⊂ R × C × B × B × B for every t ∈ [0, T ]. A control strategy µ is
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admissible if µt ∈ Bt a.s. (in the sense that (Ξ̃t, Υ̃t, S̃t, L̃t, H̃t) ∈ Bt a.s.)

for every t ∈ [0, T ] and µ has càdlàg sample paths. The set of all admissible

control strategies is denoted by C .

Remark 5.1. Note that in order to satisfy Definition 3.1, Bt should be

chosen to be a bounded set such that the only admissible S are unitary

matrices and the only admissible H are self-adjoint matrices.

The optimal control problem is to find, if possible, an admissible control

strategy µ∗ that minimizes the expected total cost, i.e. to find a µ∗ ∈ C

such that

P(J [µ∗]) = min
µ∈C

P(J [µ]).

In principle µ∗
t could depend on the entire history of observations up to

time t. This would be awkward, as it would mean that the controller should

have enough memory to record the entire observation history and enough

resources to calculate a (possibly extremely complicated) functional thereof.

However, as the cost functional only depends on the filter, one could hope

that µ∗
t would only depend on ρµ

t , the solution of the nonlinear filtering

equation at time t. This is a much more desirable situation as ρµ
t can be

calculated recursively: hence we would not need to remember the previous

observations, and the feedback at time t could be calculated simply by

applying a measurable function to ρµ
t . A control strategy that separates

into a filtering problem and a control map is called a separated strategy.

Definition 5.4 (Separated controls). An admissible control strategy

µ ∈ C is said to be separated if there exists for every t ∈ [0, T ] a mea-

surable map uµ
t : S(B) → Bt such that µt = uµ

t (ρµ
t ), where ρµ

t is the matrix

solution of the nonlinear filtering equation at time t and S(B) is the set of

positive matrices in B with unit trace. The set of all separated admissible

strategies is denoted by C 0.

The main technique for solving optimal control problems in discrete time

is dynamic programming, a recursive algorithm that operates backwards in

time to construct an optimal control strategy. The infinitesimal form of the

dynamic programming recursion, Bellman’s functional equation, provides

a candidate optimal control strategy in separated form. The goal of this

section is to prove that if we can find a separated strategy µ ∈ C 0 that sat-

isfies Bellman’s equation, then this strategy is indeed optimal with respect

to all control strategies in C , i.e. even those that are not separated. This

result is known as a separation theorem. In classical stochastic control this
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result was established for linear systems in a classic paper by Wonham12

and for finite-state Markov processes by Segall13. The proof of the quantum

separation theorem below proceeds along the same lines.

We begin by introducing the expected cost-to-go, i.e. the cost incurred

on an interval [t, T ] conditioned on the observations up to time t.

Definition 5.5 (Expected cost-to-go). Given an admissible control

strategy µ, the expected cost-to-go at time t is defined as the random variable

W [µ](t) = EPµ

(∫ T

t

πµ
s (Cµ

s ) ds + πµ
T (CT )

∣∣∣∣∣ Σµ
t

)
.

The basic idea behind dynamic programming is as follows. Regardless

of what conditional state we have arrived at at time t, an optimal control

strategy should be such that the expected cost incurred over the remainder

of the control time is minimized; in essence, an optimal control should min-

imize the expected cost-to-go. This is Bellman’s principle of optimality. To

find a control that satisfies this requirement, one could proceed in discrete

time by starting at the final time T , and then performing a recursion back-

wards in time such that at each time step the control is chosen to minimize

the expected cost-to-go. We will not detail this procedure here; see e.g.26.

Taking the limit as the time step goes to zero gives the infinitesimal form

of this recursion, i.e. Bellman’s functional equation

−∂V

∂t
(t, θ) = min

u∈Bt

{
L (u)V (t, θ) + Tr[θ C̃u

t ]
}

, t ∈ [0, T ], θ ∈ S(B)

subject to the terminal conditon V (T, θ) = Tr[θ CT ] (recall that Cµ
t is

affiliated to vN(µt,B), and hence C̃µ
t = C̃µt

t can be considered a B-valued

measurable function of µt.) The value function V (t, θ) essentially represents

the expected cost-to-go conditioned on the event that the solution ρµ
t of

the nonlinear filtering equation takes the value θ at time t. If the minimum

in Bellman’s equation can be evaluated for all t and θ, then it defines a

separated control strategy µ by

uµ
t (θ) = argmin

u∈Bt

{
L (u)V (t, θ) + Tr[θ C̃u

t ]
}

, t ∈ [0, T ], θ ∈ S(B).

Here L (u) denotes the infinitesimal generator of the matrix nonlinear fil-

tering equation given the control u; i.e., it is the operator that satisfies for
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any admissible control strategy µ the Itô change of variables formula

f(t, ρµ
t ) = f(s, ρµ

s )+
∫ t

s

{
∂f

∂σ
(σ, ρµ

σ) + [L (µσ)f ](σ, ρµ
σ)

}
dσ +

∫ t

s

Gµ,f
σ− (ρµ

σ−) dZσ

where f is any sufficiently differentiable function (C2 in the diffusive case,

C1 in the pure jump case.) The expression for L (u) and Gµ,f
σ is standard25

and can be obtained directly from Propositions 4.2 and 4.3.

Our brief discussion of dynamic programming is intended purely as a

motivation for what follows. Even if we had given a rigorous description of

the procedure, the solution of Bellman’s equation can only give a candidate

control strategy and one must still show that this control strategy is indeed

optimal. Thus, rather than deriving Bellman’s equation, we will now take it

as our starting point and show that if we can find a separated control that

solves it, then this control is optimal with respect to all admissible controls

(i.e. there does not exist an admissible control strategy that achieves a lower

expected total cost.)

Theorem 5.1 (Separation theorem). Suppose there exists a separated

admissible control strategy µ ∈ C 0 and a function V : [0, T ] × S(B) → R

such that

(1) The function V is C1 in the first variable and C2 in the second variable

(diffusive case), or C1 in both variables (pure jump case).

(2) For all t ∈ [0, T ] and θ ∈ S(B), the function V satisfies

∂V

∂t
(t, θ) + L (uµ

t (θ))V (t, θ) + Tr
[
θ C̃

uµ
t (θ)

t

]
= 0.

(3) For all t ∈ [0, T ], u ∈ Bt and θ ∈ S(B), the function V satisfies

∂V

∂t
(t, θ) + L (u)V (t, θ) + Tr[θ C̃u

t ] ≥ 0.

(4) For all θ ∈ S(B) the function V satisfies the terminal condition

V (T, θ) = Tr[θ CT ].

Then the separated strategy µ is optimal in the class of all admissible strate-

gies C , i.e. P(J [µ]) = minµ′∈C P(J [µ′]).

Proof. We begin by showing that for the candidate optimal control µ, the

value function V (t, ρµ
t ) evaluated at the solution of the nonlinear filtering

equation at time t equals the expected cost-to-go W [µ](t). To this end, we
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substitute condition (2) with θ = ρµ
t and the terminal condition (4) into

Definition 5.5. This gives

W [µ](t) =

EPµ

(
V (T, ρµ

T ) −
∫ T

t

{
∂V

∂s
(s, ρµ

s ) + [L (uµ
s (ρµ

s ))V ](s, ρµ
s )

}
ds

∣∣∣∣∣ Σµ
t

)
.

The purpose of condition (1) is to ensure that we can apply the Itô change

of variables formula to V (t, ρµ
t ). This gives

W [µ](t) = EPµ

(
V (t, ρµ

t ) +

∫ T

t

Gµ,V
s− (ρµ

s−) dZs

∣∣∣∣∣ Σµ
t

)
.

But by a fundamental property of stochastic integrals25, the stochastic inte-

gral of the bounded process Gµ,V
t− (ρµ

t−) against the square-integrable mar-

tingale Zt is itself a martingale. Hence the conditional expectation of the

second term vanishes, and as ρµ
t is Σµ

t -measurable we obtain immediately

W [µ](t) = V (t, ρµ
t ).

In particular, as ρµ
0 = ρ, we find that V (0, ρ) equals the expected total cost

V (0, ρ) = P(J [µ]). (5)

To show that µ is optimal, let ψ ∈ C be an arbitrary admissible control

strategy. We follow essentially the same argument as before, but now in the

opposite direction. Using the Itô change of variable formula, we find

V (t, ρψ
t ) =

EPψ

(
V (T, ρψ

T ) −
∫ T

t

{
∂V

∂s
(s, ρψ

s ) + [L (ψs)V ](s, ρψ
s )

}
ds

∣∣∣∣∣ Σψ
t

)
.

Using condition (4) and the inequality (3) with θ = ρψ
t and u = ψt,

V (t, ρψ
t ) ≤ EPψ

(
πψ

T (CT ) +

∫ T

t

πψ
s (Cψ

s ) ds

∣∣∣∣∣ Σψ
t

)
= W [ψ](t).

But ρψ
0 = ρµ

0 = ρ, so together with Equation (5) we obtain the inequality

P(J [µ]) = V (0, ρ) ≤ P(J [ψ])

for any ψ ∈ C , which is the desired result.

Remark 5.2. In a detailed study of the optimal control problem, separa-

tion theorems are only a first step. What we have not addressed here are
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conditions under which Bellman’s equation can in fact be shown have a

solution, nor have we discussed conditions on the feedback function uµ
t of

a separated control strategy that guarantee that the closed-loop system is

well-defined (i.e., that it gives rise to càdlàg controls.) These issues have

yet to be addressed in the quantum case.

The simplicitly of the separation argument makes such an approach

particularly powerful. The argument is ideally suited for quantum optimal

control, as we only need to compare the solution V of a deterministic PDE

to the solution of the controlled quantum filter separately for every control

strategy. Hence we do not need to worry about the fact that different strate-

gies give rise to different, mutually incompatible observation algebras—the

corresponding filters are never compared directly. The argument is readily

extended, without significant modifications, to a wide variety of optimal

control problems: on a finite and infinite time horizon, with a free terminal

time or with time-average costs (see e.g.27).

Another option is to rewrite the cost directly in terms of the unnormal-

ized filtering equation, for example in the diffusive case:

P(J [µ]) = P

(∫ T

0

Uµ∗
t Cµ

t Uµ
t dt + Uµ∗

T CT Uµ
T

)

= P

(∫ T

0

V µ∗
t Cµ

t V µ
t dt + V µ∗

T CT V µ
T

)

= Rµ

(∫ T

0

σµ
t (Cµ

t ) dt + σµ
T (CT )

)
,

where Rµ(X) = P(Uµ
T XUµ∗

T ). Note that under Rµ, the observation process

Y µ
t is a Wiener process. Hence we can now perform dynamic programming,

and find a separation theorem, directly in terms of the unnormalized fil-

tering equation. This is particularly useful, for example, in treating the

risk-sensitive control problem28.

Finally, a class of interesting quantum control problems can be for-

mulated using the theory of quantum stopping times29; this gives rise to

optimal stopping problems and impulse control problems in the quantum

context. Such control problems are explored in30 using a similar argument

to the one used above.
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We derive an asymptotic lower bound on the Bayes risk when N identical

quantum systems whose state depends on a vector of unknown parameters are

jointly measured in an arbitrary way and the parameters of interest estimated

on the basis of the resulting data. The bound is an integrated version of a

quantum Cramér-Rao bound due to Holevo
13

and it thereby links the fixed N

exact Bayesian optimality usually pursued in the physics literature with the

pointwise asymptotic optimality favoured in classical mathematical statistics.

By heuristic arguments the bound can be expected to be sharp. This does turn

out to be the case in various important examples, where it can be used to prove

asymptotic optimality of interesting and useful measurement-and-estimation

schemes. On the way we obtain a new family of “dual Holevo bounds” of

independent interest.

The paper is dedicated to Slava Belavkin in recognition of his pioneering

work on quantum Cramér-Rao bounds, on the occasion of his 60th birthday.

A more complete version will appear in Annals of Statistics.

Keywords: Statistical quantum information bounds, van Trees inequality,

Cramér-Rao bounds

1. Introduction

The aim of this paper is to derive asymptotic information bounds for “quan-

tum i.i.d. models” in quantum statistics. That is to say, one has N copies

of a quantum system each in the same state depending on an unknown

vector of parameters θ, and one wishes to estimate θ, or more generally a

vector function of the parameters ψ(θ), by making some measurement on

the N systems together. This yields data whose distribution depends on θ

and on the choice of the measurement. Given the measurement, we there-

fore have a classical parametric statistical model, though not necessarily an

i.i.d. model, since we are allowed to bring the N systems together before
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measuring the resulting joint system as one quantum object. In that case

the resulting data need not consist of (a function of) N i.i.d. observations,

and a key quantum feature is that we can generally extract more informa-

tion about θ using such “collective” or “joint” measurements than when we

measure the systems separately. What is the best we can do as N → ∞,

when we are allowed to optimize both over the measurement and over the

ensuing data-processing?

A heuristic, statistically motivated, approach to deriving methods with

good properties for large N is to choose the measurement to optimize the

Fisher information in the data, leaving it to the statistician to process the

data efficiently, using for instance maximum likelihood or related methods,

including Bayesian. This heuristic principle has already been shown to work

in a number of special cases in quantum statistics. Since the measurement

maximizing the Fisher information typically depends on the unknown pa-

rameter value this often has to be implemented in a two-step approach, first

using a small fraction of the N systems to get a first approximation to the

true parameter, and then optimizing on the remaining systems using this

rough guess.

The approach favoured by many physicists is to choose a prior distribu-

tion and loss function on grounds of symmetry and physical interpretation,

and then to exactly optimize the Bayes risk over all measurements and es-

timators, for any given N . This approach succeeds in producing attractive

methods on those rare occasions when a felicitous combination of all the

mathematical ingredients leads to a simple and analytically tractable so-

lution. Now it has been observed in a number of problems that the two

approaches result in asymptotically equivalent estimators, though the mea-

surement schemes can be strikingly different. Heuristically, this can be un-

derstood to follow from the fact that, in the physicists’ approach, for large N

the prior distribution should become increasingly irrelevant and the Bayes

optimal estimator close to the maximum likelihood estimator. Moreover,

we expect those estimators to be asymptotically normal with variances cor-

responding to inverse Fisher information.

Here we link the two approaches by deriving a sharp asymptotic lower

bound on the Bayes risk of the physicists’ approach, in terms of the op-

timal Fisher information of the statisticians’ approach. This enables us

to conclude the asymptotic optimality of some heuristically motivated

measurement-and-estimation schemes by showing that they attain the

asymptotic bound. Sometimes one can find in this way asymptotically opti-

mal solutions which are much easier to implement than the exactly optimal
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solution of the physicists’ approach. On the other hand, it also shows (if

only heuristically) that the physicists’ approach, when successful, leads to

procedures which are asymptotically optimal for other prior distributions

than those used in the computation, also for loss functions only locally

equivalent to their loss function of choice, and also asymptotically optimal

in a pointwise rather than a Bayesian sense.

We derive our main result by combining an existing quantum Cramér-

Rao bound13 with the van Trees inequality, a Bayesian Cramér-Rao bound

from classical statistics6,15. The former can be interpreted as a bound on

the Fisher information in an arbitrary measurement on a quantum system,

the latter is a bound on the Bayes risk (for a quadratic loss function) in

terms of the Fisher information in the data. This means that our result and

its proof can be understood without any familiarity with quantum statis-

tics. Of course, to appreciate the applications of the result, some further

appreciation of “what is a quantum statistical model” is needed. The paper

contains a brief summary of this; for more information the reader is referred

to the literature3,5. For an overview of the “state of the art” in quantum

asymptotic statistics see Hayashi’s paper11 which reprints papers of many

authors together with introductions by the editor.

Let us develop enough notation to state the main result of the pa-

per and compare it with the comparable result from classical statistics.

Starting on familar ground with the latter, suppose we want to esti-

mate a function ψ(θ) of a parameter θ, both represented by real col-

umn vectors of possibly different dimension, based on N i.i.d. observa-

tions from a distribution with Fisher information matrix I(θ). Let π be

a prior density on the parameter space and let G̃(θ) be a symmetric

positive-definite matrix defining a quadratic loss function l(ψ̂(N), θ) =

(ψ̂(N)−ψ(θ))⊤G̃(θ)(ψ̂(N)−ψ(θ)). (Later we will use G(θ), without the tilde,

in the special case when ψ is θ itself). Define the mean square error matrix

V (N)(θ) = Eθ(ψ̂
(N) − ψ(θ))(ψ̂(N) − ψ(θ))⊤ so that the risk can be written

R(N)(θ) = trace G̃(θ)V (N)(θ). The Bayes risk is R(N)(π) = Eπtrace G̃V (N).

Here, Eθ denotes expectation over the data for given θ, Eπ denotes aver-

aging over θ with respect to the prior π. The estimator ψ̂(N) is completely

arbitrary. We assume the prior density to be smooth, compactly supported

and zero on the smooth boundary of its support. Furthermore a certain

quantity roughly interpreted as “information in the prior” must be finite.

Then it is very easy to show6, using the van Trees inequality, that under
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minimal smoothness conditions on the statistical model,

lim inf
N→∞

NR(N)(π) ≥ Eπtrace GI−1 (1)

where G = ψ′G̃ψ′⊤ and ψ′ is the matrix of partial derivatives of elements

of ψ with respect to those of θ.

Now in quantum statistics the data depends on the choice of measure-

ment and the measurement should be tuned to the loss function. Given a

measurement M (N) on N copies of the quantum system, denote by I
(N)

M

the average Fisher information (i.e., Fisher information divided by N) in

the data. Holevo’s13 quantum Cramér-Rao bound, as extended by Hayashi

and Matsumoto12 to the quantum i.i.d. model, can be expressed as saying

that, for all θ, G, N and M (N),

trace G(θ)(I
(N)

M (θ))−1 ≥ CG(θ) (2)

for a certain quantity CG(θ), which depends on the specification of the

quantum statistical model (state of one copy, derivatives of the state with

respect to parameters, and loss function G) at the point θ only, i.e., on local

or pointwise model features (see (7) below). According to as yet unpublished

work of M. Hayashi the bound is asymptotically sharp. The idea behind

his work is that locally, the quantum i.i.d. model is well approximated by a

quantum Gaussian location model, a quantum statistical problem for which

the Holevo bound is sharp13.

We aim to prove that under minimal smoothness conditions on the

quantum statistical model, and conditions on the prior similar to those

needed in the classical case, but under essentially no conditions on the

estimator-and-measurement sequence,

lim inf
N→∞

NR(N)(π) ≥ EπCG (3)

where, as before, G = ψ′G̃ψ′⊤. The main result (3) is exactly the bound

one would hope for, from heuristic statistical principles, and one may also

expect it to be sharp, for the reasons mentioned above. In specific mod-

els of interest, the right hand side is often easy to calculate. Various spe-

cific measurement-and-estimator sequences, motivated by a variety of ap-

proaches, can also be shown in interesting examples to achieve the bound.

The restrictions on the prior can often be relaxed by approximating the

prior of interest, as we will show in our examples.

It was also shown by Gill and Levit6, how—in the classical statistical

context—one can replace a fixed prior π by a sequence of priors indexed

by N , concentrating more and more on a fixed parameter value θ0, at rate
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1/
√

N . Following their approach would, in the quantum context, lead to

the pointwise asymptotic lower bounds

lim inf
N→∞

NR(N)(θ) ≥ CG(θ) (4)

for each θ, for regular estimators, and to local asymptotic minimax bounds

lim
M→∞

lim inf
N→∞

sup
‖θ−θ0‖≤N−1/2M

NR(N)(θ) ≥ CG(θ0) (5)

for all estimators, but we do not further develop that theory here. In classi-

cal statistics the theory of Local Asymptotic Normality is the way to unify,

generalise, and understand this kind of result. We do not yet have a theory

of “Q-LAN” though there are indications that it may be possible to build

such a theory. The results we obtain here using more elementary tools do

give further support to the distant aim of building a Q-LAN theory.

The basic tools used in this paper have now all been mentioned, but

as we shall see, the proof is not a routine application of the van Trees

inequality. The missing ingredient will be provided by the following new

dual bound to (2): for all θ, K, N and M (N),

trace K(θ)I
(N)

M (θ) ≤ CK(θ) (6)

where CK(θ) actually equals CG(θ) for a certain G defined in terms of K

(as explained in Theorem 3.2 below). This is an upper bound on Fisher

information, in contrast to (2) which is a lower bound on inverse Fisher

information. The new inequality (6) follows from the convexity of the sets

of information matrices and of inverse information matrices for arbitrary

measurements on a quantum system, and these convexity properties have a

simple statistical explanation. Such dual bounds have cropped up inciden-

tally in quantum statistics, for instance in Gill and Massar7, but this is the

first time a connection is established.

The argument for (6), and given that, for (3), is based on some general

structural features of quantum statistics, and hence it is not necessary to

be familiar with the technical details of the set-up. In the next section we

will summarize the i.i.d. model in quantum statistics, focussing on the key

facts which will be used in the proof of the dual Holevo bound (6) and of

our main result, the asymptotic lower bound (3). These proofs are given in

a subsequent section, where no further “quantum” arguments will be used.

In a final section we will give three applications, leading to new results on

some much studied quantum statistical estimation problems.
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2. Quantum statistics: the i.i.d. parametric case.

The basic objects in quantum statistics are states and measurements, de-

fined in terms of certain operators on a complex Hilbert space. To avoid

technical complications we restrict attention to the finite-dimensional case,

already rich in structure and applications, when operators are represented

by ordinary (complex) matrices.

States and measurement The state of a d-dimensional system is repre-

sented by a d × d matrix ρ, called the density matrix of the state, having

the following properties: ρ∗ = ρ (self-adjoint or Hermitian), ρ ≥ 0 (non-

negative), trace(ρ) = 1 (normalized). “Non-negative” actually implies “self-

adjoint” but it does no harm to emphasize both properties. 0 denotes the

zero matrix; 1 will denote the identity matrix.

Example: when d = 2, every density matrix can be written in the form

ρ = 1
2 (1 + θ1σ1 + θ2σ2 + θ3σ3) where

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)

are the three Pauli matrices and where θ2
1 + θ2

2 + θ2
3 ≤ 1. ¤

“Quantum statistics” concerns the situation when the state of the system

ρ(θ) depends on a (column) vector θ of p unknown (real) parameters.

Example: a completely unknown two-dimensional quantum state depends

on a vector of three real parameters, θ = (θ1, θ2, θ3)
⊤, known to lie in the

unit ball. Various interesting submodels can be described geometrically:

e.g., the equatorial plane; the surface of the ball; a straight line through the

origin. More generally, a completely unknown d-dimensional state depends

on p = d2 − 1 real parameters. ¤

Example: in the previous example the two-parameter case obtained by de-

manding that θ2
1 + θ2

2 + θ2
3 = 1 is called the case of a two-dimensional

pure state. In general, a state is called pure if ρ2 = ρ or equivalently ρ

has rank one. A completely unknown pure d-dimensional state depends on

p = 2(d − 1) real parameters. ¤

A measurement on a quantum system is characterized by the outcome

space, which is just a measurable space (X,B), and a positive operator val-

ued measure (POVM) M on this space. This means that for each B ∈ B

there corresponds a d× d non-negative self-adjoint matrix M(B), together

having the usual properties of an ordinary (real) measure (sigma-additive),
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with moreover M(X) = 1. The probability distribution of the outcome of

doing measurement M on state ρ(θ) is given by the Born law, or trace rule:

Pr(outcome ∈ B) = trace(ρ(θ)M(B)). It can be seen that this is indeed a

bona-fide probability distribution on the sample space (X,B). Moreover it

has a density with respect to the finite real measure trace(M(B)).

Example: the most simple measurement is defined by choosing an or-

thonormal basis of Cd, say ψ1,. . . ,ψd, taking the outcome space to be

the discrete space X = {1, . . . , d}, and defining M({x}) = ψxψ∗
x for

x ∈ X; or in physicists’ notation, M({x}) = |ψx〉〈ψx|. One computes

that Pr(outcome = x) = ψ∗
xρ(θ)ψx = 〈ψx|ρ|ψx〉. If the state is pure then

ρ = φφ∗ = |φ〉〈φ| for some φ = φ(θ) ∈ Cd of length 1 and depending on the

parameter θ. One finds that Pr(outcome = x) = |ψ∗
xφ|2 = |〈ψx|φ〉|2. ¤

So far we have discussed state and measurement for a single quantum

system. This encompasses also the case of N copies of the system, via a

tensor product construction, which we will now summarize. The joint state

of N identical copies of a single system having state ρ(θ) is ρ(θ)⊗N , a density

matrix on a space of dimension dN . A joint or collective measurement on

these systems is specified by a POVM on this large tensor product Hilbert

space. An important point is that joint measurements give many more

possibilities than measuring the separate systems independently, or even

measuring the separate systems adaptively.

Fact 2.1. State plus measurement determines probability distribution of

data.

Quantum Cramér-Rao bound. Our main input is going to be Holevo’s

quantum Cramér-Rao bound13, with its extension to the i.i.d. case due to

Hayashi and Matsumoto12.

Precisely because of quantum phenomena, different measurements, in-

compatible with one another, are appropriate when we are interested in

different components of our parameter, or more generally, in different loss

functions. The bound concerns estimation of θ itself rather than a function

thereof, and depends on a quadratic loss function defined by a symmetric

real non-negative matrix G(θ) which may depend on the actual parameter

value θ. For a given estimator θ̂(N) computed from the outcome of some

measurement M (N) on N copies of our system, define its mean square error

matrix V (N)(θ) = Eθ(θ̂
(N)−θ)(θ̂(N)−θ)⊤. The risk function when using the

quadratic loss determined by G is R(N)(θ) = Eθ(θ̂
(N)−θ)⊤G(θ)(θ̂(N)−θ) =

trace(G(θ)V (N)(θ)).
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One may expect the risk of good measurements-and-estimators to de-

crease like N−1 as N → ∞. The quantum Cramér-Rao bound confirms

that this is the best rate to hope for: it states that for unbiased estimators

of a p-dimensional parameter θ, based on arbitrary joint measurements on

N copies,

NR(N)(θ) ≥ CG(θ) = inf
~X,V :V ≥Z( ~X)

trace(G(θ)V ) (7)

where ~X = (X1, . . . , Xp), the Xi are d × d self-adjoint matrices satisfying

∂/∂θi trace(ρ(θ)Xj) = δij ; Z is the p × p self-adjoint matrix with elements

trace(ρ(θ)XiXj); and V is a real symmetric matrix. It is possible to solve

the optimization over V for given ~X leading to the formula

CG(θ) = inf
~X

trace
(
ℜ(G1/2Z( ~X)G1/2) + absℑ(G1/2Z( ~X)G1/2)

)
(8)

where G = G(θ). The absolute value of a matrix is found by diagonalising it

and taking absolute values of the eigenvalues. We’ll assume that the bound

is finite, i.e., there exists ~X satisfying the constraints. A sufficient condition

for this is that the Helstrom quantum information matrix H introduced in

(17) below is nonsingular.

For specific interesting models, it often turns out not difficult to compute

the bound CG(θ). Note, it is a bound which depends only on the density

matrix of one system (N = 1) and its derivative with the respect to the

parameter, and on the loss function, both at the given point θ. It can be

found by solving a finite-dimensional optimization problem.

We will not be concerned with the specific form of the bound. What we

are going to need, are just two key properties.

Firstly: the bound is local, and applies to the larger class of locally un-

biased estimators. This means to say that at the given point θ, Eθ θ̂
(N) = θ,

and at this point also ∂/∂θi Eθ θ̂
(N)
j = δij . Now, it is well known that the

“estimator” θ0 + I(θ0)
−1S(θ0), where I(θ) is Fisher information and S(θ)

is score function, is locally unbiased at θ = θ0 and achieves the Cramér-

Rao bound there. Thus the Cramér-Rao bound for locally unbiased esti-

mators is sharp. Consequently, we can rewrite the bound (7) in the form

(2) announced above, where I
(N)

M (θ) is the average (divided by N) Fisher

information in the outcome of an arbitrary measurement M = M (N) on N

copies and the right hand side is defined in (7) or (8).

Fact 2.2. We have a family of computable lower bounds on the inverse av-

erage Fisher information matrix for an arbitrary measurement on N copies,

given by (2) and (7) or (8),
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Secondly, for given θ, define the following two sets of positive-definite

symmetric real matrices, in one-to-one correspondence with one another

through the mapping “matrix inverse”. The matrices G occurring in the

definition are also taken to be positive-definite symmetric real.

V = {V : trace(GV ) ≥ CG ∀ G}, (9)

I = {I : trace(GI−1) ≥ CG ∀ G}. (10)

In the appendix to this paper, we give an algebraic proof that that the set

I is convex (for V, convexity is obvious), and that the inequalities defining

V define supporting hyperplanes to that convex set, i.e., all the inequalities

are achievable in V, or equivalently CG = infV ∈V trace(GV ).

In fact, these properties have a statistical explanation, connected to the

fact that the quantum statistical problem of collective measurements on

N identical quantum systems approaches a quantum Gaussian problem as

N → ∞, see Guţă and Kahn8. It can be shown10 (see also Hayashi, per-

sonal communication; Guţă, 2005, unpublished manuscript) that V consists

of all covariance matrices of locally unbiased estimators achievable (by suit-

able choice of measurement) on a certain p-parameter quantum Gaussian

statistical model. The inequalities defining V are the Holevo bounds for that

model, and each of those bounds is attainable. Thus, for each G, there ex-

ists a V ∈ V achieving equality in trace(GV ) ≥ CG. It follows from this

that I consists of all non-singular information matrices together with any

non-singular matrix smaller than some information matrix, achievable by

choice of measurement on the same quantum Gaussian model. Consider the

set of information matrices attainable by some measurement together with

all smaller matrices; and consider the set of variance matrices of locally un-

biased estimators based on arbitrary measurements. Note that adding zero

mean noise to a locally unbiased estimator preserves its local unbiasedness,

so adding larger matrices to this set does not change it. The set of infor-

mation matrices is convex: choosing measurement 1 with probability p and

measurement 2 with probability q (and remembering your choice) gives a

measurement whose Fisher information is the convex combination of the in-

formations of measurements 1 and 2. Augmenting the set with all matrices

smaller than something in the set, preserves convexity. (The set of vari-

ances of locally unbiased estimators is convex, by a similar randomization

argument). Putting this together, we obtain

Fact 2.3. For given θ, both V and I defined in (9) and (10) are convex, and

all the inequalities defining these sets are achieved by points in the sets.
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See the appendix for a direct algebraic proof.

3. An asymptotic Bayesian information bound

We will now introduce the van Trees inequality, a Bayesian Cramér-Rao

bound, and combine it with the Holevo bound (2) via derivation of a dual

bound following from the convexity of the sets (7) and (8). We return

to the problem of estimating the (real, column) vector function ψ(θ) of

the (real, column) vector parameter θ of a state ρ(θ) based on collective

measurements of N identical copies. The dimensions of ψ and of θ need not

be the same. The sample size N is largely suppressed from the notation.

Let V be the mean square error matrix of an arbitrary estimator ψ̂, thus

V (θ) = Eθ(ψ̂ − ψ(θ))(ψ̂ − ψ(θ))⊤. Often, but not necessarily, we’ll have

ψ̂ = ψ(θ̂) for some estimator of θ. Suppose we have a quadratic loss function

(ψ̂ − ψ(θ))⊤G̃(θ)(ψ̂ − ψ(θ)) where G̃ is a positive-definite matrix function

of θ, then the Bayes risk with respect to a given prior π can be written

R(π) = Eπtrace G̃V . We are going to prove the following theorem:

Theorem 3.1. Suppose ρ(θ) : θ ∈ Θ ⊆ Rp is a smooth quantum statistical

model and suppose π is a smooth prior density on a compact subset Θ0 ⊆ Θ,

such that Θ0 has a piecewise smooth boundary, on which π is zero. Suppose

moreover the quantity J(π) defined in (15) below, is finite. Then

lim inf
N→∞

NR(N)(π) ≥ EπCG0
(11)

where G0 = ψ′G̃ψ′⊤ (and assumed to be positive-definite), ψ′ is the matrix

of partial derivatives of elements of ψ with respect to those of θ, and CG0

is defined by (7) or (8).

“Once continuously differentiable” is enough smoothness. Smoothness of

the quantum statistical model implies smoothness of the classical statistical

model following from applying an arbitrary measurement to N copies of the

quantum state. Slightly weaker but more elaborate smoothness conditions

on the statistical model and prior are spelled out by Gill and Levit6. The

restriction that G0 be non-singular can probably be avoided by a more

detailed analysis.

Let IM denote the average Fisher information matrix for θ based on a

given collective measurement on the N copies. Then the van Trees inequal-

ity states that for all matrix functions C of θ, of size dim(ψ) × dim(θ),

NEπtrace G̃V ≥ (Eπtrace Cψ′⊤)2

Eπtrace G̃−1CIMC⊤ + 1
N Eπ

(Cπ)′⊤G̃−1(Cπ)′

π2

(12)
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where the primes in ψ′ and in (Cπ)′ both denote differentiation, but in the

first case converting the vector ψ into the matrix of partial derivatives of

elements of ψ with respect to elements of θ, of size dim(ψ)×dim(θ), in the

second case converting the matrix Cπ into the column vector, of the same

length as ψ, with row elements
∑

j(∂/∂θj)(Cπ)ij . To get an optimal bound

we need to choose C(θ) cleverly.

First though, note that the Fisher information appears in the denomi-

nator of the van Trees bound. This is a nuisance since we have a Holevo’s

lower bound (2) to the inverse Fisher information. We would like to have

an upper bound on the information itself, say of the form (6), together with

a recipe for computing CK .

All this can be obtained from the convexity of the sets I and V defined

in (10) and (9) and the non-redundancy of the inequalities appearing in

their definitions. Suppose V0 is a boundary point of V. Define I0 = V −1
0 .

Thus I0 (though not necessarily an attainable average information matrix

I
(N)

M ) satisfies the Holevo bound for each positive-definite G, and attains

equality in one of them, say with G = G0. In the language of convex sets,

and “in the V -picture”, trace G0V = CG0
is a supporting hyperplane to V

at V = V0.

Under the mapping “matrix-inverse” the hyperplane traceG0V = CG0

in the V -picture maps to the smooth surface trace G0I
−1 = CG0

touching

the set I at I0 in the I-picture. Since I is convex, the tangent plane to the

smooth surface at I = I0 must be a supporting hyperplane to I at this

point. The matrix derivative of the operation of matrix inversion can be

written dA−1/dx = −A−1(dA/dx)A−1. This tells us that the equation of

the tangent plane is traceG0I
−1
0 II−1

0 = trace G0I
−1
0 = CG0

. Since this is

simultaneously a supporting hyperplane to I we deduce that for all I ∈ I,

trace G0I
−1
0 II−1

0 ≤ CG0
. Defining K0 = I−1

0 G0I
−1
0 and CK0 = CG0

we

rewrite this inequality as traceK0I ≤ CK0 .

A similar story can be told when we start in the I-picture with a

supporting hyperplane (at I = I0) to I of the form traceK0I = CK0

for some symmetric positive-definite K0. It maps to the smooth surface

trace K0V
−1 = CK0 , with tangent plane traceK0V

−1
0 IV −1

0 = CK0 at

V = V0 = I−1
0 . By strict convexity of the function “matrix inverse”, the

tangent plane touches the smooth surface only at the point V0. Moreover,

the smooth surface lies above the tangent plane, but below V. This makes

V0 the unique minimizer of traceK0V
−1
0 IV −1

0 in V.

It would be useful to extend these computations to allow singular I, G

and K. Anyway, we summarize what we have so far in a theorem.



250 R. D. Gill

Theorem 3.2. Dual to the Holevo family of lower bounds on average in-

verse information, traceGI
−1

M ≥ CG for each positive-definite G, we have a

family of upper bounds on information,

trace KIM ≤ CK for each K. (13)

If I0 ∈ I satisfies traceG0I
−1
0 = CG0 then with K0 = I−1

0 G0I
−1
0 ,

CK0 = CG0
. Conversely if I0 ∈ I satisfies trace K0I0 = CK0 then with

G0 = I0K0I0, CG0
= CK0 . Moreover, none of the bounds is redundant, in

the sense that for all positive-definite G and K, CG = infV ∈V trace(GV )

and CK = supI∈I trace(KI). The minimizer in the first equation is unique.

Now we are ready to apply the van Trees inequality. First we make

a guess for what the left hand side of (12) should look like, at its best.

Suppose we use an estimator ψ̂ = ψ(θ̂) where θ̂ makes optimal use of the

information in the measurement M . Denote now by IM the asymptotic

normalized Fisher information of a sequence of measurements. Then we

expect that the asymptotic normalized covariance matrix V of ψ̂ is equal

to ψ′I−1
M ψ′⊤ and therefore the asymptotic normalized Bayes risk should

be Eπtrace G̃ψ′I−1
M ψ′⊤ = Eπtraceψ′⊤G̃ψ′I−1

M . This is bounded below by

the integrated Holevo bound EπCG0
with G0 = ψ′⊤G̃ψ′. Let I0 ∈ I sat-

isfy trace G0I
−1
0 = CG0 ; its existence and uniqueness are given by Theo-

rem 3.2. (Heuristically we expect that I0 is asymptotically attainable). By

the same Theorem, with K0 = I−1
0 G0I

−1
0 , CK0 = CG0

= trace G0I
−1
0 =

traceψ′⊤G̃ψ′I−1
0 .

Though these calculations are informal, they lead us to try the ma-

trix function C = G̃ψ′I−1
0 . Define V0 = I−1

0 . With this choice, in the nu-

merator of the van Trees inequality, we find the square of traceCψ′⊤ =

trace G̃ψ′I−1
0 ψ′⊤ = trace G0V0 = CG0 . In the main term of the de-

nominator, we find trace G̃−1G̃ψ′I−1
0 IMI−1

0 ψ′⊤G̃ = trace I−1
0 G0I

−1
0 IM =

traceK0IM ≤ CK0 = CG0
by the dual Holevo bound (13). This makes the

numerator of the van Trees bound equal to the square of this part of the

denominator, and using the inequality a2/(a + b) ≥ a − b we find

NEπtrace GV ≥ EπCG0
− 1

N
J(π) (14)

where

J(π) = Eπ
(Cπ)′⊤G̃−1(Cπ)′

π2
(15)

with C = G̃ψ′V0 and V0 uniquely achieving in V the bound traceG0V ≥
CG0

, where G0 = ψ′⊤G̃ψ′. Finally, provided J(π) is finite (which depends
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on the prior distribution and on properties of the model), we obtain the

asymptotic lower bound

lim inf
N→∞

NEπtrace G̃V ≥ EπCG0
. (16)

4. Examples

In the three examples discussed here, the loss function is derived from

a very popular (among the physicists) figure-of-merit in state estima-

tion called fidelity. Suppose we wish to estimate a state ρ = ρ(θ) by

ρ̂ = ρ(θ̂). Fidelity measures the closeness of the two states, being max-

imally equal to 1 when the estimate and truth coincide. It is defined as

Fid(ρ̂, ρ) =
(
trace(

√
ρ

1
2 ρ̂ρ

1
2 )

)2
(some authors would call this squared fi-

delity). When both states are pure, thus ρ = |φ〉〈φ| and ρ̂ = |φ̂〉〈φ̂| where

φ and φ̂ are unit vectors in Cd, then Fid(φ̂, φ) = |〈φ̂|φ〉|2. There is an im-

portant characterization of fidelity due to Fuchs4 which both explains its

meaning and leads to many important properties. Suppose M is a measure-

ment on the quantum system. Denote by M(ρ) the probability distribution

of the outcome of the measurement M when applied to a state ρ. For two

probability distributions P , P̂ on the same sample space, let p and p̂ be their

densities with respect to a dominating measure µ and define the fidelity be-

tween these probability measures as Fid(P̂ , P ) =
(∫

p̂
1
2 p

1
2 dµ

)2
. In usual

statistical language, this is the squared Hellinger affinity between the two

probability measures. It turns out that Fid(ρ̂, ρ) = infM Fid(M(ρ̂),M(ρ)),

thus two states have small fidelity when there is a measurement which dis-

tinguishes them well, in the sense that the Hellinger affinity between the

outcome distributions is small, or in other words, the L2 distance between

the root densities of the data under the two models is large.

Now suppose states are smoothly parametrized by a vector parameter

θ. Consider the fidelity between two states with close-by parameter values

θ and θ̂, and suppose they are measured with the same measurement M .

From the relation
∫

p
1
2 p̂

1
2 dµ = 1− 1

2‖p̂
1
2 − p

1
2 ‖2 and by a Taylor expansion

to second order one finds 1 − Fid(P̂ , P ) ≈ 1
4 (θ̂ − θ)⊤IM (θ)(θ̂ − θ) where

IM (θ) is the Fisher information in the outcome of the measurement M on

the state ρ(θ). We will define the Helstrom quantum information matrix

H(θ) by the analogous relation

1 − Fid(ρ̂, ρ) ≈ 1

4
(θ̂ − θ)⊤H(θ)(θ̂ − θ). (17)

It turns out that H(θ) is the smallest “information matrix” such that

IM (θ) ≤ H(θ) for all measurements M .
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Taking as loss function l(θ̂, θ) = 1−Fid(ρ(θ̂), ρ(θ)) we would expect (by

a quadratic approximation to the loss) that EπC 1
4 H is a sharp asymptotic

lower bound on N times the Bayes risk. We will prove this result for a

number of special cases, in which by a fortuitous circumstance, the fidelity-

loss function is exactly quadratic in a (sometimes rather strange) function of

the parameter. The first two examples concern a two-dimensional quantum

system and are treated in depth by Bagan and co-workers1; below we just

outline some important features of the application. In the second of those

two examples our asymptotic lower bound is an essential part of a proof of

asymptotic optimality of a certain measurement-and-estimation scheme.

The third example concerns an unknown pure state of arbitrary dimen-

sion. Here we are present a short and geometric proof of a surprising but

little known result of9 which shows that an extraordinarily simple measure-

ment scheme leads to an asymptotically optimal estimator (providing the

data is processed efficiently). The analysis also links the previously uncon-

nected Holevo and Gill-Massar bounds7,13.

4.1. Completely unknown spin half (d=2, p=3)

Recall that a completely unknown 2-dimensional quantum state can be

written ρ(θ) = 1
2 (1+θ1σ1 +θ2σ2 +θ3σ3), where θ lies in the unit ball in R3.

It turns out that Fid(ρ̂, ρ) = 1
2 (1 + θ̂ · θ + (1 − ‖θ̂‖2)

1
2 (1 − ‖θ‖2)

1
2 ). Define

ψ(θ) to be the four-dimensional vector obtained by adjoining (1 − ‖θ‖2)
1
2

to θ1, θ2, θ3. Note that this vector has constant length 1. It follows that

1 − Fid(ρ̂, ρ) = 1
4‖ψ̂ − ψ‖2. This is a quadratic loss-function for estimation

of ψ(θ) with G̃ = 1, the 4 × 4 identity matrix. By Taylor expansion of

both sides, we find that 1
4H = ψ′⊤G̃ψ′ = G and conclude from Theorem 1

that N times 1− mean fidelity is indeed asymptotically lower bounded by

EπC 1
4 H .

In Bagan and coworker’s paper1 the exactly optimal measurement-and-

estimation scheme is derived and analysed in the case of a rotationally

invariant prior distribution over the unit ball. The optimal measurement

turns out not to depend on the (arbitrary) radial part of the prior distri-

bution, and separates into two parts, one used for estimating the direction

θ/‖θ‖, the other part for estimating the length ‖θ‖. The Bayes optimal es-

timator of the length of θ naturally depends on the prior. Because of these

simplifications it is feasible to compute the asymptotic value of N times

the (optimal) Bayes mean fidelity, and this value is (3 + 2Eπ‖θ‖)/4.

The Helstrom quantum information matrix H and the Holevo lower
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bound C 1
4 H are also computed. It turns out that C 1

4 H(θ) = (3 + 2‖θ‖)/4.

Our asymptotic lower bound is not only correct but also, as expected, sharp.

The van Trees approach does put some non-trivial conditions on the

prior density π. The most restrictive conditions are that the density is zero

at the boundary of its support and that the quantity (15) be finite. Within

the unit ball everything is smooth, but there are some singularities at the

boundary of the ball. So our main theorem does not apply directly to many

priors of interest. However there is an easy approximation argument to

extend its scope, as follows.

Suppose we start with a prior π supported by the whole unit ball which

does not satisfy the conditions. For any ǫ > 0 construct π̃ = π̃ǫ which is

smaller than (1 + ǫ)π everywhere, and 0 for ‖θ‖ ≥ 1 − δ for some δ > 0. If

the original prior π is smooth enough we can arrange that π̃ satisfies the

conditions of the van Trees inequality, and makes (15) finite. N times the

Bayes risk for π̃ cannot exceed 1 + ǫ times that for π, and the same must

also be true for their limits. Finally, Eπ̃ǫ
C 1

4 H → EπC 1
4 H as ǫ → 0.

Some last remarks on this example: first of all, it is known that only

collective measurements can asymptotically achieve this bound. Separate

measurements on separate systems lead to strictly worse estimators. In fact,

by the same methods one can obtain the sharp asymptotic lower bound

9/4 (independent of the prior)2, when one allows the measurement on the

nth system to depend on the data obtained from the earlier ones. Instead

of the Holevo bound itself, we use here the bound Gill–Massar bound7,

which is actually has the form of a dual Holevo bound. (We give some

more remarks on this at the end of the discussion of the third example).

Secondly, our result gives strong heuristic support to the claim1 that the

measurement-and-estimation scheme for a specific prior and specific loss

function is also pointwise optimal in a minimax sense, or among regular

estimators, for loss functions which are locally equivalent to fidelity-loss;

and also asymptotically optimal in the Bayes sense for other priors and

locally equivalent loss functions. In general, if the physicists’ approach is

successful in the sense of generating a measurement-and-estimation scheme

which can be analytically studied and experimentally implemented, then

this scheme will have (for large N) good properties independent of the

prior and only dependent on local properties of the loss.

4.2. Spin half: equatorial plane (d=2, p=2)

Bagan et al.1 also considered the case where it is known that θ3 = 0, thus

we now have a two-dimensional parameter. The prior is again taken to be
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rotationally symmetric. The exactly Bayes optimal measurement turns out

(at least, for some N and for some priors) to depend on the radial part

of the prior. Analysis of the exactly optimal measurement-and-estimation

procedure is not feasible since we do not know if this phenomenon persists

for all N . However there is a natural measurement, which is exactly optimal

for some N and some priors, which one might conjecture to be asymptoti-

cally optimal for all priors. This sub-optimal measurement, combined with

the Bayes optimal estimator given the measurement, can be analysed and

it turns out that N times 1− mean fidelity converges to 1/2 as N → ∞,

independently of the prior. Again, the Helstrom quantum information ma-

trix H and the Holevo lower bound C 1
4 H are computed. It turns out that

C 1
4 H(θ) = 1/2. This time we can use our asymptotic lower bound to prove

that the natural sub-optimal measurement-and-estimator is in fact asymp-

totically optimal for this problem.

For a p-parameter model the best one could every hope for is that for

large N there are measurements with IM approaching the Helstrom upper

bound H. Using this bound in the van Trees inequality gives the asymptotic

lower bound on N times 1− mean fidelity of p/4. The example here is a

special case where this is attainable. Such a model is called quasi-classical.

If one restricts attention to separate measurements on separate systems

the sharp asymptotic lower bound is 1, twice as large2.

4.3. Completely unknown d dimensional pure state

In this example we make use of the dual Holevo bound and symmetry ar-

guments to show that in this example, the original Holevo bound for a nat-

ural choice of G (corresponding to fidelity-loss) is attained by an extremely

large class of measurements, including one of the most basic measurements

around, known as “standard tomography”.

For a pure state ρ = |φ〉〈φ|, fidelity can be written |〈φ̂|φ〉|2 where |φ〉 ∈
Cd is a vector of unit length. The state-vector can be multiplied by eia

for an arbitrary real phase a without changing the density matrix. The

constraint of unit length and the arbitrariness of the phase means that one

can parametrize the density matrix ρ corresponding to |φ〉 by 2(d− 1) real

parameters which we take to be our underlying vector parameter θ (we have

d real parts and d imaginary parts of the elements of |φ〉, but one constraint

and one parameter which can be fixed arbitrarily).

For a pure state, ρ2 = ρ so trace(ρ2) = 1. Another way to write the

fidelity in this case is as trace(ρ̂ρ) =
∑

ij(ℜ(ρ̂ij)ℜ(ρij) + ℑ(ρ̂ij)ℑ(ρij)). So

if we take ψ(θ) to be the vector of length 2d2 and of length 1 containing the
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real and the imaginary parts of elements of ρ we see that 1 − Fid(ρ̂, ρ) =
1
2‖ψ̂ − ψ‖2. It follows that 1− fidelity is a quadratic loss function in ψ(θ)

with again G̃ = 1.

Define again the Helstrom quantum information matrix H(θ) for θ by

1−Fid(ρ̂, ρ) ≈ 1
4 (θ̂−θ)⊤IM (θ)(θ̂−θ). Just as in the previous two examples

we expect the asymptotic lower bound EπC 1
4 H to hold for N times Bayes

mean fidelity-loss, where G = 1
4H = ψ′⊤G̃ψ′.

Some striking facts are known about estimation of a pure state. First of

all, from14, we know that the Holevo bound is attainable, for all G, already

at N = 1. Secondly, from7 we have the following inequality

traceH−1IM ≤ d − 1 (18)

with equality (in the case that the state is completely unknown) for all ex-

haustive measurements M (N) on N copies of the state. Exhaustivity means,

for a measurement with discrete outcome space, that M (N)({x}) is a rank

one matrix for each outcome x. The meaning of exhaustivity in general is

by the same property for the density m(x) of the matrix-valued measure

M (N) with respect to a real dominating measure, e.g., trace(M (N)(·)). This

tells us that (18) is one of the “dual Holevo inequalities”. We can associate

it with an original Holevo inequality once we know an information matrix

of a measurement attaining the bound. We will show that there is an in-

formation matrix of the form IM = cH attaining the bound. Since the

number of parameters (and dimension of H) is 2(d−1) it follows by impos-

ing equality in (18) that c = 1
2 . The corresponding Holevo inequality must

be trace 1
2HH−1 1

2HI
−1

M ≥ d − 1 which tells us that C 1
4 H = d − 1.

The proof uses an invariance property of the model. For any unitary

matrix U (i.e., UU∗ = U∗U = 1) we can convert the pure state ρ into a new

pure state UρU∗. The unitary matrices form a group under multiplication.

Consequently the group can be thought to act on the parameter θ used

to describe the pure state. Clearly the fidelity between two states (or the

fidelity between their two parameters) is invariant when the same unitary

acts on both states. This group action possesses the “homogenous two point

property”: for any two pairs of states such that the fidelities between the

members of each pair are the same, there is a unitary transforming the first

pair into the second pair.

We illustrate this in the case d = 2 where (first example, section 2),

the pure states can be represented by the surface of the unit ball in R3. It

turns out that the action of the unitaries on the density matrices translates

into the action of the group of orthogonal rotations on the unit sphere.
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Two points at equal distance on the sphere can be transformed by some

rotation into any other two points at the same distance from one another;

a constant distance between points on the sphere corresponds to a constant

fidelity between the underlying states.

In general, the pure states of dimension d can be identified with the Rie-

mannian manifold CP d−1 whose natural Riemannian metric corresponds

locally to fidelity (locally, 1− fidelity is squared Riemannian distance) and

whose isometries correspond to the unitaries. This space posseses the ho-

mogenous two point property, as we argued above. It is easy to show that

the only Riemannian metrics invariant under isometries on such a space are

proportional to one another. Hence the quadratic forms generating those

metrics with respect to a particular parametrization must also be propor-

tional to one another.

Consider a measurement whose outcome is actually an estimate of the

state, and suppose that this measurement is covariant under the unitaries.

This means that transforming the state by a unitary, doing the measure-

ment on the transformed state, and transforming the estimate back by

the inverse of the same unitary, is the same (has the same POVM) as the

original measurement. The information matrix for such a measurement is

generated from the squared Hellinger affinity between the distributions of

the measurement outcomes under two nearby states, just as the Helstrom

information matrix is generated from the fidelity between the states. If

the measurement is covariant then the Riemannian metric defined by the

information matrix of the measurement outcome must be invariant under

unitary transformations of the states. Hence: the information matrix of any

covariant measurement is proportional to the Helstrom information matrix.

Exhaustive covariant measurements certainly do exist. A particularly

simple one is that, for each of the N copies of the quantum system, we

independently and uniformly choose a basis of Cd and perform the simple

measurement (given in an example in Section 2) corresponding to that basis.

The first conclusion of all this is: any exhaustive covariant measurement

has information matrix I
(N)

M equal to one half the Helstrom information ma-

trix. All such measurements attain the Holevo bound trace1
4H(I

(N)

M )−1 ≥
d−1. In particular, this holds for the i.i.d. measurement based on repeatedly

choosing a uniformly distributed random basis of Cd.

The second conclusion is that an asymptotic lower bound on N times

1− mean fidelity is d−1. Now the exactly Bayes optimal measurement-and-

estimation strategy is known to achieve this bound. The measurement in-

volved is a mathematically elegant collective measurement on the N copies
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together, but hard to realise in the laboratory. Our results show that one can

expect to asymptotically attain the bound by decent information process-

ing (maximum likelihood? optimal Bayes with uniform prior and fidelity

loss?) following an arbitrary exhaustive covariant measurement, of which

the most simple to implement is the standard tomography measurement

consisting of an independent random choice of measurement basis for each

separate system.

In Gill and Massar’s paper7 the same bound as (18) was shown to hold

for separable (and in particular, for adaptive sequential) measurements also

in the mixed state case. Moreover in the case d = 2, any information matrix

satisfying the bound is attainable already at N = 1. This is used in2 to ob-

tain sharp asymptotic bounds to mean fidelity for separable measurements

on mixed qubits.
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Monras whose work led to the questions studied here.

I acknowledge financial support from the European Community project

RESQ, contract no IST-2001-37559.

Appendix A. Proof of convexity

The first step is to show that

V = clos{V : V ≥ Z( ~X) for some ~X} (A.1)

where, as before, ~X = (X1, . . . , Xp), the Xi are d × d self-adjoint matrices

satisfying ∂/∂θi trace(ρ(θ)Xj) = δij ; Z is the p× p self-adjoint matrix with

elements trace(ρ(θ)XiXj); and V is a real symmetric matrix.

An easy computation shows that Z(p ~X + (1 − p)~Y ) ≤ pZ( ~X) + (1 −
p)Z(~Y ) (check that the second derivative w.r.t. p of 〈ψ|Z(p ~X+(1−p)~Y )|ψ〉
is non-negative, for any complex vector ψ.) This makes {V : V ≥
Z( ~X) for some ~X}, where V is self-adjoint, a convex set. Restricting to

the real matrices in this set preserves convexity, as does taking the clo-

sure of the set. By convexity, the definition (7) tells us that the equations

trace(GV ) = CG define supporting hyperplanes to the set defined on the

right hand side of (A.1). Since a closed convex set is the intersection of the

closed halfspaces defined by its supporting hyperplanes, it follows that V
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as defined by (9) can also be specified as (A.1), and that all the Holevo

bounds trace(GV ) ≥ CG are attained in V.

The convexity of I, the set of inverses of elements of V, is a lot more

subtle. In the following argument I will suppose that the state ρ(θ) is strictly

positive. The proof is easily adapted to the case of a model for a pure state.

(More generally we need the notion of D-invariant model and the L2 spaces

defined by a quantum state12,13).

We can consider our model with p parameters and a strictly positive

density matrix as a submodel of the model of a completely unknown mixed

state, which has d2 −1 parameters. Denote the parameter vector of the full

model by φ. The submodel is parametrized by θ, a subvector of φ. I’ll use

the terminology interest parameter, nuisance parameter for the two subvec-

tors of φ corresponding to submodel parameters and auxiliary parameters.

Subscripts 1, 2 will be also used when we partition matrices or vectors ac-

cording to these two parts. By the strict positivity of ρ we are working at

a point in the interior of the full model (this is one of the reasons why the

argument needs to be adapted for a pure-state model). Since trace ρ = 1,

the partial derivatives of ρ with respect to the components of θ in sub-

model and φ in fullmodel are traceless (i.e., have trace zero). It is easy to

see from this that we may restrict the elements X of ~X, entering into the

Holevo bounds for the submodel, and elements Y of ~Y , entering into the

Holevo bounds for the full model, to be such that trace ρY = 0. Such Y

form a d2 − 1 dimensional real Hilbert space L2
0(ρ) under the innerproduct

〈X, Y 〉ρ = ℜ trace ρXY .

Let ρ′i denote the partial derivative of ρ with respect to θi at the fixed

parameter value under consideration. For the submodel, define the sym-

metric logarithmic derivatives λi ∈ L2
0(ρ) by 〈λi, X〉ρ = trace ρ′iX for all

X ∈ L2
0(ρ). The constraints trace ρ′iXj = δij translate into constraints

〈λi, Xj〉ρ = δij for all i, j ≤ p. In the full model, I’ll use the notation ~µ

for the vector of symmetric logarithmic derivatives, and ~Y for a candidate

vector of Yi, each of length d2 − 1. Of course, ~λ is a subvector of ~µ. In

the full model, the constraints on ~Y translate into 〈µi, Yj〉ρ = δij for all

i, j ≤ d2 − 1. The µi form a basis of L2
0(ρ) of linearly independent vectors.

Now in the full model, the constraints on the Yi make them uniquely

defined. Thus for the full model, the set Vfull is the set of all (d2−1)×(d2−
1) real matrices W exceeding the fixed self-adjoint matrix Zfull = Z(~Y ).

Unfortunately, Zfull is singular. But we may describe Ifull as the closure of

the set of all real matrices less than or equal to (Zfull + δ1)−1 for some

δ > 0. The convexity of both sets is trivial. This suggests that we try to
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deal with the case of a p parameter model by considering it a submodel of

the full d2 − 1 parameter model.

The relation between inverse information matrices for full models and

submodels is complicated, but that between the information matrices them-

selves is simple: the information matrix for a submodel is a submatrix of

the information matrix of a full model. Thus we might conjecture that for

every I ∈ I, there exists a W ≥ Zfull such that I ≤ (W−1)11, the subscript

“11” indicating the submodel submatrix. However, it could be that we have

positive information for the submodel parameters, but zero information for

the auxiliary parameters. This would make the corresponding inverse in-

formation matrix W−1 for the full model undefined. This problem can be

solved by approximating singular information matrices by nonsingular ones.

We will prove the following theorem:

Theorem A.1. V −1 ∈ I if and only if there exist real matrices W (n) >

Zfull, with ((W (n))−1)11 = (V (n))−1 → V −1 as n → ∞.

In words, I is the closure of the set of 11 submatrices of real symmetric

non-nonsingular matrices less than or equal to (Zfull+δ1)−1 for some δ > 0.

Consequently I is convex.

Proof. The proof will work by frequent reparametrizations of the nuisance

part of the full model. By this we mean that φ is transformed smoothly

and one-to-one into, say, ψ, in such a way that the interest component

of φ is unaltered. Under such a transformation, the vector of symmetric

logarithmic derivatives ~µ transforms by premultiplication by an invertible

matrix C whose 11 block is the identity and whose 12 block is zero, so

the ‘interest” part of ~µ is unchanged. (Subject to C being nonsingular, for

which it is just necessary that the 22 block is nonsingular, the 21 block of

C can be arbitrary). At the same time the vector of operators ~Y transforms

by premultiplication by the transposed inverse of C. Consequently, Zfull is

transformed into (C⊤)−1ZfullC
−1, W ≥ Zfull is transformed the same way,

while W−1 is transformed into CW−1C⊤. We therefore see that the 11

block (i.e., the submatrix corresponding to the submodel) of W−1 remains

invariant under reparametrization of the auxiliary or nuisance parameters.

In the statement of the theorem the choice of parametrization of the

auxiliary parameters is arbitrary, and so can be chosen in any convenient

way. We take advantage of this possibility immediately, in the proof of the

the forwards implication of the theorem.

Suppose V ≥ Z( ~X) for some ~X satisfying the usual constraints. Aug-

ment ~λ to a vector ~µ of d2 − 1 linearly independent elements µi ∈ L2
0(ρ)
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such that 〈µi, Xj〉ρ = δij for all i ≤ d2 − 1, j ≤ p. (The extra elements can

be an arbitrary basis of the orthocomplement of the Xj , it is easy to check

that together with the old elements they are linearly independent, hence

because of their number, a basis). Next augment ~X to ~Y , so that the the

orthogonality relation, with Xj replaced by Yj , also holds for p < j ≤ d2−1.

For square matrices A, B write diag(A,B) for the block diagonal matrix

with A and B as diagonal blocks corresponding to interest and nuisance

parts of the full model. Let Dǫ = diag(1, ǫ1), this is the diagonal matrix

with 1’s on the interest parameter part of the diagonal, ǫ’s on the nuisance

part.

We have DǫZfullDǫ → diag(Z( ~X),0) ≤ diag(V,0) as ǫ → 0. Therefore,

for each ǫ > 0 we can find δ = δ(ǫ) > 0 such that DǫZfullDǫ < diag(V,0) +

δ1 and moreover such that δ → 0 as ǫ → 0. Thus for each ǫ, Zfull <

D−1
ǫ (diag(V,0) + δ1)D−1

ǫ = Wǫ where ((Wǫ)
−1)11 → V −1 as ǫ → 0.

Choosing a sequence ǫn → 0 as n → ∞ we have found W (n) > Zfull

for all n with ((W (n))−1)11 → V −1 as n → ∞. Going back to the original

parametrization does not alter ((W (n))−1)11 so the forwards implication of

the theorem is proved.

Now for the backwards implication. Suppose I am given W > Zfull,

(W−1)11 = V −1. Reparametrize the nuisance part of the full model so that

(W−1)12 = 0. This does not alter (W−1)11 but does alter both interest

and nuisance parts of ~Y . Denote the interest part of the transformed ~Y by
~X. The inequality W > Zfull remains true after the transformation, hence

W11 > Z( ~X). Since W is block diagonal, we obtain from this (W−1)11 ≤
(Z( ~X) + δ1)−1 for some δ > 0. Taking the closure completes the proof.
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We consider the problem of optimal feedback control of a quantum system with

linear dynamics undergoing continual non-demolition measurement of position

and/or momentum, or both together. Specifically, we show that a stable domain

of solutions for the filtered state of the system will be given by a class of

randomized squeezed states and we exercise the control problem amongst these

states. Bellman’s principle is then applied directly to optimal feedback control

of such dynamical systems and the Hamilton Jacobi Bellman equation for the

minimum cost is derived. The situation of quadratic performance criteria is

treated as the important special case and solved exactly for the class of relaxed

states.

Keywords: Quantum Filtering, Optimal Control, Canonical Observables

1. Introduction

The advances in experimental physics over the last few decades with respect

to the manipulation of individual quantum systems has renewed interest in

theoretical schemes for the control of quantum systems. It is impossible

to measure a quantum system with generating stochastic effects. Quantum

noise was originally developed to model irreversible quantum dynamical

systems, where it often played an external and secondary role, however, the

realization that it could be measured, and that the results used to influence

the system evolution, has had a profound effect on its physical status1–5. The

issue we wish to address in this paper is the optimal control of a solvable

model for a particle undergoing continuous non-demolition measurement

of its canonical observables of position and momentum. Solvability of the

associated stochastic master equation comes down to assuming that the

internal dynamics is linear: that is generated by a quadratic Hamiltonian.

The theory of quantum feedback that is most familiar to physicists is
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the one pioneered by Wiseman5 for quantum optics. Here we make contin-

ual indirect measurements of a quantum system by means of some output

channel, for instance a photocurrent, and feed the channel back onto sys-

tem. The result is often improved convergence to and stability of a target

state. As pointed out by Doherty and Jacobs6 in their work on Kalman fil-

tering for quantum state estimation, it is possible to broaden the outlook of

what may be considered as feedback: rather than just direct feedback, one

can consider suitable modifications of the output channel before feedback.

In the information theoretic sense, one considers feedback to mean using

the past output observations to influence present dynamical evolution: just

as in classical control. Non-feedback control is also used, particularly for

controlling molecular systems by laser pulses, and here algorithmic proce-

dures exist to determine optimal control policies that achieve some desired

effect with minimum energy cost7.

The general theory of optimal quantum feedback control3 sets out to

determine optimal control policies for steering quantum systems so as to

minimize some cost, for instance, the energy of operation. As in classical

control, we must consider introducing an observer in order to obtain infor-

mation about the current state and a controller to use this information to

steer our system. The best estimate for the current state, conditional on

the observations so far, is known as the filtered state and its evolution is

described by a stochastic master equation which may be called the filtering

equation. The ensuing problem of controlling the filtered state to meet some

optimal cost criteria can then be considered as a separate problem, see for

instance8–10. So far, this is analogous to classical control except that the

noise present in the observations, which is of course quantum mechanical

in origin, is no longer independent of the noise perturbing the state.

It should perhaps be remarked that the form of the filtering equation is a

stochastic Schrödinger equation which falls within the category of equations

unraveling completely positive Markovian semi-groups. The same class of

equations has turned up in the considerations of several authors, for in-

stance1,11,12: although mathematically identical, these equations differ sig-

nificantly in their physical interpretation, derivation and status. Most of

these treat the noise as an uncontrollable effect, however we specifically

need the interpretation where it is a physically observable process and the

stochastic state is just the filtered state, conditional on these observations.

Experimentalists have already made the practical implementation of quan-

tum state estimation and adaptive feedback control a reality. With this,

has come new problems that have received intense interest in the physics
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community13–17.

In this paper, we wish to treat the problem of how to optimally con-

trol the quantum evolution of a system with linear free dynamics when we

perform non-demolition measurement of, typically both, canonical position

and momentum. Continuous position measurements on its own has been

of historical importance and here the model is essentially the one consid-

ered by Ghirardi, Rimini and Weber11, who also obtained the asymptotic

form for the state. The asymptotic solution, with explicit reference to the

stochastic Schrödinger equation within the Itô formulation, was first given

by Diósi19, with the full time solution given by Belavkin and Staszewski20.

Effectively, the solution to the stochastic Schrödinger equation could be un-

derstood as an randomly parameterized squeezed state, that is, a Gaussian

state with the parameters being mean position, mean momentum and a

complex inverse variance. It was shown by Staszewski that the same class

of states suffice for the stochastic Schrödinger equation describing simul-

taneous monitoring of position and momentum21. We re-derive this result

and generalize to several dimensions.

Our main goal is optimal quantum feedback control of such a dynami-

cal system. Bellman equations have been derived previously for the optimal

cost of controlling a qubit system8. In fact, the general problem can be un-

derstood as a classical control problem on the space of quantum states10

if one exploits the separation of quantum estimation component from the

control component: here we may construct a, typically infinite dimensional,

Hamilton Jacobi Bellman theory and are then faced with the problem of

finding a sufficient parameterization of states for particular situation. In

the case of non-demolition position and momentum measurements, we have

that the squeezed states offer a sufficient parameterization. The quadratic

performance problem is the important special case, Belavkin has previously

given a arbitrary-dimensional solution to the quantum Kalman filter using

the Heisenberg-Langevin approach22 and Doherty and Jacobs6 studied the

dual problem of state estimation. Our contribution lies in deriving the op-

timal control through the Hamilton Jacobi Bellman principle. We would

also like to mention that a similar approach has been given by Edwards

and Belavkin29 for a different set of sufficient state parameters.

2. Quantum Dynamical Programming

We shall begin by working through the Bellman principle and show how it

leads to a partial differential equation, called the Hamilton-Jacobi-Bellman

(HJB) equation, for the optimal cost. Our main dynamical assumption will
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be that we remain within a finite parameterized family of states

̺ = ρ (θ) (1)

where θ = (θ1, · · · , θn)
⊤

takes values in some parameter space Θ. We shall

refer to θ as the set of sufficient coordinates for the problem. In particular,

we shall assume that if we start in state ̺t = ρ (θt) at time t then the

state evolves according to the (Itô) stochastic differential equation dθ =

Ads +
∑

α BαdWα or, more explicitly,

dθi (s) = Ai (θs, s;us) ds +
∑

α

Bi,α (θs, s) dWα (s) (2)

where {us} is a prescribed piece-wise continuous function taking values

in some space U and the Wα are a finite number of independent Wiener

processes. In other words, the dynamical evolution of the state is expressed

in terms of the evolution of parameters which in this case undergo a diffusion

in the parameter space Θ.

In optimal control, we wish to find a function {us} which will minimize

a pre-assigned cost. We refer to a given {us} as a control function. The cost

that we shall try to minimize will be assumed to take the form

J = J [θ, t; {u}]

=

∫ T

t

ℓ (θs, s; us) ds + G (θT ) . (3)

Here we have a “Lagrangian” ℓ that depends on the current state parame-

ter θs, the current time s, and the current control parameter us. The time

integral is from the initial time t to a fixed terminal time T : we have im-

plicitly taken 0 < t < T . In the definition, θs denoted the solution to the

SDE (2) with initial condition being that we start at parameter value θ at

time t. Finally we have an additional cost on termination G (θT ), known as

the bequest cost in control theory.

The actual cost J will vary from one experimental trial to another,

and must be thought of as a random variable depending on the stochastic

process {θs : t ≤ s ≤ T}. The aim of this section is to evaluate the minimum

average cost over all possible control policies, which we denote as

S (θ, t) = inf
{u}

J [θ; t; {u}]. (4)

Here we denote the average with a bar, and seek an infimum rather than a

minimum just in case the optimal cost may only be attained as a limit.
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2.1. Bellman Optimality Principle

Let us take t < t + ∆t < T , Bellman’s optimality principle is the simple

observation that optimality in a given time interval implies optimality, upon

restriction, to any sub-interval. However, this principle has far reaching

consequences. Let ∆t > 0, then restricting the optimal control problem

from [t, T ] to [t + ∆t, T ], we have that

S (θ, t) = inf
{u}

∫ t+∆t

t

ℓ (θs; s; us) ds + J [θt+∆t, t + ∆t; {u}]. (5)

Note that θt+∆t will be random, which is why it too is averaged. We shall

write θt+∆t = θ+∆θt where ∆θt can be approximated by the Itô differential

() above. We first note that
∫ t+∆t

t

ℓ (θs, s;us) ds = ℓ (θt, t;ut) ∆t + o (∆t)

up to terms that are small of order in ∆t. Likewise, assuming that S will

be sufficiently differentiable,

S (θt+∆t, t + ∆t)

= S (θ, t) +
∂S

∂t
∆t +

∂S

∂θ

⊤

∆θt +
1

2
∆θ⊤t

∂2S

∂θ2

∣∣∣∣
0

∆θt + o (∆t)

= S (θ, t) +





∂S

∂t
+

∑

i

Ai
∂S

∂θi
+

1

2

∑

i,j

σij
∂2S

∂θi∂θj



∆t

+
∑

i

∑

α

Bi,α
∂S

∂θi
∆Wα (t) + o (∆t)

where we use the discrete Itô rule ∆Wα (t) .∆Wβ (t) = δαβ ∆t + o (∆t) and

introduce the diffusion matrix

σij =
∑

α

Bi,αBj,α.

The Bellman principle of optimality26, see also27 for instance, states that if

{u∗
s} is an optimal control function exercised over the time interval t ≤ s ≤

T for a given start state at time t, then if we operate this policy up to time

t + ∆t the remaining component of the control function will be optimal

for the control problem over t + ∆t ≤ s ≤ T with initial condition now

being that we start at the current (random) state at current time t + ∆T .

If we assume the existence of such an optimal control, then, within the

above approximations with ∆t → 0+, we are led to the partial differential
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equation (Hamilton Jacobi Bellman equation, or just Bellman equation) for

S

0 =
∂S

∂t
+ H

(
θ,

∂S

∂θ
, t

)
+

1

2

∑

i,j

σij
∂2S

∂θi∂θj
, (6)

where we introduce

H (θ, I, t) := inf
u∈U

{
I
⊤
A (θ, t;u) + ℓ (θ, t; u)

}
. (7)

The Legendre transform (7) involves taking the infimum over the point

value u = ut only. The transform parameters I = (I1, · · · , In) may be

called the co-parameters. It should perhaps be stressed that the derivation

of this equation is entirely classical. The equation is to be solved subject to

the terminal condition

lim
t→T−

S (θ, t) = G (θ) . (8)

2.2. Stochastic Schrödinger Equation

We now consider a quantum system evolving with free Hamiltonian H =

H (u) while undergoing continual diffusive interaction with several indepen-

dent apparatuses, each coupling to the system in a Markovian manner with

coupling operator Lα for the α-th apparatus. (The {Lα} do not generally

need to be either commuting or self-adjoint.)

The conditioned state of the system, ψt,continually updated using the

output of the apparatuses, will then satisfy a stochastic Schrödinger equa-

tion of the type3,18,

|dψt〉 =
1

i~
H (ut) |ψt〉 dt − 1

2

∑

α

(
L†

αLα − 2λα (t)Lα + λ2
α (t)

)
|ψt〉 dt

+
∑

α

(Lα − λα (t)) |ψt〉 dWα (t) . (9)

where λα (t) = Re 〈ψt|Lα ψt〉 and {Wα} is a multi-dimensional Wiener pro-

cess with dWα (t) dWβ (t) = δαβ dt. This equation was first derived in the

context of filtering by Belavkin where the apparatuses are separate Bose

fields. The processes Wα (t) are innovations processes: if Yα (t) is the inte-

grated measurement process from the α-th apparatus, then the correspond-

ing innovations process is determined through the equation

dWα (t) = dYα (t) − λα (t) dt. (10)
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Loosely speaking, the innovations give the difference between the observa-

tions and our expectations.

We are painfully aware that this type of equation is generic and has

been derived in a variety of contexts by several authors: see18 for refer-

ences. We are forced to add the disclaimer that our interest resides solely

in the interpretation of ψt as conditioned state and Wα (t) as the innova-

tions coming from the observations. No other interpretation is applicable

to control theory!

Let ̺t = |ψt〉 〈ψt| be the von Neumann density matrix corresponding to

the vector state. It obeys the SDE

d̺t = w (̺t;ut) dt +
∑

α

σα (̺t) dWα (t) , (11)

with

w (̺;u) = i [̺,H (u)] +
∑

α

{
Lα̺L†

α − 1

2
̺L†

αLα − 1

2
L†

αLα̺

}
,

σα (̺) = Lα̺ + ̺L†
α − 2λα̺.

Note that λα ≡ 1
2 tr

{
̺

(
Lα + L†

α

)}
and so the SDE is nonlinear in ̺.

A simple example is given by taking the qubit. Here the states are pa-

rameterized as ̺ (θ) = 1
2 (1 + θ.σ) where σ = (σx, σy, σz) are the Pauli

matrices and θ = (θx, θy, θz) with Θ being the Bloch sphere. With fixed

choices of operators H (·) , Lα and control function {us} we obtain a diffu-

sion process θs on the Bloch sphere. The Hamilton-Jacobi-Bellman equation

theory for this problem has been treated in8.

3. Control of Canonically Observables

The stochastic Schrödinger equation for measurement of canonically con-

jugate observables, q̂ and p̂, is given by

|dψt〉 =

(
1

i~
H − κ

4
(q̂ − 〈q̂〉t)

2 − κ̃

4
(p̂ − 〈p̂〉t)

2

)
|ψt〉 dt

+

√
κ

2
(q̂ − 〈q̂〉t) |ψt〉 dWt +

√
κ̃

2
(p̂ − 〈p̂〉t) |ψt〉 dW̃t. (12)

Here we have two independent apparatuses and we have set L1 =

√
κ

2
q̂

and L2 =

√
κ̃

2
p̂ with the corresponding innovations being denoted as
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W1 (t) = Wt and W2 (t) = W̃t. It has been derived from first principles

by Scott and Milburn24. They considered a discrete time model with simul-

taneous measurement of position and momentum by separate apparatuses,

and considered the continuous time limit of progressively more imprecise

and frequent measurements.

The equation involves the expectations 〈q̂〉t = 〈ψt|q̂ ψt〉 and 〈p̂〉t =

〈ψt|p̂ ψt〉. Here the constants κ m−2s−1 and κ̃ N−2s−3 are positive and

describe the measurement strength for the two apparatuses. In general, κ

and κ̃ has units of inverse variance of position, respectively momentum, per

unit time. In25, the limiting procedure was revisited and, as an alternative

to increasingly imprecise measurements, one could use increasingly weak

interaction between the apparatuses and the system. The scaling between

the imprecision of measurement, or weakness of interaction with the appa-

ratus, and the rate at which the discrete measurements is made must be

such as to allow a general central limit effect to take place. In principle, it

is possible, to set up the apparatuses to obtain desired values of κ and κ̃.

The purpose of24 was to consider nonlinear dynamics, however, we shall

only deal with quadratic Hamiltonians of the type H = H (u) with u =

(u1, u2) ∈ R2 and

H (u) =
1

2m
p̂2 +

1

2
mω2q̂2 +

1

2
ζ (q̂p̂ + p̂q̂) + u1q̂ + u2p̂. (13)

It was shown by Staszweski21 that there exists a set of sufficient parameters

to describe the dynamical evolution of the state for this system.

3.1. Squeezed States

Let L2 (R) be the Hilbert space of square integrable functions of position

coordinate x with standard Schrödinger representation of the canonical

observables q̂ and p̂. A state 〈·〉 is said to be Gaussian if we have

〈exp {irq̂ + isp̂}〉 = exp

{
irq̄ + isp̄ − 1

2

(
Cqqr

2 + 2Cqprs + Cpps
2
)}

(14)

where we have the interpretation that the mean values of the position and

the momentum are 〈q̂〉 = q̄ and 〈p̂〉 = p̄ respectively while the covariance

matrix is given by

CXY =
1

2
〈XY + Y X〉 − 〈X〉 〈Y 〉 ,

that is, Cqq is the variance of q̂, Cpp is the variance of p̂, and Cqp =
1
2 〈q̂p̂ + p̂q̂〉 − 〈p̂〉 〈q̂〉 is the covariance of q̂ and p̂.
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We now introduce a wave function ψ (θ), parameterized by θ = (q̄, p̄, η),

where we have real numbers q̄, p̄ and a complex number η = η′ + iη′′ with

η′ > 0, and taking the form

〈x|ψ (q̄, p̄, η)〉 =

(
η′

2π

)1/4

exp
{
−η

4
(x − q̄)

2
+ i

p̄

~
x
}

. (15)

When η is real (η′′ = 0), the vectors are just the well-known coherent

states28, otherwise they describe squeezed states The distribution of the

canonical variables in the state ψ (q̄, p̄, η) is Gaussian with characteristic

function (see appendix A)

〈exp {irq̂ + isp̂}〉q̄,p̄,η = exp

{
irq̄ + isp̄ − 1

2

(
Cqqr

2 + 2Cqprs + Cpps
2
)}

,

(16)

where

Cqq =
1

η′
, Cqp = −~η′′

2η′
, Cpp =

~2

4

(
η′ +

η′′2

η′

)
. (17)

3.2. Evolution of Parameters

We might reasonably expect that, for the filtering equation (12) with the

quadratic Hamiltonian above, we will remain with the class of squeezed

states. That is,

ψt ≡ ψ (q̄t, p̄t, ηt) . (18)

This is indeed the case, and the dynamical evolution of the parameters is

given by the system of equations (see appendix B)

dq̄ =

(
1

m
p̄ + ζq̄ + u2

)
dt +

√
2κCqq dW +

√
2κ̃Cqp dW̃ , (19)

dp̄ = −
(
mω2q̄ + ζp̄ + u1

)
dt +

√
2κCqp dW +

√
2κ̃Cpp dW̃ , (20)

dη

dt
= 2

(
κ + i

mω2

~

)
− 2ζη − 1

2

(
κ̃~2 + i

~

m

)
η2. (21)

We note that the last equation is a deterministic Riccati equation and so

the (co)-variances evolve in a non-random manner. The first two are the

linear in the parameters q̄, p̄ however note that noise coefficients depend on

η.
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3.3. Asymptotic States

The Riccati equation (20) is to be solved in the half plane η′ > 0 of physical

solutions and has the unique, globally attractive, fixed point η∞ in that

region. In the special case of a harmonic oscillator (ζ = 0) the fixed point

is given by

ηosc
∞ =

2

~

+

√
~κ + imω2

~κ̃ + im−1
. (22)

(Here +
√· denotes the complex root having positive real part.)

We may actually achieve a coherent state (η∞ real) in the limit state

if we tune the measurement strengths such that κ ≡ m2ω2 κ̃. In this case,

ηosc
∞ ≡ 2mω

~
, corresponding to a coherent state with position uncertainty

σosc
∞ =

√
~

2mω
. Otherwise the limit state will be squeezed. We should

remark that

√
κ

κ̃
corresponds to the squeezing parameter s introduced in24

to describe the bias in favor of the q̂ or p̂ coupling. We may say that the

measurement strengths are balanced for the oscillator when s = mω leading

to a limit coherent state.

3.4. The Optimal Control Problem

The Hamilton Jacobi Bellman equation for this problem is, with S =

S (t; q̄, p̄, η),

0 =
∂S

∂t
+ H

(
t; q̄, p̄, η;

∂S

∂q̄
,
∂S

∂p̄

)
+

∂S

∂η′

dη′

dt
+

∂S

∂η′′

dη′′

dt
.

+
∂2S

∂q̄2

[
κC2

qq + κ̃C2
qp

]
+ 2

∂2S

∂q̄∂p̄

√
κκ̃ [Cqq + Cpp] Cqp +

∂2S

∂p̄2

[
κC2

qp + κ̃C2
pp

]

(23)

with terminal condition limt→T− S (t; q̄, p̄, η) = g (q̄, p̄, η). With the short-

hand x = (q̄, p̄)
⊤

, I⊤ = (Iq, Ip) and u = (u1, u2)
⊤

, we may write

H (t; q̄, p̄, η; Iq, Ip) := min
u∈R2

{
I⊤ (Ftx + Mtu) + ℓ (t, u, x)

}

where

Ft =

(
ζ m−1

−mω2 −ζ

)
, Mt =

(
0 1

−1 0

)
.
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In principle, once a minimizing solution u∗
α = uα (t; q̄, p̄, η) is known,

it may be used as a Markov control for closed loop feedback: that is, the

control policies are taken as these functions of the current state parameters.

The Bellman equations arising in quantum feedback control have so far

proved to be highly nonlinear and prohibitively hard to solve as a rule.

Our equation is no exception, however, the nonlinearities are in due to

the η variable. We remark that if we assume that we start off in a state

relaxed at the equilibrium value η = η∞, then the coefficients of the η′, η′′

derivatives vanish exactly, and we may take the covariances Cqq, Cqp and

Cpp at their relaxed values determined by the asymptotic value η∞. As the

relaxation time is typically small, we may justify this for large times T in

comparison. This ignores any η-transient contribution to the cost, but at

least opens up the possibility of solving the Bellman equation and finding

optimal Markov control policies. We give the fundamental class of interest,

quadratic performance criteria, next.

3.5. Quantum Linear Stochastic Regulator

We consider the following quadratic control problem not involving any costs

on the η parameter. In particular, we make the assumption that the starting

state is an asymptotic state (η = η∞) and so we ignore η as a variable. We

set and take the specific choices

ℓ (x, t, u) =
1

2
x⊤Atx +

1

2
u⊤Qtu,

G (x) =
1

2
x⊤Rx, (24)

where Pt, Qt and R are 2× 2 symmetric matrices with Qt being invertible.

The control problem is now essentially the same as the classical stochastic

regulator27. In this case the H-function is

H (t, x, I) =
1

2
x⊤Ptx + I⊤Ftx + min

u

{
1

2
u⊤Qtu + I⊤Mtu

}

with the minimum attained at

u∗ = −Q−1
t M⊤I

and we find

H (t, x, I) =
1

2
x⊤Ptx + I⊤Ftx − 1

2
I⊤MtQ

−1
t M⊤I

Seeking an η-independent solution, the Bellman equation reduces to

0 =
∂S

∂t
+ H (t, x,∇S) +

1

2
Kij

∂2S

∂xi∂xj
.
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Here K is the matrix of the second order coefficients and these will be

determined by the covariances (16) at the asymptotic value η∞. As is well

known27, the solution takes the form

S (t, x) ≡ 1

2
x⊤Σtx + at (25)

where Σt satisfies the matrix Riccati equation

dΣt

dt
= −ΣtFt − F⊤Σt + ΣtMtQ

−1
t M⊤Σt − Pt, ΣT = R, (26)

while at satisfies

dat

dt
= −tr {KΣt} , aT = 0. (27)

The optimal control policy is therefore given by

u∗ (x, t) = −Q−1
t M⊤∇S = Q−1

t M⊤Σtx. (28)

4. Several Dimensions

If we now have d degrees of freedom, leading to canonical variables q̂ =

(q̂1, · · · , q̂d) and p̂ = (p̂1, · · · , p̂d) with non-zero commutators [q̂µ, p̂ν ] =

i~δµν . The appropriate class of vector to consider is the multidimensional

squeezed state with parametrization θ =(q̄, p̄, η)

〈x|ψ (θ)〉 =

(
det η′

(2π)
d

) 1
4

exp

{
−1

4
(x − q̄)

⊤
η (x − q̄) +

i

~
p̄
⊤
x

}

where this time q̄, p̄ ∈ Rd and η = η′ + iη′′ with η′, η′′ real symmetric d× d

matrices with η′ positive definite (and hence invertible).

The characteristic function for the state is

〈
exp

{
ir⊤q̂ + is⊤p̂

}〉
q̄,p̄,η

= exp

{
ir⊤q̄ + is⊤p̄ − 1

2

(
r
⊤Cqqr + 2r⊤Cqps + s

⊤Cpps
)}

,

where we now encounter the matrices

Cqq = (η′)
−1

, Cqp = −~

4

(
η′′ (η′)

−1
+ (η′)

−1
η′′

)
,

Cpp =
~2

4

(
η′ + η′′ (η′)

−1
η′′

)
.

Some comments are in order. The proof of is actually a straightfor-

ward generalization of the d = 1 case in appendix A: let R be the positive
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square root of η′ and consider the canonical transform q̃k =
∑

j Rkj q̂j , p̃k =∑
j p̂jR

−1
jk with creation/annihilation operators ã±

i = 1
2 q̃i ± 1

i~ p̃i, so that

we have the CCR
[
ã−

j , ã+
k

]
= δjk, the remaining manipulations are then an

easy multi-dimensional version of what we had before with the ã±
j in place

of the single pair a±. Next we remark that we have d2 − d degrees of free-

dom in the pair of matrices η′ and η′′: this is readily seen to be the correct

number needed to specify the covariances of a state 〈·〉 since it is required

only to specify the values
〈
ã+

j ã−
k

〉
and

〈
ã+

j ã+
k

〉
for j ≤ k as all other second

order expectations can be deduced from the CCR or by taking conjugates.

We consider monitoring each of the canonical variables with a separate

independent apparatus, the corresponding stochastic Schrödinger equation

will then be

|dψt〉 =

(
1

i~
H −

∑

α

κα

4
(q̂α − 〈q̂α〉t)

2 −
∑

α

κ̃α

4
(p̂α − 〈p̂α〉t)

2

)
|ψt〉 dt

+
∑

α

√
κα

2
(q̂α − 〈q̂α〉t) |ψt〉 dWα (t) +

∑

α

√
κ̃α

2
(p̂α − 〈p̂α〉t) |ψt〉 dW̃α (t)

(29)

with the obvious interpretations.

We again take a quadratic Hamiltonians of the type H = H (u) with

u = (u1,u2) ∈ Rd × Rd and

H (u) =

d∑

µ,ν=1

(
1

2
p̂µΓµν p̂ν +

1

2
q̂µΓ̃µν q̂ν

)
+ u

⊤
1 q̂ + u

⊤
2 p̂. (30)

This leads to the following evolution of the state parameters

dq̄ = (Γp̄ + u2) dt +
∑

α

√
2καC (q̂, q̂α) dWα +

∑

α

√
2κ̃αC (q̂, p̂α) dW̃α,

dp̄ = −
(
Γ̃q̄ + u1

)
dt +

∑

α

√
2καC (p̂, q̂α) dWα +

∑

α

√
2κ̃αC (p̂, p̂α) dW̃α,

dη

dt
= 2

(
κ +

i

~
Γ̃

)
− 1

2
~2

(
κ̃ +

i

~
Γ−1

)
η2

where we introduce the diagonal matrices κ = diag(κ1, · · · , κd) and κ̃ =

diag(κ̃1, · · · , κ̃d).

The condition that the steady state be coherent is then

Γ̃Γ = diag

(
κ1

κ̃1
, · · · ,

κd

κ̃d

)
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which may, of course, not always be realized.

The control problem for the multi-dimensional quantum stochastic reg-

ulator is then just the trivial extension of the d = 1 case considered in th

last section.

5. Appendix

5.1. Derivation of the Characteristic Function (d = 1)

Coherent states may be constructed from creation/annihilation operators

a± =
1

2

√
η′q̂ ± 1

i~
√

η′
p̂ by identifying ψ (q̄, p̄, η′) as the eigenstate of a−

with eigenvalue α =
1

2

√
η′q̄ − 1

i~
√

η′
p̄. In particular, if Ω denotes the zero-

eigenstate of a− then

ψ (q̄, p̄, η′) = Dα Ω

where Dα = exp {αa+ − α∗a−} is a Weyl displacement unitary. Next ob-

serve that we may obtain squeezed states from coherent states by the simple

application of a unitary transformation:

ψ (q̄, p̄, η′ + iη′′) ≡ V ψ (q̄, p̄, η′)

with V = exp
{
− i

4η′′ (q̂ − q̄)
2
}

. (This transformation is, in fact, lin-

ear canonical.) We may introduce new canonical variables q̂′ and p̂′ by

q̂′ = V †q̂V ≡ q̂ and p̂′ = V †p̂V = p̂ − 1
2~η′′ (q̂ − q̄). We note that

exp {irq̂ + isp̂} = Dz where z = −1

2
~
√

η′s + i
1√
η′

r and

V †DzV = exp {irq̂′ + isp̂′} = Dw e
1
2 i~η′′q̄s

where w = −1

2
~
√

η′s + i
1√
η′

(
r − 1

2~η′′s
)
. Using well-known properties for

Weyl displacement operators28 and their Ω-state averages, we find

〈exp {irq̂ + isp̂}〉q̄,p̄,η =
〈
Ω|D†

αV †DzV Dα Ω
〉

=
〈
Ω|D†

αDwDα Ω
〉
e

1
2 i~η′′q̄s

= ewα∗−w∗α− 1
2 |w|2e

1
2 i~η′′q̄s

and substituting in for α and w gives the required result.

We may say that the canonical variables are Weyl independent for a

given quantum state 〈 · 〉, not necessarily pure, if we have the following
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factorization

〈exp {irq̂ + isp̂}〉 = 〈exp {irq̂}〉 〈exp {isp̂}〉

for all real r and s. If the state possesses moments to all orders, then Weyl

independence means that symmetrically (Weyl) ordered moments factor

according to 〈: f (q̂) g (p̂) :〉 = 〈f (q̂)〉 〈g (p̂)〉, for all polynomials f, g. By in-

spection, we see that coherent states leave the canonical variables Gaussian

and Weyl-independent. However, the η′′ 6= 0 squeezed states do not have

this property.

5.2. Parameter Evolution

Let 〈X〉t = 〈ψt|X |ψt〉, for a general operator X, then we have the following

stochastic differential equation

d 〈X〉 =

{
1

i~
〈[X,H]〉 − κ

4
〈[[X, q̂] , q̂]〉 − κ̃

4
〈[[X, p̂] , p̂]〉

}
dt

+

√
κ

2
(〈Xq̂ + q̂X〉 − 〈q̂〉 〈X〉) dWt +

√
κ̃

2
(〈Xp̂ + p̂X〉 − 〈p̂〉 〈X〉) dW̃t.

(31)

For X = q̂, p̂, we find (suppressing the t-dependencies)

d 〈q̂〉 =

(
1

m
〈p̂〉 + ζ 〈q̂〉 + u2

)
dt +

√
2κC (q̂, q̂) dWt +

√
2κ̃C (q̂, p̂) dW̃t,

d 〈p̂〉 = −
(
mω2 〈q̂〉 + ζ 〈p̂〉 + u1

)
dt +

√
2κC (q̂, p̂) dWt +

√
2κ̃C (p̂, p̂) dW̃t.

where C (q̂, q̂) =
〈
q̂2

〉
− 〈q̂〉2 , C (p̂, p̂) =

〈
p̂2

〉
− 〈p̂〉2 , and C (q̂, p̂) =

1
2 〈p̂q̂ + q̂p̂〉 − 〈p̂〉 〈q̂〉.

We now make the ansatz that the state ψt = ψ (q̄t, p̄t, ηt). Let r, s be

fixed real parameters and set D = exp {irq̂ + isp̂}. We shall investigate the

evolution through the characteristic function

Gt = 〈ψt|D |ψt〉 = 〈D〉t .

Observing that [D, q̂] = ~sD, [D, p̂] = −~rD, we find that we can re-

duce all the expectations in (32) with X = D down to just combinations

of 〈q̂D〉 , 〈Dq̂〉 , 〈p̂D〉 and 〈Dp̂〉. The Baker Campbell Hausdorff formula,

eirq̂+isp̂ = e
1
2 irs~eirq̂eisp̂ = e−

1
2 irs~eisp̂eirq̂, allows us to compute that

〈q̂D〉 = e
1
2 irs~

1

i

∂

∂r

(
e−

1
2 irs~G

)
=

(
q̄ + i (Cqqr + Cqps) +

1

2
s~

)
G,
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and likewise

〈Dq̂〉 =

(
q̄ + i (Cqqr + Cqps) −

1

2
s~

)
G,

〈p̂D〉 =

(
p̄ + i (Cqpr + Cpps) +

1

2
r~

)
G,

〈Dp̂〉 =

(
p̄ + i (Cqpr + Cpps) −

1

2
r~

)
G.

Hence

dG =
ir

m
{p̄ + i (Cqpr + Cpps)}Gdt − is~

mω2

~
{q̄ + i (Cqqr + Cqps)}Gdt

+ζ
(
irq̄ − isp̄ + Cpps

2 − r2Cqq

)
Gdt+

(
−iu1s + iu2r −

κ~2s2

4
− κ̃~2r2

4

)
Gdt

+ i
√

2κ (Cqqr + Cqps)G dW + i
√

2κ̃ (Cqpr + Cpps)GdW̃ .

Under our ansatz (17), we should also have, by the Itô rule,

dG =
∂G

∂q̄
dq̄ +

∂G

∂p̄
dp̄ +

1

2

∂2G

∂q̄2
(dq̄)

2
+

∂2G

∂q̄∂p̄
(dq̄dp̄) +

1

2

∂2G

∂p̄2
(dp̄)

2

+
∂G

∂η′
dη′ +

∂G

∂η′′
dη′′

= irGdq̄ + isGdp̄ − 1

2
r2G (dq̄)

2 − rsG (dq̄dp̄) − 1

2
s2G (dp̄)

2

+

(
1

2η′2
r2 − ~η′′

2η′
rs − ~2

8

(
1 − η′′2

η′2

)
s2

)
dη′

+

(
~

2η′
rs − 1

4

~2η′′

η′
s2

)
dη′′. (32)

Equating the coefficients of (29) and (30) gives the system of equations

r, dq̄ =

(
1

m
p̄ + ζq̄ + u2

)
dt +

√
2κCqq dW +

√
2κ̃Cqp dW̃ ,

s, dp̄ = −
(

~
mω2

~
q̄ + ζp̄ + +u1

)
dt +

√
2κCqp dW +

√
2κ̃Cpp dW̃ ,

r2, (dq̄)
2 − 1

η′2
dη′ =

2

m
Cqpdt + 2ζCqqdt +

κ̃~2

2
dt,

s2, (dp̄)
2
+

~2

4

(
1 − η′′2

η′2

)
dη′+

1

2

~2η′′

η′
dη′′ = −2~

mω2

~
Cqp dt+

κ~2

2
dt−2ζCppdt,

rs, (dq̄dp̄) +
~η′′

2η′2
dη′ − ~

2η′
dη′′ =

1

m
Cpp dt − ~

mω2

~
Cqqdt.
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The first two of these agree exactly with (18,19), while the next three are

entirely consistent with the pair of real equations




d

dt
η′ = 2κ +

~

m
η′η′′ − 2ζη′ − 1

2 κ̃~2
(
η′2 − η′′2

)
,

d

dt
η′′ = 2mω2

~
− 2ζη′′ − ~

2m

(
η′2 − η′′2

)
− κ̃~2η′η′′,

(33)

which, together, they are equivalent to the single complex Riccati equation

(20).
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FEEDBACK CONTROL OF QUANTUM SYSTEMS
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This paper presents an overview of some recent work in quantum feedback

control, featuring optimal control, optimal risk-sensitive control, and robust

control. We highlight the important pioneering contributions made by V.P.

Belavkin in laying the foundations for quantum feedback control, discuss its

importance, and give a little history.

1. Introduction

It is both a pleasure and a privilege to participate in this conference Quan-

tum Probability, Information, and Control 2006 in honor of the occasion

of the 60th birthday of Slava Belavkin. Interestingly, this celebration is oc-

curring at an important juncture in the history of technology, where we

are witnessing the birth of a new generation of technologies that exploit

quantum mechanics. Slava Belavkin, over a period of more than 30 years

has shown considerable foresight by focusing his research efforts on laying

foundations for this new generation of technologies,1–4,6,7. His research con-

tributions in quantum filtering and feedback control are fundamental and

have far reaching implications.

Feedback control is a critical enabler for technological development.

From its origins in steam engine governors, through applications in elec-

tronics, aerospace, robotics, telecommunications and elsewhere, the use of

feedback control has been essential in shaping our modern world. In the

20th century, quantum technology, through semiconductor physics and mi-

crochips, made possible the information age. New developments in quan-

tum technology, which include quantum information and computing, precise

metrology, atom lasers, and quantum electromechanical systems, further ex-

∗
Research supported by the Australian Research Council
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ploit quantum phenomena and hold significant promise for the future. Slava

Belavkin, to the best of my knowledge, was the first person to formulate and

solve feedback control and filtering problems for systems governed by the

laws of quantum physics. These results provide a crucially important con-

ceptual framework and mathematical tools that will assist in the creation

of these new quantum technologies.

In this paper I briefly describe some aspects of my recent work that

have been influenced by Slava Belavkin’s research. Before doing so, I say

a few words about what quantum control is, why it is important, and its

history.

2. What is Quantum Control?

2.1. From Classical to Quantum

In the 18th century, James Watt used mechanical governors to regulate the

speed of his steam engines, Figure 1.

This is a classic example of feedback control which is used to maintain en-

gine speed at a desired value. The governor senses any deviation in actual

engine speed from the desired value, and makes adjustments to either in-

crease or decrease speed, as appropriate. Feedback control was essential for

the stable operation of the steam engines, and was a critical enabling tech-

nology for these machines which powered the industrial revolution. Steam

engines, are of course macroscopic systems described by classical physics,

and control engineering has been founded on classical models.

At this point in time, it is beginning to be possible to monitor and ma-

nipulate objects at the nanoscale. One can realistically contemplate con-

trolling single atoms, for example, Figure 2.

At this scale, the laws of quantum physics are needed, and in fact pro-

vide a significant new resource for technological exploitation. This is where

Slava Belavkin’s work on quantum filtering and feedback control will have

a significant impact. While it is difficult to speculate at this juncture of

the enormous possibilities ahead of us, the currently envisaged quantum

technologies, including those mentioned earlier, demonstrate considerable

potential for quantum technology.

Quantum control, then, is the control of physical systems whose be-

havior is dominated by the laws of quantum physics. The importance of

quantum control was highlighted by Dowling and Milburn in 200312:

“The development of the general principles of quantum control the-

ory is an essential task for a future quantum technology.”
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Fig. 1. Boulton and Watt steam engine, 1788, showing the mechanical governor (metal

ball mechanism) [located at London Science Museum].

Fig. 2. Model of an atom.

It was also foreseen by Feynman in his famous Plenty of Room at the Bottom

lecture13, when he said:

“What I want to talk about is the problem of manipulating and

controlling things on a small scale”(emphasis added).
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The study of quantum control therefore has practical value, but it also

has fundamental value, since it includes the study of measurement and

classical-quantum interactions in feedback loops that were not considered

in the early days of quantum mechanics.

2.2. Types of Quantum Control

In control engineering, the system to be controlled is often called the “plant”

(certainly an appropriate descriptor for a steam engine), while the system

responsible for effecting the desired control is called the “controller”(in the

case of the steam engine, the controller is the mechanical governor). In open

loop control, control actions are predetermined and no feedback is involved,

Figure 3. There is a one-way flow of information from the controller to the

quantum system being controlled.

plant

(quantum)
controller

control

actions

Fig. 3. Open loop control.

In closed loop control, control actions depend on information gained as

the system is operating, Figure 4. Here, there is a two-way flow of informa-

tion between the quantum system and the controller. Closed loop means

feedback, just as used in Watt’s steam engines.

controller

plant

(quantum)
control

actions
information

Fig. 4. Closed loop feedback control.

There are two types of quantum feedback. In quantum feedback with
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measurement, the quantum system is monitored and the classical measure-

ment results are used by the controller (which is a classical system, e.g.

classical electronics) to determine the control signal applied to the quan-

tum system, Figure 5.

plant

(quantum)

controller

(classical)

classical

control

actions
classical

information

measurement

Fig. 5. Closed loop measurement feedback control.

It is also possible to use another quantum system as the controller, Fig-

ure 6. This type of feedback does not use measurement, and the information

flowing in the loop is fully quantum. However, up to the present time most

research in quantum feedback control has used measurement and classical

controllers.

plant

(quantum)

controller

(quantum)

quantum

control

actions

quantum

information

Fig. 6. Closed loop feedback control with no measurement.

2.3. Some History

To the best of my knowledge, Slava Belavkin was the first to publish re-

sults concerning quantum feedback control (late 1970’s). However, there

were independent pioneers in the physics community in the 1990s including

Wiseman, Milburn, Doherty and Jacobs, who also made fundamental con-
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tributions,11,23. A brief chronology of quantum feedback control is shown in

Table 1.

Table 1. Quantum Feedback Chronology. These developments took place along

with progress in modeling open quantum systems and measurement theory (not

shown).

Late 1970’s Belavkin linear Gaussian filtering

and control

Early 1980’s Belavkin optimal control using

quantum operations

Late 1980’s Belavkin optimal filtering and

control using quantum

stochastic differential

equations

Early 1990’s Wiseman, Milburn quantum optical

measurement feedback

Late 1990’s Doherty, Jacobs, LQG optimal control,

Mabuchi, et al experiments,

Korotkov solid state

2000’s Ahn, Belavkin, D’ Helon, Doherty, optimal control,

Edwards, Gough, Bouten, Lyapunov control,

van Handel, James, Kimura, Lloyd, robust control,

Thomsen, Petersen, Schwab, applications,

Wiseman, Yanigisawa, Yamamoto experiments

and others

3. Optimal Control Using Quantum Langevin Equations

Quantum Langevin equations (QLE) provide a general framework for de-

scribing open quantum systems and contain considerable physical infor-

mation. QLEs are expressed in terms of quantum stochastic differential

equations (QSDE) are very well suited for control engineering. Quantum

operation models arise naturally after suitable conditioning.

We consider the problem of controlling a quantum system or plant S

(e.g. an atom) that is interacting with an environment, specifically, an elec-

tromagnetic field A. We suppose that the evolution of S can be influenced

by control variables u that enter the Hamiltonian H(u) for S. The field A

is measured continuously in time, say by homodyne photodetection, and

thanks to the interaction, the field contains information about the system

S. The results y(t), 0 ≤ t ≤ T , of these measurements form a classical (i.e.

non-quantum) signal that is available to the controller K, a classical system

which processes this information to produce the (classical) control actions

u(t), 0 ≤ t ≤ T . The control in general is allowed to be a causal function of
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the measurement trajectory. The problem we discuss is to find a controller

K so that it minimizes a cost function J(K) defined below.

3.1. Model

In order to present the quantum model for this problem (see9,15,20), we

need to consider how observables of the system S evolve with time. These

observables are represented as operators on a Hilbert space h. More gen-

erally we consider “system operators” X, which are linear operators on

h, and we denote by B the von Neumann algebra of such operators. The

electromagnetic field is represented by a family of operators A(t) ∈ W ,

0 ≤ t ≤ T , on a Fock space F, where W denotes the von Neumann algebra

of bounded linear operators on F. A(t) models quantum white noise. States

are normalized positive linear functionals that act on algebras of operators.

Let ρ denote an arbitrary state on B and let φ be the vacuum state on W .

The total interacting system is described by the quantum probability space

(B ⊗ W , ρ ⊗ φ). In what follows we will write P = ρ ⊗ φ. In this model,

system operators X ∈ B evolve in time according to

X(t) = jt(X) = U∗(t)XU(t),

where the unitary U(t) satisfies

dUt =
{

LdA∗
t − L∗dAt −

1

2
L∗Ldt − iH(u(t))dt

}
Ut, U0 = I.

By Ito’s rule, the QLE is)

djt(X) + jt(Lu(t)(X))dt + jt([X, L])dB∗(t) + jt([L
∗, X])dB(t),

where

Lu(X) =
i

~
[H(u), X] + L∗XL − 1

2
(L∗LX + XL∗L), (1)

and the commutator is defined as usual by [A, B] = AB−BA. Here, L ∈ B

is a system operator, and we have denoted Hilbert space adjoints with the

symbol ∗.

The measurements are described by

dY (t) = jt(L + L∗)dt + dQ(t), (2)

where Q(t) = A(t) + A∗(t). The measurements generate a filtration of

commutative von Neumann algebras Yt = vN{Ys, s ≤ t}, so Y is equivalent

to a classical process, which can be measured via homodyne detection. We

also write Ct = vN{Zs = As + A∗
s, s ≤ t}, which is also commutative, and

Yt = U∗
t CtUt.
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Thanks to the unitary evolution, the non-demolition condition

[X, Zs] = [Xt, Ys] = 0, 0 ≤ s ≤ t

holds, so that X belongs to the commutant of Ct and jt(X) belongs to the

commutant of Yt. Thus conditional expectations

P[X|Ct], P[Xt|Yt]

are well-defined, and so filtering is possible.

With respect to the state P, the process Zt = At + A∗
t is equivalent

to a standard Wiener process. Furthermore, with respect to the state P0
T

defined by

P0
T [X] = P[UT XU∗

T ], X ∈ B ⊗ W ,

the measurement process Yt is equivalent to a standard Wiener process (cf.

reference measure in classical filtering).

A controller is a causal function from measurement data to control

signals:

u(t) = K(t, y[0,t])

The coefficients of the stochastic differential equations are now adapted to

the measurement filtration Yt. The filtering theory continues to apply,8.

3.2. Optimal Control

The optimal control problem is specified by cost operators C1(u), C2 (self-

adjoint and non-negative), which define the performance integral

∫ T

0

C1(t)dt + C2(T ),

where C1(t) = jt(u, C1(u(t)), C2(t) = jt(u, C2). We wish to minimize the

expected cost

J(K) = P[

∫ T

0

C1(t)dt + C2(T )]

over all controllers K.

To solve this problem, we express this cost in terms of filtered quantities.

To this end, define Ũt by

dŨt =
{

L(dA∗
t + dAt) −

1

2
L∗Ldt − iH(u(t))dt

}
Ũt, Ũ0 = I.
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Then Ũ∗
t XŨt belongs to the commutant of Ct (for X ∈ B) and the unnor-

malized filter state

σt(X) = U∗
t P[Ũ∗

t XŨt|Ct]Ut

is well-defined. It evolves according to

dσt(X) = σt

(
Lu(t)(X)

)
dt + σt(L

∗X + XL)dYt.

This is the form of the Belavkin quantum filter we use,5. It is analogous to

the Duncan-Mortensen-Zakai equation of classical filtering. σt is an infor-

mation state (control theory terminology),19.

We next derive the following representation in terms of σt:

J(K) = P[

∫ T

0

Ũ∗
t C1(u(t))Ũtdt + Ũ∗

T C2ŨT ]

= P[

∫ T

0

P[Ũ∗
t C1(u(t))Ũt|Ct]dt + P[Ũ∗

T C2ŨT |CT ]]

= P[

∫ T

0

UtU
∗
t P[Ũ∗

t C1(u(t))Ũt|Ct]UtU
∗
t dt + UT U∗

T P[Ũ∗
T C2ŨT |CT ]UT U∗

T ]

= P0
T [

∫ T

0

σt(C1(u(t)))dt + σT (C2)].

This last expression is equivalent to classical expectation with respect to

Wiener measure:

J(K) = E
0[

∫ T

0

σt(C1(u(t)))dt + σT (C2)].

The fact that the information state σt is computable from dynamics

driven by the measured data means that the methods of dynamic program-

ming are applicable. Define the value function

S(σ, t) = inf
K

E
0
σ,t[

∫ T

t

σs(C1(u(s)))ds + σT (C2)]

which quantifies the optimal cost to go from a current state σ at time t.

The dynamic programming principle states that

S(σ, t) = inf
K

E
0
σ,t[

∫ s

t

σr(C1(u(r)))dr + S(σs, s)]

At least formally, S(σ, t) satisfies the Hamilton-Jacobi-Bellman equation

∂

∂t
S(σ, t) + inf

u∈U
{L uS(σ, t) + C1(u)} = 0

S(σ, T ) = σ(C2)
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where L u is the Markov generator of σt (for fixed value u ∈ U).

The optimal controller can be constructed as follows (verification theo-

rem). Suppose we have a solution S(σ, t) of the HJB equation. Define

u
⋆(σ, t) = arg minu{L uS(σ, t) + C1(u)}

This defines the optimal feedback controller:

K
⋆ :

{
dσt(X) = σt

(
Lu(t)(X)

)
dt + σt(L

∗X + XL)dYt

u(t) = u
⋆(σt, t)

This controller has the separation structure, with filter dynamics the

Belavkin quantum filter for the information state σt.

filteru*(σ)
σu y

Fig. 7. Separation structure of the optimal controller.

3.3. Another Type of Cost - Risk-Sensitive

The cost function considered above is additive in nature, and generalizes

the Linear Quadratic Gaussian (LQG) criterion of classical control theory.

It is also possible to consider multiplicative costs such as the risk-sensitive

criterion

Jµ(K) = P[R∗(T )eµC2(T )R(T )],

where R(t) is the time-ordered exponential defined by

dR(t)

dt
=

µ

2
C1(t)R(t), R(0) = I,

i.e.

R(t) = T exp

(
µ

2

∫ t

0

C1(s)ds

)
.

Here, µ > 0 is a risk parameter. This generalizes the classical Linear Expo-

nential Quadratic Gaussian (LEQG) cost function

Jµ(K) = E[exp{µ(

∫ t

0

C1(u(t), t)dt + C2(T ))}],
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see16,21.

In general, it does not appear possible to solve this problem using the un-

normalized conditional state σt. Accordingly, we introduce a risk-sensitive

information state

σµ
t (X) = U∗

t P[Ṽ ∗
t XṼt|Ct]Ut, X ∈ B,

where Ṽt in the commutant of Ct is given by

dṼt = {L(dA∗
t + dAt) −

1

2
L∗L − i

~
H +

µ

2
C1(u(t))}Ṽt.

We then have the representation

Jµ(K) = P0
T [σµ

T (eµC2)],

which facilitates dynamic programming.

The Hamilton-Jacobi-Bellman equation for this problem is

∂

∂t
Sµ(σ, t) + inf

u∈U
{L µ,uSµ(σ, t)} = 0

Sµ(σ, T ) = σ(eµC2)

where L µ,u is the Markov generator of σµ
t (for fixed value u ∈ U). The

optimal risk-sensitive controller can be obtained as follows. Suppose we

have a solution Sµ(σ, t) of the risk-sensitive HJB equation. Define

u
µ,⋆(σ, t) = arg minu{L µ,uSµ(σ, t)}

Then the optimal risk-sensitive feedback controller is given by

K
µ,⋆ :

{
dσµ

t (X) = σµ
t

(
Lµ,u(t)(X)

)
dt + σµ

t (L∗X + XL)dYt

u(t) = u
µ,⋆(σµ

t , t)

where

Lµ,u(X) = Lu(X) +
µ

2
(C1(u)X + XC1(u))

Note the inclusion of the cost observable in the modified Lindblad. This con-

troller also has the separation structure, with filter dynamics the modified

Belavkin quantum filter for the risk-sensitive information state σµ
t .

The risk-sensitive problem is of interest for at least two reasons:

(1) Robustness. Risk-sensitive controllers have the practical benefit

that they can cope with uncertainty better than standard, see Fig-

ure 8.

(2) Fundamentals of quantum mechanics. The risk-sensitive informa-

tion state can be viewed as a subjective state that includes knowl-

edge and purpose, extending the Copenhagen interpretation in the

feedback context.
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Fig. 8. Performance (vertical axis) of the LQG (standard) and LEQG (risk-sensitive)

controllers under uncertainty,
22

. The vertical axis shows the integral of quadratic costs

function averaged with respect to the true model. The horizontal axis is the uncertainty

parameter β. When β = 0, the nominal and actual models coincide, and the QLQG has

lower cost, as expected (QLQG is defined to minimize this cost). However, as β increases,

we see that the QLEQG controller achieves better performance, indicated by the curve

with smaller concavity. The QLEQG controller’s performance degrades less rapidly and

QLQG with increasing uncertainty. This is consistent with expectations for a robust

controller: good performance under nominal conditions, and acceptable performance in

other than nominal conditions.

4. H
∞

Control for Linear Stochastic Quantum Systems

4.1. Background

“H∞” refers to the Hardy space which provides the setting for a frequency

domain approach to robust control system design (initiated by Zames,25).

Robustness refers to the ability of a control system to tolerate uncertainty,

noise and disturbances, to some extent at least. Feedback is fundamen-

tal to this, and in fact is the basic reason for feedback (without noise or

uncertainty, open loop would suffice).

Even when individual components are stable, feedback interconnections

need not be, see Figure 9, as they may contain active elements.

The small gain theorem asserts stability of the feedback loop if the loop
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Fig. 9. A quantum feedback circuit.

gain is less than one:

gAgB < 1

see10,24.

Stability is quantified in a mean-square sense as follows, Figure 10, and

is captured mathematically by the inequality

‖ βy ‖2
t≤ µ + λt + g2 ‖, βu ‖2

t

where the “signals” are of the form

dU(t) = βu(t)dt + dBu(t)

dY (t) = βy(t)dt + dBy(t)

and the norm is defined by

‖ β ‖t=

√∫ t

0

〈|β(s)|2〉ds.

4.2. The Problem

Given a system (plant), find another system (controller) so that the gain

from w to z is small. This is one way of reducing the effect of uncertainty

or environmental influences, see17,25.
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Fig. 10. A quantum system with inputs and outputs.
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Fig. 11. A quantum system (the plant) in a feedback loop showing the controller and

external influences.

The plant is described by the linear QLEs

dx(t) = Ax(t)dt + B0dv(t) + B1dw(t) + B2du(t); x(0) = x;

dz(t) = C1x(t)dt + D12du(t);

dy(t) = C2x(t)dt + D20dv(t) + D21dw(t),
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as is the controller

dξ(t) = AKξ(t)dt + BK1dvK(t) + BKdy(t)

du(t) = CKξ(t)dt + BK0dvK(t),

where the coefficient matrices (AK , etc) and the noise vK are to be deter-

mined. The signals: w, u, v, z, y, vK are semimartingales, e.g.

dw(t) = βw(t)dt + dw̃(t),

where w̃(t) is the noise which is assumed white Gaussian with Ito table

dw̃(t)dw̃T (t) = Fw̃dt,

and Fw̃ is non-negative Hermitian (as in Belavkin’s work).

Under some assumptions17,18, then roughly speaking:

(1) If the closed loop system regarded as an operator w 7→ z has gain

less than g then there exists solutions X and Y to the algebraic

Riccati equations

(A − B2E
−1
1 DT

12C1)
T X + X(A − B2E

−1
1 DT

12C1)

+X(B1B
T
1 − g2B2E

−1
1 B′

2)X + g−2CT
1 (I − D12E

−1
1 DT

12)C1 = 0;

(A − B1D
T
21E

−1
2 C2)Y + Y (A − B1D

T
21E

−1
2 C2)

+Y (g−2CT
1 C1 − CT

2 E−1
2 C2)Y + B1(I − DT

21E
−1
2 D21)B

T
1 = 0.

satisfying stabilizability conditions and XY has spectral radius less

than one.

(2) Conversely, if there exists solutions X, Y of these Riccati equations

satisfying stabilizability conditions and XY has spectral radius less

than one, then the controller defined by

AK = A + B2CK − BKC2 + (B1 − BKD21)B
T
1 X;

BK = (I − Y X)−1(Y CT
2 + B1D

T
21)E

−1
2 ;

CK = −E−1
1 (g2BT

2 X + DT
12C1).

and an arbitrary choice of vK , BK1, BK0, achieves a closed loop

with gain less than g.

Note: Physical realizability may impose conditions on the controller

noise terms vK , BK1, BK0, see17.
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4.3. Examples

In17,18 the following example is considered. It is based on an optical cavity

resonantly coupled to three optical channels v, w, u as in Figure 12.

z
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Fig. 12. An optical cavity (plant).

The annihilation operator a for this cavity system (representing a stand-

ing wave) evolves in time according to the equations

da = −γ

2
adt −√

κ1 dV −√
κ2 dW −√

κ3 dU

dZ =
√

κ3 adt + dU

dY =
√

κ2 adt + dW. (3)

It is required that γ = κ1+κ2+κ3. In the quadrature notation of (3), x1(t) =

q(t) = a(t)+ a∗(t), x2(t) = p(t) = (a(t)− a∗(t)/i, V (t) = (v1(t)+ iv2(t))/2,

W (t) = (w1(t) + iw2(t))/2, U(t) = (u1(t) + iu2(t))/2 and γ = 3κ. The

quantum noises v, w̃ have Ito Hermitian matrices Fv, Fw̃ equal to

F0 =

[
1 i

−i 1

]
. (4)

This leads to a system of the form (3) with the following system matrices:

A = −γ

2
I;

B0 =
√

κ1I; B1 = −√
κ2I; B2 = −√

κ3I;

C1 =
√

κ3I; D12 = I;

C2 =
√

κ2I; D21 = I. (5)
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In this model, the boson commutation relation [a, a∗] = 1 holds (here,

[A, B] = AB − BA).

The total cavity decay rate was chosen to be γ = 3 and the coupling

coefficients κ1 = 2.6, κ2 = 0.2, κ3 = 0.2. With a disturbance attenuation

constant of g = 0.1, it was found that the Riccati equations (3) and (3) have

stabilizing solutions satisfying the assumptions mentioned above; namely

X =

[
0 0

0 0

]
; Y =

[
0 0

0 0

]
.

It follows from the main results that if a controller of the form (3) is ap-

plied to this system with matrices AK , BK , CK defined as in (3) then the

resulting closed loop system will be strictly bounded real with disturbance

attenuation g. These matrices are given by

AK =

[
−1.1 0

0 −1.1

]
; BK = −0.447I;

CK = −0.447I. (6)

The controller (3), (6) can be implemented with another optical cavity

with annihilation operator aK (with quadratures ξ1 = qK = aK + a∗
K ,

ξ2 = pK = (aK − a∗
K)/i, ξ = (qK , pK)T ) and a 180◦ phase shift. This

system evolves according to the equations

daK = −γK

2
aKdt −√

κK1 dVK1

−√
κK2 dVK2 −

√
κK3 dY

dU = −√
κK1 aKdt − dVK1 (7)

where κK1 = 0.2, κK2 = 1.8, κK3 = 0.2, and γK = 2.2. This gives

BK0 =

[
−1 0 0 0

0 −1 0 0

]
;

BK1 =

[
−0.447 0 −1.342 0

0 −0.447 0 −1.342

]
,

where

vK(t) =




vK11(t)

vK12(t)

vK21(t)

vK22(t)




and VK1 = (vK11 + ivK12)/2, VK2 = (vK21 + ivK22)/2. The non-

zero Ito products for this noise process are dVK1(t)dV ∗
K1(t) = dt and
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dVK2(t)dV ∗
K2(t) = dt, which defines the Hermitian matrix FVK

. The closed

loop system is illustrated in Figure 13.
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Fig. 13. An optical cavity (plant) controlled by another optical cavity (controller).

Note that additional quantum noises have been included in the con-

troller construction. These are not determined by the Riccati equations,

but instead they are required to ensure that aK satisfies the boson com-

mutation relation [aK , a∗
K ] = 1 (in terms of quadratures, [qK , pK ] = 2i), a

distinctively non-classical feature of quantum optical models, see14.

It is also possible to construct classical controllers for this problem, when

an appropriate measurement of the optical field y is made,17. More detailed
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results concerning physical reaalization are provided in17.

4.4. Discussion

These results provide the beginning of a robust control theory for quantum

systems. The controllers themselves may be quantum or classical. It is im-

portant to note that the controller may need quantum noise inputs - this

broadens the concept of controller, like randomization in classical optimal

control.

5. Conclusion

We have sketched some recent work in quantum control that I have been

involved with. Slava Belavkin’s work was a crucial foundation. We discussed

the practical and foundational importance of quantum control. Quantum

feedback controllers may themselves be quantum, and may require addi-

tional quantum noise. There is an important and exciting future for “feed-

back control of quantum systems”.
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We give a short account of local asymptotic normality for d-dimensional quan-

tum systems. As application, we present a two step measurement procedure

which is asymptotically optimal for state estimation.

Roughly speaking local asymptotic normality means that the family ρ⊗n

θ/
√

n
of

joint states of n identically prepared quantum systems approaches in a statisti-

cal sense a family of Gaussian state φθ of an algebra of canonical commutation

relations. The convergence holds for all “local parameters” θ = (ui, ζjk) corre-

sponding to changes in the eigenvalues and respectively off-diagonal elements

of a fixed diagonal state ρ0. The states of the limit model are products between

a (d − 1)-dimensional classical normal distribution N(
−→u , V ), and d(d − 1)/2

independent Gaussian states G(ζjk, βjk) of quantum harmonic oscillators. The

latter is obtained by displacing a thermal equilibrium state with inverse tem-

perature β by ζjk ∈ C.

Keywords: local asymptotic normality, optimal state estimation

1. Introduction

Quantum statistics deals with problems of statistical inference arising in

quantum mechanics. The first significant results in this area appeared in

the seventies1–3,9 and tackled issues such as quantum Cramér-Rao bounds

for unbiased estimators, optimal estimation for families of states possessing
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a group symmetry, estimation of Gaussian states, optimal discrimination

between non-commuting states. A good deal of this pioneering work was

done by Slava Belavkin4–8 to whom we dedicate this paper on the occasion

of his 60’s birthday.

The more recent theoretical advances10–13 are closely related to the rapid

development of quantum information and quantum engineering, and are

often accompanied by practical implementations14–16. In quantum optics a

measurement method called quantum homodyne tomography17–19 allows

the estimation with arbitrary precision20,21 of the state of a monochro-

matic beam of light, by repeatedly measuring a sufficiently large number of

identically prepared beams22–24.

An important topic in quantum statistics is optimal estimation of an un-

known state using the results of measurements performed on n quantum

systems, identically prepared in that state25–34. In the case of two dimen-

sional systems, or qubits, the problem has been solved explicitly in the con-

text of Bayesian inference with invariant priors and figure of merit (risk)

based on the fidelity distance between states33. However the method used

there does not work for more general priors, loss functions or higher dimen-

sions. In the pointwise approach, Hayashi and Matsumoto31 showed that

the Holevo bound9 for the variance of locally unbiased estimators can be

achieved asymptotically, and provided a sequence of measurements with

this property. Their results, building on earlier work35,36, indicate for the

first time the emergence of a Gaussian limit in the problem of optimal state

estimation for qubits. The extension to d-dimensional case is analysed by

Matsumoto in.43

In37,38 we gave a precise formulation of this fact and showed that we deal

with the quantum generalization of an important concept in mathematical

statistics called local asymptotic normality. The idea of approximating a se-

quence of statistical models by a family of Gaussian distributions appeared

in39, and was fully developed by Le Cam40 who coined the term “local

asymptotic normality”. Among the many applications we mention its role

in asymptotic optimality theory and in proving the asymptotic normality

of certain estimators such as the maximum likelihood estimator.

For qubits, local asymptotic normality means roughly the following37,38: for

large n the model described by n identically prepared qubits is asymptoti-

cally equivalent to a model consisting of pairs of classical Gaussian random

variables and Gaussian states of a quantum harmonic oscillator.
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For a more precise formulation let us parametrize the qubit states by their

Bloch vectors ρ(−→r ) = 1
2 (1 + −→r −→σ ) where −→σ = (σx, σy, σz) are the Pauli

matrices. The neighborhood of the state ρ0 with −→r0 = (0, 0, 2µ − 1) and

1/2 < µ < 1, is a three-dimensional ball parametrized by the deviation

u ∈ R of diagonal elements and ζ ∈ C of the off-diagonal ones

ρθ =

(
µ + u ζ∗

ζ 1 − µ − u

)
, θ = (u, ζ). (1)

Consider now n identically prepared qubits whose individual states are

in a neighborhood of ρ0 of size 1/
√

n, so that their joint state is ρn
θ :=[

ρθ/
√

n

]⊗n
. We would like to understand the structure of the family (sta-

tistical experiment)

Qn := {ρn
θ : ‖θ‖ ≤ C}, (2)

as a whole, more precisely what is its asymptotic behavior as n → ∞ ?

For this we consider a quantum harmonic oscillator with position and mo-

mentum operators Q and P acting on L2(R) and satisfying the commu-

tation relations [Q,P] = i1. We denote by {|n〉, n ≥ 0} the eigenbasis of

the number operator and define the thermal equilibrium state at inverse

temperature β

G(β) = (1 − e−β)

∞∑

k=0

e−kβ |k〉〈k|, e−β =
1 − µ

µ
,

which has centered Gaussian distributions for both Q and P with variance

1/(4µ−2) > 1/2. We define a family of displaced thermal equilibrium states

G(ζ, β) := D(ζ/
√

2µ − 1)G(β) D(ζ/
√

2µ − 1)∗, (3)

where D(ζ) := exp(ζa∗ − ζa) is the unitary displacement operator with

ζ ∈ C. Additionally we consider a classical Gaussian shift model consisting

of the family of normal distributions N(u, µ(1−µ)) with unknown center u

and fixed variance. The classical-quantum statistical experiment to which

we alluded above is

R := {φθ := N(u, µ(1 − µ)) ⊗ G(ζ, β) : ‖θ‖ ≤ C} (4)

where the unknown parameters θ = (u, ζ) are the same as those of Qn.

Theorem 1.1. Let Qn be the quantum statistical experiment (2) and let

R be the classical-quantum experiment (4). Then for each n there exist
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quantum channels (normalized completely positive maps)

Tn : M
(
C2n

)
→ L1(R) ⊗ T (L2(R)),

Sn : L1(R) ⊗ T (L2(R)) → M
(
C2n

)
,

with T (L2(R)) the trace-class operators, such that

lim
n→∞

sup
‖θ‖≤C

‖φθ − Tn (ρn
θ ) ‖1 = 0,

lim
n→∞

sup
‖θ‖≤C

‖ρn
θ − Sn (φθ) ‖1 = 0,

for an arbitrary constant C > 0.

The local asymptotic normality theorem show that from a statistical point

of view the joint qubits states are asymptotically indistinguishable from the

limit Gaussian system. A consequence of this insight is that one can design

optimal state estimators, and even propose a realistic measurement set-up

for this purpose38. The local nature of the result is not a limitation but

rather the correct normalization of the parameters with n → ∞. Indeed as

n grows we have more information about the state and we can easily pin

it down to a region of size slightly larger that 1/
√

n by performing rough

measurements on a small proportion of the systems. In a second stage we

can use more sophisticated techniques to estimate the state within the local

neighborhood of the first level estimator, and it is here where we use results

on local asymptotic normality.

We stress that the convergence of experiments is defined at the level of

quantum statistical models, it looks at the asymptotic structure of the

model and it is not tied to a particular estimation problem. A mathematical

analysis of the theory of convergence of quantum statistical experiments has

been initiated in41 to which we refer for more details.

In this paper we give a short account of the extension of the previous re-

sults to d-dimensional systems and we refer to42 for the rather lengthy

details of the proofs. The local neighborhood of a d-dimensional state can

be parametrized in a similar fashion to (1). We need a (d−1)-dimensional

real vector −→u for changes in the diagonal elements, and d(d − 1)/2 com-

plex variables ζj,k for the off-diagonal elements, with j < k. The limit

experiment will consist of pairs of (d − 1)-dimensional classical Gaussian

variables N(−→u , V (µ)) with center −→u , and a set of quantum Gaussian states

G(ζj,k, βj,k), one for each off-diagonal matrix entry, and independent of each
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other. An important technical issue relevant for optimal estimation, is that

the local asymptotic normality holds in a “growing local neighborhood”

‖θ‖ ≤ nη where η < 1/6 (see Theorem 4.1) rather than the fixed ball

‖θ‖ < C as in Theorem 1.1.

The paper is structured as follows. In section 2 we familiarize with the

concepts of classical and quantum statistical experiments, and learn how

to compare their “statistical information content”. In section 3 we explain

the key concept of local asymptotic normality and its use in mathematical

statistics. Its quantum version for d-dimensional systems is discussed in

section 4, and in section 5 we derive an asymptotically optimal estimation

procedure for completely unknown states with loss function equal to the

square of the L2 distance between states.

2. Classical and quantum statistical experiments

Suppose we are given some random data X with probability distribution

P over the measure space (X , ΣX ), and we know that the probability dis-

tribution belongs to some family {Pθ : θ ∈ Θ} where the parameter θ is

unknown. Statistical inference deals with the question of how to use the

available data X in order to draw conclusions about some properties of θ.

We will call the family

E := (Pθ : θ ∈ Θ), (5)

a statistical experiment or model over (X , ΣX )40.

In quantum statistics the data is replaced by a quantum system prepared

in a state φ which belongs to a family {φθ : θ ∈ Θ} of states over an algebra

of observables. In order to make inference about θ one first has to measure

the system, and then apply statistical techniques to draw conclusions from

the data consisting of the measurement outcomes. An important difference

with the classical case is that the experimenter has the possibility to choose

the measurement set-up M , and each set-up will lead to a different classical

model {P (M)
θ : θ ∈ Θ}, where P

(M)
θ is the distribution of outcomes when

performing the measurement M on the system prepared in state φθ. Typ-

ically, the posterior state of the quantum system does not carry any more

information about θ, hence it is important to choose beforehand the most

informative measurement for each particular decision problem.

The guiding idea of this paper is to investigate the structure of the family
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of quantum states

Q := (φθ : θ ∈ Θ),

which will be called a quantum statistical experiment. We will show that

in an important asymptotic set-up, namely that of a large number of iden-

tically prepared systems, the joint state can be approximated by a multi-

dimensional quantum Gaussian state, for all possible preparations of the

individual systems. This will bring a drastic simplification in the problem

of optimal estimation for d-dimensional quantum systems, which will then

be solved in the asymptotic framework.

2.1. Classical and quantum randomizations

Any procedure for data processing has a corresponding Markov kernel. Sup-

pose we are given a random variable X taking values in (X , ΣX ) and we

want to produce a “decision” y ∈ Y based on the data X. The space Y may

be for example the parameter space Θ in the case of estimation, or just the

set {0, 1} in the case of testing between two hypotheses. For every value

x ∈ X we choose y randomly with probability distribution given by Kx(dy).

Assuming that K : X × ΣY → [0, 1] is measurable with respect to x for

all fixed A ∈ ΣY , we can regard K as a map from probability distributions

over (X , ΣX ) to probability distributions over (Y, ΣY) with

K(P )(A) =

∫
Kx(A)P (dx), A ∈ ΣY . (6)

A statistic S : X → Y is a particular example of such a procedure, where

Kx is simply the delta measure at S(x). Another particular case is that of

a randomized statistic R : X × [0, 1] → Y where an additional independent

variable U uniformly distributed over [0, 1] is used to compute the decision

R(X, U).

Besides taking a decision, there is another important reason why one would

like to apply such treatment to the data, namely to summarize it in a more

convenient and informative way for future purposes as illustrated in the

following simple example. Consider n independent identically distributed

random variables X1, . . . , Xn with values in {0, 1} and distribution Pθ :=

(1 − θ, θ) with θ ∈ Θ := (0, 1). The associated statistical experiment is

En := (Pn
θ : θ ∈ Θ).

It is easy to see that X̄n = 1
n

∑n
i=1 Xi is an unbiased estimator of θ and

moreover it is a sufficient statistic for En, i.e. the conditional distribution
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Pn
θ (·|X̄n = x̄) does not depend on θ! In other words the dependence on θ of

the total sample (X1, X2, . . . , Xn) is completely captured by the statistic X̄n

which can be used as such for any statistical decision problem concerning

En. If we denote by P̄n
θ the distribution of X̄n then the experiment

Ēn = (P̄n
θ : θ ∈ Θ),

is statistically equivalent to En. To convince ourselves that X̄n does contain

the same statistical information as (X1, . . . , Xn), we show that we can ob-

tain the latter from the former by means of a randomized statistic. Indeed

for every fixed value x̄ of X̄n there exists a measurable function

fx̄ : [0, 1] → {0, 1}n,

such that the distribution of fx̄(U) is Pn
θ (·|X̄n = x̄). In other words

λ(f−1
x̄ (x1, . . . , xn)) = Pn

θ (x1, . . . , xn|X̄n = x̄),

where λ is the Lebesgue measure on [0, 1]. Then F (X̄n, U) := fX̄n
(U), has

distribution Pn
θ .

To summarize, statistics, randomized statistics and Markov kernels, are

ways to transform the available data for a specific purpose. The Markov

kernel K defined in (6) maps the experiment E of equation (5) into the

experiment

F := {Qθ : θ ∈ Θ},

over (Y, ΣY) with Qθ = K(Pθ). For mathematical convenience it is useful

to represent such transformations in terms of linear maps between linear

spaces.

Definition 2.1. A positive linear map

T∗ : L1(X , ΣX , P ) → L1(Y,ΣY , Q)

is called a stochastic operator or transition if ‖T∗(g)‖1 = ‖g‖1 for every

g ∈ L1
+(X ).

Definition 2.2. A positive linear map

T : L∞(Y,ΣY , Q) → L∞(X ,ΣX , P )

is called a Markov operator if T1 = 1, and if for any fn ↓ 0 in L∞(Y) we

have Tfn ↓ 0.
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A pair (T∗, T ) as above is called a dual pair if
∫

fT (g)dP =

∫
T∗(f)gdQ,

for all f ∈ L1(X ) and g ∈ L∞(Y). It is a theorem that for any stochastic

operator T there exists a unique dual Markov operator T and vice versa.

What is the relation between Markov operators and Markov kernels ?

Roughly speaking, any Markov kernel defines a Markov operator when we

restrict to families of dominated probability measures (see Theorem 2.1).

Let us assume that all distributions Pθ of the experiment E defined in (5)

are absolutely continuous with respect to a fixed probability distribution

P , such that there exist densities pθ := dPθ/dP : X → R+. Such an experi-

ment is called dominated and in concrete situations this condition is usually

satisfied. Moreover, P can be chosen to be a countable convex combination

of Pθ’s and such that {Pθ} ∼ P , i.e. for any A ∈ Σ, P (A) = 0 if and only

if Pθ(A) = 0 for all θ (see Lemma 20.3 in44).

Theorem 2.1. Let E := (Pθ : θ ∈ Θ) be an experiment over (X , ΣX ) and

F := (Qθ : θ ∈ Θ) an experiment over (Y, ΣY) and suppose that both E ,F
are dominated, with {Pθ} ∼ P and {Qθ} ∼ Q. Let K be the Markov kernel

defined in (6) such that

K(Pθ) = Qθ.

Then there exists a Markov operator T : L∞(Y, ΣY , Q) → L∞(X ,ΣX , P )

such that

Qθ = Pθ ◦ T, ∀θ. (7)

When the probability distributions of two experiments are related to each

other as in (7), we say that F is a randomization of E . From the duality

between T and T∗ we obtain an equivalent characterization in terms of the

stochastic operator T∗ : L1(X , ΣX , P ) → L1(Y,ΣY , Q) such that

T∗(dP θ
1 /dP ) = dQθ/dQ, ∀θ .

Hence, the previous theorem shows that the concept of randomization is

weaker than that of Markov kernel transformation. Conversely, under the

additional condition that (Y, ΣY) is locally compact space with countable

base and Borel σ-field, it can be shown that any randomization can be

implemented by a Markov kernel44.
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What is the analogue of randomizations in the quantum case ? In the lan-

guage of operator algebras L∞(X ,ΣX , P ) is a commutative von Neumann

algebra and L1(X , ΣX , P ) is the space of (densities of) normal linear func-

tionals on it. The stochastic operator T∗ is the classical version of quantum

channel, i.e. a completely positive normalized (trace-preserving) map

T∗ : A∗ → B∗

where A∗,B∗ are the spaces of normal states on the von Neumann algebra

A and respectively B. Any normal state φ on A has a density ρ with respect

to the trace such that φ(A) = Tr(ρA) for all A ∈ A. The dual of T∗ is

T : B → A,

which is a unital completely positive map and has the property that

T (φ)(b) = φ(T (b)) for all b ∈ B and φ ∈ A∗. We interpret such quan-

tum channels as possible physical transformations from input to output

states.

A particular class of channels is that of measurements. In this case the

input is the state of a quantum system described by an algebra A, and the

output is a probability distribution over the space of outcomes (X ,ΣX ).

Any measurement is described by a positive linear map

M : L∞(X , ΣX , P ) → A,

which is completely specified by the image of characteristic functions of

measurable sets, also called positive operator valued measure (POVM). This

map M : ΣX → A has following properties

(1) Positive: M(A) ≥ 0, ∀A ∈ ΣX ;

(2) Countably additive:
∑∞

i=1 M(Ai) = M(∪iAi), Ai ∩ Aj = ∅, i 6= j;

(3) Normalized: M(X ) = 1.

The corresponding channel acting on states is a positive map M∗ : A∗ →
L1(X ,ΣX , P ) given by

M(φ)(A) = φ(M(A)) = Tr(ρM(A)),

where ρ is the density matrix of φ. By applying the channel M to the

quantum statistical experiment consisting of the family of states Q = (φθ :

θ ∈ Θ) on A we obtain a classical statistical experiment

QM := {M(φθ) : θ ∈ Θ},
over the outcomes space (X , ΣX ).
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As in the classical case, quantum channels can be seen as ways to com-

pare quantum experiments. The first steps in this direction were made by

Petz45,46 who developed the theory of quantum sufficiency dealing with

the problem of characterizing when a sub-algebra of observables contains

the same statistical information about a family of states, as the origi-

nal algebra. More generally, two experiments Q := (A, φθ : θ ∈ Θ) and

R := (B, ψθ : θ ∈ Θ) are called statistically equivalent if there exist chan-

nels T : A → B and S : B → A such that

ψθ ◦ T = φθ and φθ ◦ S = ψθ.

As consequence, for any measurement M : L∞(X ,ΣX , P ) → A there exists

a measurement T ◦M : L∞(X , ΣX , P ) → A such that the resulting classical

experiments coincide QM = RT◦M . Thus for any statistical problem, and

any procedure concerning the experiment Q there exists a procedure for R
with the same risk (average cost), and vice versa.

2.2. The Le Cam distance and its statistical meaning

We have seen that two experiments are statistically equivalent when they

can be transformed into each other be means of quantum channels. When

this cannot be done exactly, we would like to have a measure of how close

the two experiments are when we allow any channel transformation. We

define the deficiency of R with respect to Q as

δ(R,Q) = inf
T

sup
θ

‖φθ − ψθ ◦ T‖ (8)

where the infimum is taken over all channels T : A → B. The norm distance

between two states on A is defined as

‖φ1 − φ2‖ := sup{|φ1(a) − φ2(a)| : a ∈ A, ‖a‖ ≤ 1},
and for A = B(H) it is equal to Tr(|ρ1−ρ2|), where ρi is the density matrix

of the state φi. When δ(R,Q) = 0 we say that R is more informative than

Q. Note that δ(R,Q) is not symmetric but satisfies a triangle inequality

of the form δ(R,Q) + δ(Q, T ) ≥ δ(R, T ). By symmetrizing we obtain a

proper distance over the space of equivalence classes of experiments, called

Le Cam’s distance40

∆(Q,R) := max (δ(Q,R) , δ(R,Q)) .

What is the statistical meaning of the Le Cam distance ? We will show that

if δ(R,Q) ≤ ǫ then for any statistical decision problem with loss function
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between 0 and 1, any measurement procedure for Q can be matched by a

measurement procedure for R whose risk will be at most ǫ larger than the

previous one.

A decision problem is specified by a decision space (X , ΣX ) and a loss

function Wθ : X → [0, 1] for each θ ∈ Θ. We are given a quantum system

prepared in the state φθ ∈ A∗ with unknown parameter θ ∈ Θ and would

like to perform a measurement with outcomes in X such that the expected

value of the loss function is small. Let

M : L∞(X , ΣX , P ) → A,

be such a measurement, and P
(M)
θ = φθ ◦ M , then the risk at θ is

R(M, θ) :=

∫

X

Wθ(x)P
(M)
θ (dx).

Since the point θ is unknown one would like to obtain a small risk over all

possible realizations

Rmax(M) = sup
θ∈Θ

R(M, θ).

The minimax risk is then Rminmax := infM Rmax(M). In the Bayesian

framework one considers a prior distribution π over Θ and then averages

the risk with respect to π

Rπ(M) =

∫

Θ

R(M, θ)π(dθ).

The optimal risk in this case is Rπ := infM Rπ(M).

Coming back to the experiments Q and R we will compare their achievable

risks for a given decision problem as above. Consider the measurement

N : L∞(X ,ΣX , P ) → B given by N = T ◦ M where T : A → B is the

channel which achieves the infimum in (8). Then

R(N, θ) =

∫

X

W (θ, x)P
(N)
θ (dx) = ψθ(T ◦ M(Wθ))

≤ ‖ψθ ◦ T − φθ‖ + φθ(M(Wθ)) ≤ δ(R,Q) + R(M, θ),

where we have used the fact that 0 ≤ Wθ ≤ 1.

Lemma 2.1. For every achievable risk R(M, θ) for Q there exists a mea-

surement N : L∞(X , ΣX , P ) → B for R such that

R(N, θ) ≤ R(M, θ) + δ(R,Q).
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3. Local asymptotic normality in statistics

In this section we describe the notion of local asymptotic normality and

its significance in statistics40,44,47,48. Suppose that we observe a sample

X1, . . . , Xn with Xi taking values in a measurable space (X , ΣX ) and as-

sume that Xi are independent, identically distributed with distribution Pθ

indexed by a parameter θ belonging to an open subset Θ ⊂ Rm. The full

sample is a single observation from the product Pn
θ of n copies of Pθ on the

sample space (Ωn, Σn). Local asymptotic normality means that for large n

such statistical experiments can be approximated by Gaussian experiments

after a suitable reparametrization. Let θ0 be a fixed point and define a local

parameter u =
√

n(θ − θ0) characterizing points in a small neighborhood

of θ0, and rewrite Pn
θ as Pn

θ0+u/
√

n
seen as a distribution depending on

the parameter u. Local asymptotic normality means that for large n the

experiments

(
Pθ0+u/

√
n : u ∈ Rm

)
and

(
N(u, I−1

θ0
) : u ∈ Rm

)
,

have the same statistical properties when the models θ 7→ Pθ are sufficiently

“smooth”. The point of this result is that while the original experiment may

be difficult to analyze, the limit one is a tractable Gaussian shift experiment

in which we observe a single sample from the normal distribution with

unknown mean u and fixed variance matrix I−1
θ0

. Here

[Iθ0 ]ij = Eθ0

[
ℓ̇θ0,iℓ̇θ0,j

]
,

is the Fisher information matrix at θ0, with ℓ̇θ,i := ∂ log pθ/∂θi the score

function and pθ is the density of Pθ with respect to some measure P .

There exist two formulations of the result depending on the notion of con-

vergence which one uses. In this paper we only discuss the strong version

based on convergence with respect to the Le Cam distance, and we refer

to48 for another formulation using the so called weak convergence (conver-

gence in distribution of finite dimensional marginals of the likelihood ratio

process), and to41 for its generalization to quantum statistical experiments.

Before formulating the theorem we will explain what sufficiently smooth

means. The least restrictive condition is that pθ is differentiable in quadratic

mean, i.e. there exists a measurable function ℓθ : X → R such that as u → 0
∫ [

p
1/2
θ+u − p

1/2
θ − utℓ̇θp

1/2
θ

]2

dP → 0.
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Note that ℓ̇θ must still be interpreted as score function since under some

regularity conditions we have ∂p
1/2
θ /∂θi = 1

2 (∂ log pθ/∂θi)p
1/2
θ .

Theorem 3.1. Let E := (Pθ : θ ∈ Θ) be a statistical experiment with

Θ ⊂ Rd and Pθ ≪ P such that the map θ → pθ is differentiable in quadratic

mean. Define

En = (Pn
θ0+u/

√
n : ‖u‖ ≤ C), F = (N(u, I0) : ‖u‖ ≤ C),

with I0 the Fisher information matrix of E at point θ0, and C a positive

constant. Then ∆(En,F) → 0. In other words, there are sequences of ran-

domizations Tn and Sn such that:

lim
n→∞

sup
‖u‖≤C

∥∥∥Tn(Pn
θ0+u/

√
n) − N(u, I0)

∥∥∥ = 0

lim
n→∞

sup
‖u‖≤C

∥∥∥Pn
θ0+u/

√
n − Sn(N(u, I0))

∥∥∥ = 0.

Remark. Note that the statement of the Theorem is much more powerful

than the Central Limit Theorem which shows convergence to a Gaussian

distribution at a single point θ0. Indeed local asymptotic normality states

that the convergence is uniform around the point θ0, and moreover the

variance of the limit Gaussian is fixed whereas the variance obtained from

the Central Limit Theorem depends on the point θ. Additionally, the ran-

domization transforming the data (X1, . . . , Xn) into the Gaussian variable

is the same for all θ = θ0 + u/
√

n and thus does not require the a priori

knowledge of θ.

Remark. Local asymptotic normality is the basis of many important re-

sults in asymptotic optimality theory and explains the asymptotic normal-

ity of certain estimators such as the maximum likelihood estimator. The

quantum version introduced in the next section plays a similar role for

the case of quantum statistical model. In38 an asymptotically optimal es-

timation strategy for qubits was derived from a the qubit version of local

asymptotic normality as presented below.

Example 3.1. Let Pµ = (µ1, . . . , µd) be a probability distribution with

unknown parameters (µ1, . . . , µd−1) ∈ Rd−1
+ satisfying µi > 0 and∑

i≤d−1 µi < 1. The Fisher information at a point µ is

I(µ)ij =
d−1∑

k=1

µk(δikµ−1
i · δjkµ−1

j )+ (1−
d−1∑

l=1

µl)
−1 = δijµ

−1
i +(1−

d−1∑

l=1

µl)
−1,
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and its inverse is

V (µ)ij := [I(µ)−1]ij = δijµi − µiµj . (9)

Thus the limit experiment in this case is F := (N(u, V (µ)) : u ∈
Rd−1, ‖u‖ ≤ C).

This experiment will appear again in Theorem 4.1, as the classical part of

the limit Gaussian shift experiment. Let us consider as loss function the

square of the ℓ2 distance ‖µ − ν‖2
2 =

∑
i≤d(µi − νi)

2, then in the limit

experiment this corresponds to

W (u, v) =

d−1∑

i=1

(ui − vi)
2 + (

d−1∑

i=1

(ui − vi))
2.

The optimal estimator of u for this loss function is the data itself û := X ∼
N(u, V (µ)) and the risk is independent of u

R =

d−1∑

i=1

µi(1−µi)+

d−1∑

i=1

µi(1−µi)−
∑

1≤i 6=j≤d−1

µiµj =

d∑

i=1

µi(1−µi), (10)

where the last sum contains d terms and we used the fact that µd = 1 −∑
i≤d−1 µi.

4. Local asymptotic normality in quantum statistics

In this section we will present the main result of the paper, that of local

asymptotic normality for d-dimensional quantum systems, which means

roughly the following: the sequence Qn of experiments consisting of joint

states ϕn of n identical quantum systems prepared independently in the

same state ϕ, converges to a limit experiment R which is described by a

family of Gaussian states on an algebra of canonical commutation relations.

Consider a d-dimensional quantum system whose state ϕ is described by

its density matrix ρ ∈ M(Cd). The joint state of n identically prepared

systems is given by ρ⊗n ∈ M(Cdn

). As our theory will be local in nature,

we first parametrize around one particular faithful state

ρ0 =




µ1 0 . . . 0

0 µ2
. . .

...
...

. . .
. . . 0

0 . . . 0 µd




with µ1 > µ2 > · · · > µd > 0, (11)
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which for technical reasons is chosen to have different eigenvalues. The

states in a neighborhood of ρ0 are of the form

ρθ =




µ1 + u1 ζ∗1,2 . . . ζ∗1,d

ζ1,2 µ2 + u2
. . .

...
...

. . .
. . . ζ∗d−1,d

ζ1,d . . . ζd−1,d µd −
∑d−1

i=1 ui




with ui ∈ R, ζj,k ∈ C.

(12)

We will investigate the properties of experiments

Qn := (ρ⊗n
θ/

√
n

: θ ∈ Θn)

consisting of n systems, each one prepared in a state ρθ/
√

n situated in

a local neighborhood of ρ0, as it was done in the classical case. The local

parameter θ = (−→u ,
−→
ζ ) belongs to a neighborhood Θn of the origin of Rd−1×

Cd(d−1)/2 which is allowed to grow slowly with n in a way that will be made

precise later. Before stating the main result we will study the limit of the

sequence Qn.

4.1. Quantum Gaussian shift experiment

In this section we describe the limit experiment appearing in the local

asymptotic normality Theorem 4.1. It contains a classical part described by

a (d−1)-dimensional Gaussian shift experiment similar to the one appearing

in Theorem 3.1, and a quantum part described by a d(d−1)/2-dimensional

quantum Gaussian shift experiment which will be analyzed in more detail

below. The classical part corresponds to changes in the diagonal parameters
−→u = (u1, . . . , ud−1) of ρθ. The quantum part is a product of Gaussian states

of d(d− 1)/2 quantum harmonic oscillators, the displacement of each state

being related to one of the off-diagonal elements ζjk of ρθ.

Le us recall that a harmonic oscillator is described by the canonical observ-

ables Q and P acting on wavefunctions in H := L2(R) as

(Qψ) (q) = qψ(q), and (Pψ) (q) = −i
dψ

dq
,

and satisfying the Heisenberg commutation relations [Q,P] = i1. The Fock

basis is a distinguished orthonormal basis in H consisting of eigenvectors

(|ek〉 : k ∈ N) of the number operator N := (Q2 + P
2 − 1)/2. In quantum

optics a monochromatic mode of light is described by a harmonic oscillator
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with canonical variables the electric and magnetic fields. Alternatively to

the density matrix ρ the states of light can be described through a variety

of two-dimensional functions such as the Wigner function and the Husimi

function49. The latter is given by

Hρ(z) = 〈z|ρ|z〉,
where the vectors

|z〉 = e−‖z‖2/2
∞∑

k=0

zk

√
k!

|ek〉, z ∈ C,

describe the laser, or coherent states of intensity |z|2. The Gaussian states

of the harmonic oscillator are those states for which the distributions of

all linear combinations of Q and P are Gaussian. We will be interested in

displaced thermal equilibrium states G(ζ, β) for which the variance in any

direction is the same and the corresponding Husimi functions are

Hζ,β(z) = 〈z|G(ζ, β)|z〉 := (1 − e−β) exp
(
−(1 − e−β)‖z − ζ‖2

)
,

for any ζ ∈ C and 0 < β ≤ ∞. Physically, the parameter β is an inverse

temperature and G(0, β) is a thermal equilibrium state. A one-dimensional

quantum gaussian shift experiment is defined as a family of displaced ther-

mal equilibrium states with known temperature and unknown displacement

R = (G(ζ, β) : ζ ∈ C).

This experiment is well known in quantum statistics and has been largely

investigated2,4,9. In particular it is known that the optimal mean square

estimation procedure is the coherent or heterodyne measurement, whose

POVM elements are the rank one operators 1
π |z〉〈z| yielding an outcome

with distribution proportional to the Husimi function Hζ,β(z) ! We are

then back to a classical two-dimensional Gaussian shift experiment and

the best estimator of ζ is the outcome z. If we consider the loss function

W (ζ, z) = |ζ − z|2 then the risk of the estimator is independent of ζ

R =
1

π

∫
H0,β(z)|z|2d2z = (1 − e−β)−1. (13)

4.2. The main theorem

We are now ready to state the main result of the paper.

Theorem 4.1. Let 0 ≤ η < 1/6 be fixed and define Θn ⊂ Rd−1×Cd(d−1)/2

to be the ball or radius nη centered at the origin, where the norm of θ =
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(−→u ,
−→
ζ ) is given by ‖θ‖2 = ‖−→u ‖2 + ‖−→ζ ‖2. Define the sequences of quantum

statistical experiments

Qn := (ρ⊗n
θ/

√
n

: θ ∈ Θn), Rn := (φθ : θ ∈ Θn),

with ρθ defined as in (12) and

φθ := N(−→u , V (µ)) ⊗
⊗

j<k

G

(
ζj,k√

µj − µk
, ln

(
µj

µk

))
(14)

where V (µ) is a the covariance matrix defined in (9). Then the sequences of

experiments Qn and Rn are asymptotically equivalent, more precisely there

are channels Tn and Sn such that, for any ǫ > 0:

sup
‖θ‖≤nη

∥∥∥Tn(ρ⊗n
θ/

√
n
) − φθ

∥∥∥
1

= O(n−1/4+3η/2+ǫ) → 0

sup
‖θ‖≤nη

∥∥∥ρ⊗n
θ/

√
n
− Sn(φθ)

∥∥∥
1

= O(n−1/4+3η/2+ǫ) → 0 (15)

Moreover the error term depends smoothly on the eigenvalues of ρ0.

Remark. Asymptotically the sequence Qn separates into two indepen-

dent experiments, a classical one with unknown parameter −→u ∈ Rd−1 and

a quantum one with unknown parameters
−→
ζ ∈ Cd(d−1)/2. The fact that

changes in diagonal elements are described asymptotically by a classical

experiment is not surprising considering that the diagonal density matrices

commute with each other. The variance of the limit Gaussian is precisely

that of Example 3.1. On the other hand, for each off-diagonal element there

exists a SU(2) subgroup of rotations in a two-dimensional plane which con-

verges to displacements of Gaussian states of a quantum oscillator as in the

case of qubits37,38.

Remark. The channels Tn and Sn can be constructed explicitly using the

SU(d) representation theory42. Specifically a highest weight vector of each

representation is identified with the vacuum, and the actions of the different

rising operators correspond approximately to that of creation operators of

oscillators.

Remark. We allow the parameter space Θn to grow with n. Nevertheless

notice that the neighborhood around ρ0 is still shrinking as n1/2 dominates

n1/6. The theorem is still local in nature. However this “large domain” is

the stepping stone to prove global results as we will see in the next section.
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5. Two-step strategy for state estimation

Though Theorem 4.1 is local, the fact that the domain ‖θ‖ ≤ nη (0 <

η < 1/6) increases with n, makes it almost as good as global. We will

illustrate this with the problem of estimating the state ρ ∈ M(Cd) given n

identically prepared copies of the system. Details of the construction in the

case of qubits can be found in38.

First step. Measure a small proportion of the n copies, say n1−ǫ to produce

an estimator ρ̃n of ρ. In this first step we have localized the state within a

small region around ρ̃n of the size n−1/2+ǫ with arbitrarily small ǫ > 038. We

can then rotate the remaining ñ := n − n1−ǫ states such that ρ̃n becomes

diagonal and we denote ρ0 = ρ̃n. Since the true state ρ is in a neighborhood

of size n−1/2+ǫ < ñ−1/2ñ1/6−ǫ of ρ0, we can apply the results of Theorem

4.1 on local asymptotic normality around ρ0. In particular, the state ρ can

be identified with ρθ parametrized as in (12).

Second step. On the remaining ñ systems we apply the channel Tñ. Since

asymptotically the quantum experiment Qn can be identified with the

Gaussian limit Rn, we employ Lemma 2.1 to construct an optimal esti-

mator for the state ρ = ρθ by performing the optimal measurement for

estimating the local parameters θ = (−→u ,
−→
ζ ) on the limit experiment. A

technical difficulty arises however due to the fact that the loss function

in the case of estimating the displacement is not bounded as required in

Lemma 2.1, thus one has to estimate precisely the different contributions

in the total risk of the two step strategy.

5.1. Risk of the procedure

We consider a loss function equal to the square of the L2 operator norm,

which in our parametrization is given by

‖ρθa − ρθb‖2
2 =

d−1∑

i=1

(ua
i − ub

i )
2 +

(
d−1∑

i=1

ua
i − ub

i

)2

+ 2
∑

j<k

|ζa
j,k − ζb

j,k|2. (16)

The following inequality gives an upper bound to the risk at ρ in terms of
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three contributions:

Eρ

[
‖ρ − ρ̂n‖2

2

]
≤

2Pρ

[
‖ρ − ρ̃n‖2 > n−1/2+ǫ

]
+

Eρ

[
‖Tn(ρ⊗n

θ/
√

n
) − φθ‖1

 ‖ρ − ρ̃n‖2 < n−1/2+ǫ
]
· n−1 · sup

‖θ‖<nǫ

‖θ̂n‖<2nǫ

‖θ − θ̂n‖2
2 +

n−1 · Eφθ

[
‖θ − θ̂n‖2

2

]
.

Below we will explain the origin of each term on the right side of the

inequality and provide an upper bound for it.

5.1.1. Error from the first step measurement

The first term corresponds to the risk of having the first rough estimate

very far from the truth, in which case ρ could fall outside the validity region

of local asymptotic normality. Since we consider a loss function equal to the

square of the L2 distance, the maximum error of the final estimator is 2 as

both our estimate and the unknown ρ are states, so that ‖ρ − ρ̂n‖2
2 ≤ 2.

Thus the expected loss associated to having a very bad first estimate is

upper bounded by the double of the its probability. It is not difficult to

show that there exists a simple rough estimator for which the probability

of the event ‖ρ̃n − ρ‖2 > n−1/2+ǫ is o(n−1)38. This can be understood from

the fact that the average error is of order n−1/2+ǫ/2 ≪ n−1/2+ǫ, for ǫ > 0.

5.1.2. Error from the use of local asymptotic normality

The second term corresponds to the loss incurred by transforming the ñ

systems through the channel Tñ. Since the difference between n and ñ is

negligible compared with n it will not play any role in the computations

and we can safely revert to the notation n for the number of systems in the

second step of the procedure.

We obtain the state Tn(ρ⊗n
θ/

√
n
) which is asymptotically close to φθ but does

not coincide with it. The following simple inequality shows that we can

replace Tn(ρ⊗n
θ/

√
n
) by φθ at the cost of an additional contribution to the

risk. Let P, Q be two probability distributions with densities p, q and let
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0 ≤ W ≤ M be a loss function, then

EP [W ] ≤ EQ[W ] + M‖p − q‖1.

We can now condition on ‖ρ − ρ̃n‖2 ≤ n−1/2+ǫ since the bigger errors

have been taken into account through the first error term. Additionally,

the estimator θ̂n can be chosen to be bounded by 2nǫ since we know that

the true parameter θ is bounded by nǫ. Hence the error of the estimator

‖θ̂n − θ‖2 is less than 3nǫ. Moreover, we can bound the norm distance

between Tn(ρ⊗n
θ/

√
n
) and φθ using Theorem 4.1 with η > ǫ. The bound (15)

does not depend on ρ̃n, as we know that ρ̃n is in a neighbourhood of ρ, so

that its eigenvalues are bounded away from each other. Finally we get that

the norm distance is less than n−1/4+3/2η+ǫ, hence the second error term is

O(n−1+2ǫ−1/4+3/2η+ǫ′) = o(n−1) provided that 2ǫ + 3/2η + ǫ < 1/4.

5.1.3. Error from the optimal measurement in the limit experiment

The third term is the risk of the optimal estimation procedure in the limit

experiment and dominates the previous two error contributions.

Since the limit experiment separates into a classical and a quantum part and

the loss function is the sum of contributions corresponding to the two sets of

parameters, the risk is the sum of the risks for the classical and the quantum

part. The quantum part splits further into a sum of risks for estimating each

of the parameters ζjk. Let us recall that the optimal measurement of the

displacement of a Gaussian state is the coherent measurement described in

(13) and its risk is R = (1 − e−β)−1. The risk of estimating ζkj based on

the states (14) is

Rjk =
(
1 − e

− ln
µj
µk

)−1

· (µj − µk) = µj .

The risk of the classical experiment has been calculated in (10)

Rcl =
d∑

i=1

µi(1 − µi).

The total risk is the sum of the classical and quantum parts according to

the loss function (16)

R =

d∑

i=1

µi(1 − µi) + 2
∑

j<k

µj .
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5.2. Asymptotic minimax bound

We have thus proven the following asymptotic result.

Theorem 5.1. For any ρ with eigenvalues 0 < µ1 < . . . µd < 1 the risk of

the estimator ρ̂n satisfies

lim
n→∞

n Eρ‖ρ − ρ̂n‖2
2 =

d∑

i=1

µi(1 − µi) + 2
∑

j<k

µj .

Moreover the sequence of estimators ρ̂n is asymptotically optimal in the

minimax sense.

Theorem 5.2. For any sequence of estimation strategies σ̂n, and for any

ρ with eigenvalues 0 < µ1 < . . . µd < 1 we have

n lim sup
n→∞

sup
‖σ−ρ‖<n−1/2+ǫ

Eσ‖σ̂n − σ‖2
2 ≥

d∑

i=1

µi(1 − µi) + 2
∑

j<k

µj .

The factor n is inserted because typically the risk is of the order 1/n and the

optimization is about obtaining the smallest constant factor possible. The

inequality says that one cannot find an estimator which performs better

that ρ̂n over a ball of size n−1/2+ǫ centered at ρ, even if one has the knowl-

edge that the true state belongs to that ball! Thus the proposed estimator

saturated the minimax bound

Rminmax(ρ) =

d∑

i=1

µi(1 − µi) + 2
∑

j<k

µj .

The proof of this bound makes use of the other direction in local asymptotic

normality, namely the inverse channel Sn. The idea is that if there was a

better estimation strategy, then we could find a way of estimating modes

of light better than the heterodyne measurement. The proof of a similar

result for qubits can be found in.38
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1. Quantum measurements and entropies

We speak of quantum continual measurements when a quantum system

is taken under observation with continuity in time and the output is not

a single random variable, but rather a stochastic process1,2. The aim of

this paper is to quantify, by means of entropic quantities, the effectiveness

of a continual measurement in extracting information from the underlying

quantum system.

Various types of entropies and bounds on informational quantities can

be introduced and studied in connection with continual measurements3–5.

In particular, in Ref. 5 the point of view was the one of information trans-

mission: the quantum system is a channel in which some information is
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encoded at an initial time; the continual measurement represents the de-

coding apparatus. In this paper, instead, we consider the quantum system

in itself, not as a transmission channel, and we propose and study a cou-

ple of mutual entropies giving two indexes of how good is the continual

measurement in extracting information about the quantum system.

1.1. Algebras, states, entropies

From now on H will be a separable complex Hilbert space, the space where

our quantum system lives.

1.1.1. Von Neumann algebras and normal states

A normal state on L(H) (bounded linear operators on H) is identified with

a statistical operator, T (H) and S(H) ⊂ T (H) are the trace-class and the

space of the statistical operators on H, respectively.

Let (Ω,F , Q) be a measure space, where Q is a σ-finite measure.

We consider the W ∗-algebras L∞(Ω,F , Q) and L∞
(
Ω,F , Q;L(H)

)
≃

L∞(Ω,F , Q) ⊗ L(H). Let us note that a normal state on L∞(Ω,F , Q)

is a probability density with respect to Q, while a normal state σ on

L∞
(
Ω,F , Q;L(H)

)
is a measurable function ω 7→ σ(ω) ∈ T (H), σ(ω) ≥ 0,

such that Tr{σ(ω)} is a probability density with respect to Q.

1.1.2. Relative entropy

The general definition of the relative entropy S(Σ|Π) for two states Σ and

Π is given in Ref. 6; here we give only some particular cases of the general

definition.

Let us consider two quantum states σ, τ ∈ S(H) and two classical states

qk on L∞(Ω,F , Q) (two probability densities with respect to Q). The von

Neumann entropy, the quantum relative entropy and the classical one are

Sq(τ) := −Tr{τ ln τ}, Sq(σ‖τ) = Tr{σ(lnσ − ln τ)}, (1)

Sc(q1‖q2) =

∫

Ω

Q(dω) q1(ω) ln
q1(ω)

q2(ω)
. (2)

Let us consider now two normal states σk on L∞
(
Ω,F , Q;L(H)

)
and

set qk(ω) := Tr{σk(ω)}, ̺k(ω) := σk(ω)/qk(ω) (these definitions hold where

the denominators do not vanish and are completed arbitrarily where the
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denominators vanish). Then, the relative entropy is

S(σ1‖σ2) =

∫

Ω

Q(dω)Tr
{
σ1(ω)

(
lnσ1(ω) − lnσ2(ω)

)}

= Sc(q1‖q2) +

∫

Ω

Q(dω) q1(ω)Sq

(
̺1(ω)‖̺2(ω)

)
.

(3)

We are using a subscript “c” for classical entropies, a subscript “q” for

purely quantum ones and no subscript for general entropies, eventually of

a mixed character. Having used the natural logarithm in these definitions,

the entropies are in nats. To obtain entropies in bits one has to divide by

ln 2.

The following result is very useful ([6] Corollary 5.20 and Eq. (5.22)).

Proposition 1.1. Let Π1 ⊗ Π2 and Σ12 be normal states of the tensor

product von Neumann algebra M1 ⊗ M2 and let Σi = Σ12

∣∣
Mi

, i = 1, 2.

Then,

S(Σ12‖Π1 ⊗ Π2) = S(Σ1‖Π1) + S(Σ12‖Σ1 ⊗ Π2)

= S(Σ1‖Π1) + S(Σ2‖Π2) + S(Σ12‖Σ1 ⊗ Σ2)
(4)

The quantity S(Σ12‖Σ1⊗Σ2) is the relative entropy of a state with respect

to its marginals; this is what we call mutual entropy.

1.2. Instruments and channels

1.2.1. Channels

Let M1 and M2 be two W ∗-algebras. A linear map Λ∗ from M2 to M1

is said to be a channel ([6] p. 137) if it is completely positive, unital (i.e.

identity preserving) and normal (or, equivalently, weakly∗ continuous).

Due to the equivalence7 of w∗-continuity and existence of a preadjoint

Λ, a channel is equivalently defined by: Λ is a norm-one, completely positive

linear map from the predual M1∗ to the predual M2∗. Let us note also that

Λ maps normal states on M1 into normal states on M2.

A key result which follows from the convexity properties of the relative

entropy is Uhlmann monotonicity theorem ([6], Theor. 1.5 p. 21), which

implies that channels decrease the relative entropy.

Theorem 1.1. If Σ and Π are two normal states on M1 and Λ is a channel

from M1∗ → M2∗, then S(Σ‖Π) ≥ S(Λ[Σ]‖Λ[Π]).
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1.2.2. Instruments and POV measures

The notion of instrument is central in quantum measurement theory; an

instrument gives the probabilities and the state changes8,9.

Let (Ω,F) be a measurable space. An instrument I is a map valued mea-

sure such that (i) I(F ) is a completely positive, linear, bounded operator on

T (H), ∀F ∈ F , (ii) I(Ω) is trace preserving, (iii) for every countable family

{Fi} of disjoint sets in F one has
∑

i Tr {a I(Fi)[ρ]} = Tr {a I (
⋃

i Fi) [ρ]},
∀ρ ∈ T (H), ∀a ∈ L(H).

The map F 7→ I(F )∗[1] turns out to be a positive operator valued

(POV) measure (the observable associated with the instrument I). For

every ρ ∈ S(H) the map F 7→ Pρ(F ) := Tr{I(F )[ρ]} is a probability

measure: the probability that the result of the measurement be in F when

the pre-measurement state is ρ. Moreover, given the result F , the post-

measurement state is
(
Pρ(F )

)−1I(F )[ρ].

1.2.3. The instrument as a channel

Given an instrument I with value space (Ω,F) it is always possible to find

a σ-finite measure on (Ω,F) (or even a probability measure), such that all

the probabilities Pρ, ρ ∈ S(H), are absolutely continuous with respect to

Q.

Theorem 1.2 (Ref. 10, Theorem 2). Let I be an instrument on the

trace-class of a complex separable Hilbert space H with value space (Ω,F)

and let Q be a σ-finite measure on (Ω,F) such that Tr{I(•)[ρ]} ≪ Q,

∀ρ ∈ S(H). Then, there exists a unique channel ΛI from T (H) into

L1
(
Ω,F , Q; T (H)

)
such that

EQ

[
f Tr {aΛI [ρ]}

]
=

∫

Ω

f(ω)Tr {a I(dω)[ρ]} (5)

∀ρ ∈ T (H), ∀a ∈ L(H), ∀f ∈ L∞(Ω,F , Q).

Viceversa, a channel Λ from T (H) into L1
(
Ω,F , Q; T (H)

)
defines a unique

instrument I by

I(F )[ρ] = EQ

[
1F Λ[ρ]

]
, ∀ρ ∈ T (H), ∀F ∈ F . (6)
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1.2.4. A posteriori states

When ρ ∈ S(H), then ΛI [ρ] is a normal state on L∞
(
Ω,F , Q;L(H)

)
. Let

us normalize the positive trace-class operators ΛI [ρ](ω) by setting

πρ(ω) :=

{
(TrH {ΛI [ρ](ω)})−1

ΛI [ρ](ω) if TrH {ΛI [ρ](ω)} > 0

ρ̃
(
ρ̃ ∈ S(H), fixed

)
if TrH {ΛI [ρ](ω)} = 0

(7)

Then, we have
∫

F

πρ(ω)Pρ(dω) = I(F )[ρ] , ∀F ∈ F , (Bochner integral). (8)

According to Ozawa11, πρ is a family of a posteriori states for the instrument

I and the pre-measurement state ρ. The interpretation is that πρ(ω) is the

state just after the measurement to be attributed to the quantum system

if the result of the measurement has been exactly ω.

Let us note that pρ := Tr {ΛI [ρ]} and πρ :=
∫
Ω

Pρ(dω)πρ(ω) = I(Ω)[ρ]

are the marginals of the state ΛI [ρ] on the algebras L∞(Ω,F , Q) and L(H),

respectively. Then, S (ΛI [ρ]‖pρπρ) is a first example of a mutual entropy.

From Eqs. (3) and (1) we get

S (ΛI [ρ]‖pρπρ) =

∫

Ω

Sq

(
πρ(ω)‖πρ

)
Pρ(dω)

= Sq(πρ) −
∫

Ω

Sq

(
πρ(ω)

)
Pρ(dω).

(9)

Quantities like this one are used in quantum information transmission and

are known as Holevo capacities or χ-quantities12–14; Eq. (9) gives the χ-

quantity of the ensemble of states {Pρ, πρ}.

2. Continual measurements

Quantum continual measurement theory can be formulated in different

equivalent ways. To construct our entropic measures of efficiency, we need

two approaches to continual measurements: the one based on positive op-

erator valued measures, instruments, quantum channels1,5,15 and the one

based on classical stochastic differential equations (SDE’s), known also as

quantum trajectory theory2,4,16.

The SDE approach to continual measurements is based on a couple

of stochastic equations, a linear one for random trace-class operators and

a non-linear one for random statistical operators. The two equations are

linked by a change of normalization and a change of probability measure.

Both equations have a Hilbert space formulation, particularly suited for
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numerical computations. We shall use a simplified version of SDE’s for

continual measurements as presented in [2].

2.1. The linear equation

Let H(t), Ll(t), Rj(t), V
r
k (t), Jk(t) be bounded operators on H; their time

dependence is taken to be continuous from the left and with limits from

the right in the strong topology. The indices k, l, j take a finite number

of values; the index r can take infinitely many values, but in this case

the series
∑

r V r
k (t)∗V r

k (t) is strongly convergent. Let the operator H(t) be

self-adjoint, H(t) = H(t)∗, and let us define (∀ρ ∈ T (H))

Jk(t)[ρ] :=
∑

r

V r
k (t)ρV r

k (t)∗ , (10a)

Jk(t) := Jk(t)∗[1] =
∑

r

V r
k (t)∗V r

k (t) , (10b)

L(t) := L0(t) + L1(t) + L2(t), (10c)

L0(t)[ρ] := −i[H(t), ρ] +
∑

l

(
Ll(t)ρLl(t)

∗ − 1

2
{Ll(t)

∗Ll(t), ρ}
)

, (10d)

L1(t)[ρ] :=
∑

j

(
Rj(t)ρRj(t)

∗ − 1

2
{Rj(t)

∗Rj(t), ρ}
)

, (10e)

L2(t)[ρ] :=
∑

k

(
Jk(t)[ρ] − 1

2
{Jk(t), ρ}

)
. (10f)

By [ , ] we denote the commutator and by { , } the anticommutator.

Then, we introduce a probability space (Ω,F , Q) where the Poisson pro-

cesses Nk(t), of intensity λk, and the standard (continuous) Wiener pro-

cesses Wj(t) are defined. All the processes are assumed to be independent

from the other ones. We introduce also the two-times natural filtration of

such processes:

Fs
t = σ{Wj(u) − Wj(s), Nk(v) − Nk(s), u, v ∈ [s, t], j, k = 1, . . .}. (11)

Having all these ingredients, we can introduce the linear equation of

continual measurement theory, for the a trace-class valued process σt:

dσt = L(t)[σt− ]dt +
∑

j

(
Rj(t)σt− + σt−Rj(t)

∗
)
dWj(t)

+
∑

k

(
1

λk
Jk(t)[σt− ] − σt−

)
(dNk(t) − λkdt) . (12)
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The initial condition is taken to be a non-random statistical operator: σ0 ≡
σ0−

∈ S(H).

The notation σt− means that, in case there is a jump in the noise at time

t, the value just before the jump σt− of σ has to be taken. More precisely,

if the augmented natural filtration of the noises is considered, the solution

can be taken to be continuous from the right and with limits from the left

and σt− is just the limit from the left. We prefer not to add the null sets to

the natural filtration and by σt we mean some F0
t -adapted version of the

solution.

Properties of the solution. Let us consider now, for 0 ≤ s ≤ t, the von

Neumann algebra L∞
(
Ω,Fs

t , Q;L(H)
)
≃ L∞(Ω,Fs

t , Q)⊗L(H) (cf. Section

1.1.1) and let us give a name to the set of normal states on this algebra:

Ss
t :=

{
τ ∈ L1

(
Ω,Fs

t , Q; T (H)
)

: τ(ω) ≥ 0 ,

∫

Ω

Tr{τ(ω)}Q(dω) = 1

}
.

(13)

• First of all, it is possible to prove that σt ∈ S0
t ; we can say that the

solution at time t of Eq. (12) is a kind of quantum/classical state.

• The marginals of σt are (cf. Section 1.2.4):

– The probability density pt := Tr{σt}. The probability mea-

sure pt(ω)Q(dω) will be the physical probability.

– The a priori state at time t ηt := EQ[σt] ∈ S(H). This is

the state to be attributed at time t to the system when no

selection is done and the result of the measurement has not

been taken into account.

• Moreover, we define the random a posteriori state at time t ρt =
1

pt
σt. This is the state to be attributed at time t to the system

known the result of the measurement up to t.

Note that p0 = 1, ρ0 = σ0 = η0, ηt− = ηt = ηt+ .

2.2. Physical probabilities

A very important property of Eq. (12) is that pt is a mean one Q-martingale,

which implies that

Pt(dω) := pt(ω)Q(dω)
∣∣
F0

t

(14)

is a consistent family of probabilities, i.e., if 0 ≤ t < T , PT (F ) = Pt(F ),

∀F ∈ F0
t . These are taken as physical probabilities.
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From Eq. (12) we have that pt satisfies the Doléans equation

dpt = pt−

{∑

j

mj(t) dWj(t) +
∑

k

(
µk(t)

λk
− 1

) (
dNk(t) − λk dt

)}
, (15)

where

mj(t) = Tr
{
(Rj(t) + Rj(t)

∗) ρt−

}
, µk(t) = Tr

{
Jk(t)ρt−

}
. (16)

The solution of this equation, with p0 = 1, is

pt = exp

{∑

j

[∫ t

0

mj(s) dWj(s) −
1

2

∫ t

0

mj(s)
2 ds

]

+
∑

k

[∫ t

0

ln
µk(s)

λk
dNk(s) +

∫ t

0

(λk − µk(s)) ds

]}
. (17)

Remark 2.1.

(1) The output of the continual measurement is the set of processes Wj(t),

Nk(t), 0 ≤ t ≤ T , under the physical probability PT ; T is a completely

arbitrary large time. By the consistency of the probabilities (14), PT

can be substituted by Pt in any expectation involving F0
t -measurable

random variables (for t < T ).

(2) By Girsanov theorem and its generalizations for situations with jumps,

we have that, under the physical probability, the processes

Ŵj(t) = Wj(t) −
∫ t

0

mj(s) ds (18)

are independent, standard Wiener processes and Nk(t) is a counting

process of stochastic intensity µk(t)dt.

(3) Expressions for the moments of the outputs can be given; in particular

we have the mean values

EPt
[Wj(t)] =

∫ t

0

nj(s) ds , EPt
[Nk(t)] =

∫ t

0

νk(s) ds , (19)

where

nj(t) = Tr {(Rj(t) + Rj(t)
∗) ηt} = EPt

[mj(t)], (20a)

νk(t) = Tr {Jk(t)ηt} = EPt
[µk(t)]. (20b)
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2.3. The non-linear SDE

Under the physical law PT , the a posteriori states ρt satisfy the non-linear

SDE

dρt = L(t)[ρt− ]dt +
∑

j

(
Rj(t)ρt− + ρt−Rj(t)

∗ − mj(t)ρt−

)
dŴj(t)

+
∑

k

(
1

µk(t)
Jk(t)[ρt− ] − ρt−

)
(dNk(t) − µk(t)dt) . (21)

Let us stress that for the a priori states we have

ηt = EQ[σt] = EPt
[ρt] (22)

and that they satisfy the master equation

d

dt
ηt = L(t)[ηt]. (23)

2.4. The fundamental matrix and the instruments

To apply the notions of Section 1 to continual measurements, we need to

see how such a theory is connected to instruments and channels2–5. This is

done by introducing the fundamental matrix Λs
t of (12). This operator is

defined by stipulating that Λs
t [|ui〉〈uj |] satisfies (12) with initial condition

Λs
s[|ui〉〈uj |] = |ui〉〈uj |, where {ui i = 1, . . .} is a c.o.n.s. in H. It turns

out that Λs
t is a channel from T (H) into L1

(
Ω,Fs

t , Q; T (H)
)
, or, by trivial

ampliation, from L1
(
Ω,Fr

s , Q; T (H)
)

into L1
(
Ω,Fr

t , Q; T (H)
)
, 0 ≤ r ≤ s ≤

t. Then, we have

Λs
t [σs] = σt , Λs

t = Λu
t ◦ Λs

u , 0 ≤ s ≤ u ≤ t . (24)

The instrument associated to this channel is

Is
t (F )[ρ] = EQ [1F Λs

t [ρ]] ≡
∫

F

Λs
t (ω)[ρ]Q(dω), ∀F ∈ Fs

t . (25)

The time evolution of the quantum states is the one generated by L(t) and

we have

U(t, s)[ρ] = Is
t (Ω)[ρ] = EQ [Λs

t [ρ]] , (26)

U(t, s)[ηs] = ηt , U(t, s) = U(t, u) ◦ U(u, s) , 0 ≤ s ≤ u ≤ t . (27)

According to the definitions of Section 1.2.4, the random statistical

operator ρt is the a posteriori state for the instrument I0
t and the pre-

measurement state ρ0 ≡ η0.
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Another important property is

EQ[σt|Fs
t ] = Λs

t [ηs] ∈ Ss
t . (28)

Indeed, by the first of (24) and the fact that Λs
t is Fs

t -measurable, we

have EQ[σt|Fs
t ] = Λs

t

[
EQ[σs|Fs

t ]
]
. By the fact that all the noises have

independent increments, we have that σs is independent from Fs
t and

EQ[σs|Fs
t ] = EQ[σs] = ηs. This gives Eq. (28).

3. Mutual entropies and information gains

3.1. The information embedded in the a posteriori states

The quantity σt is a state on L∞
(
Ω,F0

t , Q;L(H)
)

= L∞(Ω,F0
t , Q)⊗L(H)

and its marginals on L∞(Ω,F0
t , Q) and L(H) are pt and ηt, respectively.

The mutual entropy S(σt‖ptηt) is the “information” contained in the joint

state with respect to the product of these marginals; more explicitly we

have (compare with (9))

S(σt‖ptηt) =

∫

Ω

Pt(dω)Tr
{
ρt(ω)

(
ln ρt(ω) − ln ηt

)}

and we can write

S(σt‖ptηt) = EPt
[Sq(ρt‖ηt)] = Sq(ηt) − EPt

[Sq(ρt)]. (29)

This mutual entropy is a sort of quantum information embedded by

the measurement in the a posteriori states. When the measurement is not

informative, we have ρt(ω) = ηt and S(σt‖ptηt) = 0. It is zero also if for

any reason it happens that ηt is a pure state. For instance, if U(t, 0) has a

unique equilibrium state which is pure, then limt→+∞ S(σt‖ptηt) = 0 even

if the measurement is “good”.

Let us note that from Eq. (29) we have the bound

S(σt‖ptηt) ≤ Sq(ηt). (30)

When the von Neumann entropy of the a priori state is not zero, an instanta-

neous index of “goodness” of the measurement could be S(σt‖ptηt)
/
Sq(ηt),

while a “cumulative” index could be
∫ T

0
S(σt‖ptηt)

Sq(ηt)
dt .

3.2. A classical continual information gain

3.2.1. Product densities

Let us consider any time s in the time interval (0, t) and let us de-

compose the von Neumann algebra L∞(Ω,F0
t , Q) as L∞(Ω,F0

t , Q) =
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L∞(Ω,F0
s , Q) ⊗ L∞(Ω,Fs

t , Q). Now, the density pt can be seen as a state

on L∞(Ω,F0
t , Q) and we can consider its marginals p0

s and ps
t on the two

factors L∞(Ω,F0
s , Q) and L∞(Ω,Fs

t , Q), respectively. These marginals are

given by

p0
s = EQ[pt|F0

s ], ps
t = EQ[pt|Fs

t ]. (31)

By using the fact that {pt, t ≥ 0} is a martingale and by taking the trace

of Eq. (28), we get

p0
s = ps , ps

t = Tr{Λs
t [ηs]} . (32)

By comparing the last equality with pt = Tr{σt} = Tr{Λ0
t [η0]}, we see that

ps
t is similar to pt, but with s as initial time, instead of 0, and with ηs as

initial state, instead of η0. By this remark and Eq. (17), we get

ps
t = exp

{∑

j

[∫ t

s

mj(u; s) dWj(u) − 1

2

∫ t

s

mj(u; s)2 du

]

+
∑

k

[∫ t

s

ln
µk(u; s)

λk
dNk(u) +

∫ t

s

(λk − µk(u; s)) du

]}
, (33)

where

mj(t; s) = Tr
{

(Rj(t) + Rj(t)
∗) ρs

t−

}
, µk(t; s) = Tr

{
Jk(t)ρs

t−

}
, (34)

ρs
t =

1

ps
t

Λs
t [ηs]. (35)

The random state ρs
t is the a posteriori state for the instrument Is

t and the

pre-measurement state ηs; it satisfy the non-linear SDE (21).

Then, we can consider the mutual entropy Sc(pt‖p0
sp

s
t ). But the signif-

icance of this quantity is dubious, because the time s is completely arbi-

trary and, moreover, we could divide the time interval in more pieces. For

instance, we can take the decomposition L∞(Ω,F0
t , Q) = L∞(Ω,F0

r , Q) ⊗
L∞(Ω,Fr

s , Q)⊗L∞(Ω,Fs
t , Q) and we recognize that p0

rp
r
sp

s
t is the product

of the marginals of pt related to this decomposition. Taking a finer generic

partition of (0, t) with t0 = 0 and tn = t, we recognize that
∏n

j=1 p
tj−1

tj
is

again a product of marginals of pt. To eliminate arbitrariness, let us con-

sider finer and finer partitions and let us go to a continuous product of

marginals.

Let us note that we have

lim
s↑t

mj(t; s) = nj(t), lim
s↑t

µk(t; s) = νk(t), a.s.
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Then, for an infinitesimal interval we get

ps
s+ds = exp

{∑

j

[
nj(s) dWj(s) −

1

2
nj(s)

2ds

]

+
∑

k

[
νk(s)

λk
dNk(s) + (λk − νk(s)) ds

]}
(36)

and, so, the following density qt is the continuous product of marginals of

pt:

qt = exp

{∑

j

[∫ t

0

nj(s) dWj(s) −
1

2

∫ t

0

nj(s)
2 ds

]

+
∑

k

[∫ t

0

ln
νk(s)

λk
dNk(s) +

∫ t

0

(λk − νk(s)) ds

]}
. (37)

Notice that nj(t) and νk(t) are deterministic functions. Under the prob-

ability qT (ω)Q(dω), the processes Wj(t)−
∫ t

0
nj(s) ds are independent, stan-

dard Wiener processes and Nk(t) is a Poisson process of time dependent

intensity νk(t).

Under qT (ω)Q(dω), the processes Wj , Nk have independent increments

as under Q (so they can be interpreted as noises), but the means have been

changed and made equal to the means they have under PT .

The fact that it is possible to consider a “continuous product of

marginals” is not so unexpected; indeed, the theory of continual measure-

ments is connected to infinite divisibility15.

We have already seen that the marginals of pt with respect to the de-

composition of the time interval (0, t) into (0, s) and (s, t) are p0
s = ps and

ps
t given by Eq. (33). The analogous marginals for qt are q0

s = qs and

qs
t = exp

{∑

j

[∫ u

t

nj(s) dWj(s) −
1

2

∫ u

t

nj(s)
2 ds

]

+
∑

k

[∫ u

t

ln
νk(s)

λk
dNk(s) +

∫ u

t

(λk − νk(s)) ds

]}
=

qt

qs
. (38)

3.2.2. The classical mutual entropy Sc(pt‖qt)

The density qt is no more dependent on some arbitrary choice of intermedi-

ate times and the measure qT (ω)Q(dω) has a distinguished role and can be

considered as a reference measure. So, we can introduce the relative entropy

Sc(pt‖qt) = EPt

[
ln

pt

qt

]
.
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Being qt a product of marginals of pt, this quantity is a mutual entropy

and, being qt the finest product of marginals, we can interprete Sc(pt‖qt)

as a measure of the classical information on the measured system extracted

in the time interval (0, t). Other reasons can be given to reinforce this

interpretation.

By Eqs. (17), (33), (37), (38) we have p0
t = pt, q0

t = qt, qu = qtq
t
u. By

Proposition 1.1 or by direct computation, we get

Sc(pt‖qt) − Sc(ps‖qs) = Sc(pt‖psq
s
t ), 0 ≤ s ≤ t . (39)

Firstly, by the positivity of relative entropies, this equation says that

0 ≤ Sc(ps‖qs) ≤ Sc(pt‖qt), (40)

i.e. that Sc(pt‖qt) is non negative and not decreasing in time, as should be

for a measure of an information gain in time. Moreover, the increment of

information in the time interval (s, t) can be written as

Sc(pt‖psq
s
t ) = EQ

[
ps EQ

[
pt

ps
ln

pt/ps

qt/qs

∣∣∣∣F0
s

]]
. (41)

This expression can be interpreted as a conditional relative entropy (Ref. 17

pp. 22–23). The quantity EQ

[
pt

ps
ln pt/ps

qt/qs

∣∣∣F0
s

]
has the same structure as

Sc(pt‖qt), but it refers to the interval (s, t) and it is constructed with the

conditional densities. We can say that Eq. (39) expresses in a consistent

way a kind of “additivity property” of our measure of information.

Having the explicit exponential forms of the densities pt and qt, we can

compute the explicit expression of the information gain.

Proposition 3.1. The explicit expression of the classical mutual entropy

Sc(pt‖qt) is

Sc(pt‖qt) =
1

2

∑

j

∫ t

0

VarPt
[mj(s)]ds

+
∑

k

∫ t

0

EPt

[
µk(s) ln

µk(s)

νk(s)

]
ds . (42)
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Proof. By Eqs. (17) and (37) we get

ln
pt

qt
=

∑

j

[∫ t

0

(
mj(s) − nj(s)

)
dWj(s) −

1

2

∫ t

0

(
mj(s)

2 − nj(s)
2
)
ds

]

+
∑

k

[∫ t

0

ln
µk(s)

νk(s)

(
dNk(s)−λk ds

)
+

∫ t

0

(
λk ln

µk(s)

νk(s)
− µk(s) + νk(s)

)
ds

]

=
∑

j

[∫ t

0

(
mj(s)−nj(s)

)(
dWj(s)−mj(s)ds

)
+

1

2

∫ t

0

(
mj(s)−nj(s)

)2
ds

]

+
∑

k

[∫ t

0

ln
µk(s)

νk(s)

(
dNk(s) − µk(s) ds

)

+

∫ t

0

µk(s)

(
νk(s)

µk(s)
− ln

νk(s)

µk(s)
− 1

)
ds

]
.

By point 2 in Remark 2.1, the first term in the j sum and the first term

in the k sum have zero mean under PT (or under Pt, by consistency).

Therefore, Eq. (42) follows by taking the Pt-mean of ln pt/qt and by taking

into account Eqs. (20).

Remark 3.1.

(1) By (20b) and Jensen inequality applied to the convex function x lnx,

we have that both integrands in formula (42) are non-negative and, so,

we have

d

dt
Sc(pt‖qt) =

1

2

∑

j

VarPt
[mj(t)]+

∑

k

EPt

[
µk(t) ln

µk(t)

νk(t)

]
≥ 0. (43)

The positivity of this time derivative follows also from Eq. (40).

(2) By the properties of relative entropy EPT
[Sq(ρt‖ηt)] = 0 is equivalent

to ρt = ηt, PT -a.s. By Eqs. (20), (43), this last relation implies the

vanishing of the quantity (43). So, we have

EPT
[Sq(ρt‖ηt)] = 0 ⇒ d

dt
Sc(pt‖qt) = 0 . (44)

(3) From Eqs. (16), (20), (43) we see that

• if Rj(t) + Rj(t)
∗ ∝ 1, then VarPt

[mj(t)] = 0,

• if Jk(t) ∝ 1, then ln µk(t)
νk(t) = 0.

This says that when both conditions hold for all j and k, no information

is extracted from the system, whatever the initial state is.



Information Gain in Quantum Continual Measurements 339

3.3. A quantum/classical mutual entropy

The two mutual entropies introduced in Sections 3.1 and 3.2.2 can be ob-

tained from a unique mutual entropy

S(σt‖qtηt) =

∫

Ω

Q(dω)Tr
{
σt(ω)

(
lnσt(ω) − ln qt(ω)ηt

)}
. (45)

Indeed, by Proposition 1.1 or by direct computation, we get

S(σt‖qtηt) = S(σt‖ptηt) + Sc(pt‖qt) = EPt
[Sq(ρt‖ηt)] + Sc(pt‖qt). (46)

4. An upper bound on the increments of Sc(pt‖qt)

4.1. The main bound

By Proposition 1.1 and Eqs. (17), (33), (37), (38), the increment of infor-

mation in the time interval (t, u) can be expressed as

Sc(pu‖qu) − Sc(pt‖qt) = Sc(pu‖ptp
t
u) + Sc(p

t
u‖qt

u). (47)

Lemma 4.1. For 0 ≤ t ≤ u, we have the bound

0 ≤ Sc

(
pu‖ptp

t
u

)
≤ EPu

[
Sq (ρt‖ηt) − Sq

(
ρu‖ρt

u

)]
. (48)

Proof. Consider the mutual entropy S(σt‖ptηt) introduced in Section 3.1

and apply to both states the channel Λt
u. By Theorem 1.1 and the definition

(35) we get the inequality

EPt
[Sq (ρt‖ηt)] = S (σt‖ptηt) ≥ S

(
Λt

u[σt]‖Λt
u[ptηt]

)
= S

(
σu‖ptσ

t
u

)

= S
(
puρu‖ptp

t
uρt

u

)
= EPu

[
Tr

{
ρu

(
ln pu + ln ρu − ln

(
ptp

t
u

)
− ln ρt

u

)}]

= Sc

(
pu‖ptp

t
u

)
+ EPu

[
Sq

(
ρu‖ρt

u

)]
,

and this gives (48).

Apart from the different notations, Eq. (48) is the bound (29) in Ref. 5.

From Eqs. (36) and (38) we get immediately

lim
u↓t

Sc (pt
u‖qt

u)

u − t
= 0 . (49)

Then, the second summand in the expression (47) of the increment of infor-

mation becomes negligible with respect to the first when u ↓ t. Therefore,

from Lemma 4.1 we have the following theorem.
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Theorem 4.1 (The bound on the derivative of Sc(pt‖qt)). The fol-

lowing bound holds:

0 ≤ d

dt
Sc(pt‖qt) ≤ − d

du
EPT

[Sq(ρu‖ρt
u)]

∣∣∣
u=t+

≡ d

dt
EPT

[Sq(ρt)] −
d

du
EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

. (50)

Remark 4.1. We already saw in Remark 3.1 that EPT
[Sq(ρt‖ηt)] = 0 is

equivalent to ρt = ηt, PT -a.s.; but this implies ρu = ρt
u, PT -a.s., because

in this case these two quantities, which satisfy the same equation, have the

same initial condition at time t. Therefore we have EPT
[Sq(ρu‖ρt

u)] = 0,

∀u ≥ t, and

EPT
[Sq(ρt‖ηt)] = 0 ⇒ − d

du
EPT

[Sq(ρu‖ρt
u)]

∣∣∣
u=t+

= 0. (51)

4.2. Explicit computation of the bound

All the derivatives can be elaborated and from Eq. (50) we get the following

explicit form of the difference between the bound and the time derivative

in which we are interested in.

Proposition 4.1. By computation of all the terms appearing in Eq. (50)

we get

0 ≤ d

dt
EPT

[Sq(ρt)] −
d

du
EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

− d

dt
Sc(pt‖qt)

=
∑

k

EPT

[
Tr

{
Jk(t)ρt (ln ρt − ln ηt)−Jk(t)[ρt] (lnJk(t)[ρt] − lnJk(t)[ηt])

}]

+
1

2

∑

j

EPT

[ ∫ +∞

0

du Tr

{
ηt

u + ηt
(Rj(t) + Rj(t)

∗)
ηt

u + ηt
(Rj(t) + Rj(t)

∗)

− ρt

u + ρt
(Rj(t) + Rj(t)

∗)
ρt

u + ρt
(Rj(t) + Rj(t)

∗)

}]

+
∑

l

EPT

[
Tr

{
Ll(t)ηt

[
Ll(t)

∗, ln ηt

]
− Ll(t)ρt

[
Ll(t)

∗, ln ρt

]}]
. (52)

Proof. Let us start with the term d
du EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

. By recalling that

ρt
u satisfies in u the non-linear SDE with initial condition ηt at u = t and

that ηt + L(t)[ηt]dt = ηt+dt, we get

ρt
t+dt − ηt+dt =

∑

j

Aj(t)dW̌j(t) +
∑

k

(τk(t) − ηt) (dNk(t) − νk(t)dt) ,
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where

Aj(t) := Rj(t)ηt + ηtRj(t)
∗ − nj(t)ηt , τk(t) :=

1

νk(t)
Jk(t)[ηt],

dW̌j(t) := dWj(t) − nj(t)dt .

By setting also

B(t) := −1

2

∑

k

{Jk(t) − νk(t), ηt} + L0(t)[ηt] + L1(t)[ηt],

we can write

ηt+dt =

(
1 −

∑

k

νk(t)dt

)
ηt +

∑

k

νk(t)τk(t)dt + B(t)dt .

Moreover, by the properties of the increments of the counting processes, we

have

ρt
t+dtdNk(t) = τk(t)dNk(t),

(
1 −

∑

k

dNk(t)

)
ρt

t+dt

=

(
1 −

∑

k

dNk(t)

)
ηt + B(t)dt +

∑

j

Aj(t) dW̌j(t)


 .

By putting these things all together and by using the rules of stochastic

calculus, we get

ρt
t+dt ln ρt

t+dt − ηt ln ηt =
∑

k

[
τk(t) ln τk(t) − ηt ln ηt

]
dNk(t)

+ηt


ln


ηt + B(t)dt +

∑

j

Aj(t) dW̌j(t)


 − ln ηt


+

∑

j

Aj(t) ln ηt dW̌j(t)

+ B(t)dt ln ηt +
∑

j

Aj(t)
[
ln

(
ηt + Aj(t) dW̌j(t)

)
− ln ηt

]
dW̌j(t).

It exists a nearly obvious and very useful integral representation of the

logarithm of an operator ([6] p. 51):

lnA =

∫ +∞

0

(
1

1 + t
− 1

t + A

)
dt.
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By iterating this formula we get also

ln(A + B) − lnA =

∫ +∞

0

1

t + A
B

1

t + A + B
dt

=

∫ +∞

0

1

t + A
B

1

t + A

(
1 − B

1

t + A + B

)
dt .

These two formulae and stochastic calculus rules allow to write

EPT

[
Tr

{
ρt

t+dt ln ρt
t+dt − ηt ln ηt

}]
=

∑

k

[
Sq(ηt) − Sq

(
τk(t)

)]
νk(t)dt

− dt
∑

j

∫ +∞

0

du Tr

{
ηt

(u + ηt)2
Aj(t)

1

u + ηt
Aj(t)

}

+ dt
∑

j

∫ +∞

0

du Tr

{
1

u + ηt
Aj(t)

1

u + ηt
Aj(t)

}

+ dt Tr

{
B(t)

(
ln ηt +

∫ +∞

0

ηt

(u + ηt)2
du

)}
.

By computing the integral we get

Tr

{
B(t)

(
ln ηt +

∫ +∞

0

ηt

(u + ηt)2
du

)}
= Tr {B(t) (ln ηt + 1)}

= Tr {B(t) ln ηt} =
∑

k

Tr {[νk(t) − Jk(t)] ηt ln ηt}

+
∑

j

Tr {[Rj(t)ηtRj(t)
∗ − Rj(t)

∗Rj(t)ηt] ln ηt}

+
∑

l

Tr {[Ll(t)ηtLl(t)
∗ − Ll(t)

∗Ll(t)ηt] ln ηt}

and by using the integration by parts with 1
(u+ηt)2

= − d
du

1
u+ηt

we have

also

∑

j

∫ +∞

0

du Tr

{
1

u + ηt
Aj(t)

1

u + ηt
Aj(t) −

ηt

(u + ηt)2
Aj(t)

1

u + ηt
Aj(t)

}

=
∑

j

∫ +∞

0

du Tr

{
Aj(t)

1

(u + ηt)2
Aj(t)

u

u + ηt

}

=
∑

j

∫ +∞

0

du Tr

{
Aj(t)

ηt

(u + ηt)2
Aj(t)

1

u + ηt

}

=
1

2

∑

j

∫ +∞

0

du Tr

{
1

u + ηt
Aj(t)

1

u + ηt
Aj(t)

}
.
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From the previous formulae we get

− d

du
EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

=
∑

k

Tr

{
Jk(t)[ηt] ln

Jk(t)[ηt]

νk(t)
− Jk(t)ηt ln ηt

}

+
∑

j

Tr
{
Rj(t)ηt

[
Rj(t)

∗, ln ηt

]}
+

∑

l

Tr
{
Ll(t)ηt

[
Ll(t)

∗, ln ηt

]}

+
1

2

∑

j

( ∫ +∞

0

du Tr

{
Rj(t)

∗ ηt

u + ηt
Rj(t)

∗ ηt

u + ηt
+

ηt

u + ηt
Rj(t)

ηt

u + ηt
Rj(t)

+
2

u + ηt
Rj(t)

ηt
2

u + ηt
Rj(t)

∗

}
− nj(t)

2

)
.

But we have

Tr
{
Rj(t)ηt

[
Rj(t)

∗, ln ηt

]}
+

∫ +∞

0

du Tr

{
1

u + ηt
Rj(t)

ηt
2

u + ηt
Rj(t)

∗

}

=

∫ +∞

0

du Tr

{
1

u + ηt
Rj(t)

ηt
2

u + ηt
Rj(t)

∗ − 1

u + ηt
Rj(t)ηtRj(t)

∗

+
1

u + ηt
Rj(t)

ηt

u + ηt
Rj(t)

∗

}

=

∫ +∞

0

du Tr

{
− u

u + ηt
Rj(t)

ηt

u + ηt
Rj(t)

∗ +
1

u + ηt
Rj(t)

ηt

u + ηt
Rj(t)

∗

}

=

∫ +∞

0

du Tr

{
ηt

u + ηt
Rj(t)

ηt

u + ηt
Rj(t)

∗

}
.

Then, we have the final expression

− d

du
EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

=
∑

k

Tr

{
Jk(t)[ηt] ln

Jk(t)[ηt]

νk(t)
− Jk(t)ηt ln ηt

}

+
1

2

∑

j

( ∫ +∞

0

du Tr

{
ηt

u + ηt
(Rj(t) + Rj(t)

∗)
ηt

u + ηt
(Rj(t) + Rj(t)

∗)

}

− nj(t)
2

)
+

∑

l

Tr
{
Ll(t)ηt

[
Ll(t)

∗, ln ηt

]}
. (53)
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Analogously we get

d

dt
EPT

[Sq(ρt)] = −
∑

k

EPT

[
Tr

{
Jk(t)[ρt] ln

Jk(t)[ρt]

µk(t)
− Jk(t)ρt ln ρt

}]

−1

2

∑

j

EPT

[ ∫ +∞

0

du Tr

{
ρt

u + ρt
(Rj(t) + Rj(t)

∗)
ρt

u + ρt
(Rj(t) + Rj(t)

∗)

}

− mj(t)
2

]
−

∑

l

EPT

[
Tr

{
Ll(t)ρt

[
Ll(t)

∗, ln ρt

]}]
. (54)

By (53), (54), (43) we get the statement of the Proposition.

Corollary 4.1. A sufficient condition to have the equality in the main

bound

d

dt
Sc(pt‖qt) =

d

dt
EPT

[Sq(ρt)] −
d

du
EPT

[Sq(ρ
t
u)]

∣∣∣
u=t+

(55)

is to have PT -a.s. in ω (T ≥ t), ∀r, k, j, l,

[V r
k (t), ρt(ω)] = 0 , [Rj(t)+Rj(t)

∗, ρt(ω)] = 0 , [Ll(t), ρt(ω)] = 0 . (56)

Proof. By the commutation relations (56) we get

Jk(t)ρt (ln ρt − ln ηt) − Jk(t)[ρt] (lnJk(t)[ρt] − lnJk(t)[ηt])

= Jk(t)ρt (ln ρt − ln ηt − lnJk(t)ρt + lnJk(t)ηt) = 0

and the first term in Eq. (52) vanishes.

By Eq. (56) also the last term in Eq. (52) is zero because it explicitly

involves vanishing commutators.

Finally, let us consider one of the terms in the j-sum. We have

EPT

[ ∫ +∞

0

du Tr

{
− Rj(t)

∗ ρt

u + ρt
Rj(t)

∗ ρt

u + ρt

}]

= −EPT

[ ∫ +∞

0

du Tr

{
Rj(t)

∗2 ρt
2

(u + ρt)2

}]

= −EPT

[
Tr

{
Rj(t)

∗2ρt

}]
= −Tr

{
Rj(t)

∗2ηt

}
.

The opposite result comes out from the corresponding term with η and the

j-sum vanishes too.

Acknowledgments

Work supported by the European Community’s Human Potential Pro-

gramme under contract HPRN-CT-2002-00279, QP-Applications.



Information Gain in Quantum Continual Measurements 345

Bibliography

1. A. Barchielli, L. Lanz, G. M. Prosperi, Statistics of continuous trajectories

in quantum mechanics: Operation valued stochastic processes, Found. Phys.
13 (1983) 779–812.

2. A. Barchielli, V. P. Belavkin, Measurements continuous in time and a poste-

riori states in quantum mechanics, J. Phys. A: Math. Gen. 24 (1991) 1495–
1514.

3. A. Barchielli, Entropy and information gain in quantum continual measure-

ments, in P. Tombesi and O. Hirota (eds.), Quantum Communication, Com-

puting, and Measurement 3 (Kluwer, New York, 2001) pp. 49–57; quant-
ph/0012115.

4. A. Barchielli, G. Lupieri, Instrumental processes, entropies, information in

quantum continual measurements, in O. Hirota (ed.), Quantum Information,

Statistics, Probability (Rinton, Princeton, 2004) pp. 30–43; Quantum Inform.
Compu. 4 (2004) 437–449; quant-ph/0401114.

5. A. Barchielli, G. Lupieri, Entropic bounds and continual measurements,
to appear in Quantum Probability Series QP-PQ, World Scientific; quant-
ph/0511090.

6. M. Ohya, D. Petz, Quantum Entropy and Its Use (Springer, Berlin, 1993).
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We present an analysis of spontaneous emission in a 3-level atom as an exam-

ple of a qutrit state under the action of noisy quantum channels. We choose a

3-level atom with V–configuration to be the qutrit state. Gell-Mann matrices

and a generalized Bloch vector (8-dimensional) are used to describe the qutrit

density operator. Using the time-evolution equations of atomic variables we

find the Kraus representation of spontaneous emission quantum channel (SE

channel). Furthermore, we consider a generalized Werner state of two qutrits

and investigate the separability condition. We give similar analysis of sponta-

neous emission for qubit channels. The influence of spontaneous emission on

the separability of Werner states for qutrit and qubit states is compared.

Keywords: qutrit; quantum channel; spontaneous emission; Werner state; sep-

arability.

1. Introduction

Quantum engineering, teleportation and the idea of constructing quantum

computers were brought into focus of recent, widespread, scientific research.

Consequently, investigation of quantum phenomena, such as entanglement,

has been intensified1,2. One of the possible ways is to investigate atomic

systems, their entanglement and behaviour under action of quantum chan-

nels. Since these might be useful, it is desirable to quantify the influence of

channels on state separability and entanglement. The state and channel are
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very general concepts, hence we would like to focus on particular examples

of a spontaneous emission channel involving a quantum state described by a

3-level atom. Spontaneous emission is a proccess that might destroy mutual

entanglement. The majority of papers have been devoted to qubit states.

It is the purpose of this paper to concentrate on a qutrit state, which has a

physical realization in form of a three-level atom in the presence of sponta-

neous emission. Such a system is an example of qutrit channel with noise.

We compare the qutrit case with the qubit, in other words, three-level and

two-level atoms under the action of spontaneous emission channel.

The paper is structured as follows: we present description of (single) qutrit

states (analogy to Bloch formalism), we choose 3-level atoms with V–

configuration to be the qutrit state; equations for atomic evolution in pres-

ence of spontaneous emission are given, we present channel mathematics,

focusing on Kraus representation; Kraus operators for spontaneous emis-

sion channel (SE channel) are evaluated; analysis of two qutrit state is

brought into discussion and generalized Werner state is described together

with separability condition; the action of spontaneous emission channel on

two qutrit state is investigated; we give Kraus representation for analogous

qubit channel and analyze Werner state of two qubits; we compare both

cases: qutrit and qubit separability behaviuor under influence of sponta-

neous emission and recognize that, depending on channel characteristic,

the qutrit systems can preserve entanglement longer.

2. Qutrit state

The concept of a qubit3,4 i.e., a quantum state living in two dimensional

Hilbert space is used as a basic building block of Quantum Information.

Within the framework of atomic physics two-level atom is the simplest phys-

ical realization of a qubit3. Qubit and qubit channels have been investigated

comprehensively3,4,12 and generalization to N-dimensional cases involving

qudits has been studied13–15, though less exhaustively. From physical point

of view the use of more complex atomic structures might be advantageous10,

therefore three-level atoms, qutrits, might deserve more interest and studies.

To give their mathematical description, we note that the Bloch formalism of

a two-level atom is based on the SU(2) generators given by Pauli matrices,

as a basis for qubit density operator5,6 :

ρqubit =
1

2
(I +~b · ~σ), (1)

where ~b is a three dimensional (real) Bloch vector13. The mathematical

description of a qutrit density operator involves in a natural way the SU(3)
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generators, called the Gell-Mann matrices λi
6,16 :

ρ =
1

3
(I +

√
3~n · ~λ), (2)

where ~n is a real eight dimensional generalized Bloch vector.

Qutrit states belong to three-dimensional complex Hilbert space H(3); pure

qutrit states correspond to vectors that satisfy16 :

~n · ~n = 1, ~n ∗ ~n = ~n, (3)

where ( ~A ∗ ~B)k ≡ dklmAlBm, with dklm being a totally symmetric tensor

associated with the SU(3)6.

These two conditions define a generalized Bloch sphere for qutrits, in anal-

ogy to Bloch qubit sphere. In general, pure state can be parameterized as

follows (in the atomic basis |1〉, |2〉, |3〉):

|Ψ〉 = sin
ξ

2
cos

θ

2
|1〉 + eıφ12 sin

ξ

2
sin

θ

2
|2〉 + eıφ13 cos

ξ

2
|3〉. (4)

Orthogonal states in H(3) do not correspond to opposite points on S7 (the

seven-dimensional unit sphere in R8), but to points of maximum opening

angle of 2π
3 . Distribution of points on S7 that represent physical states, the

generalized Bloch sphere, is highly nontrivial5,6,17.

3. 3-level atoms

We will consider a particular physical realization of a qutrit state, namely 3-

level atoms. There are three configurations of 3-level atoms18 - we choose the

so called V–configuration in which the only allowed transitions |2〉 −→ |1〉
and |3〉 −→ |1〉 are depicted on Fig. 1:

¢
¢

¢
¢

¢®

S
S

SSw

|2〉

|3〉

|1〉

Fig. 1. Transitions allowed in 3-level atom with V–configuration.



Noisy Qutrit Channels 349

The Bloch vector n̄ can be expressed by atomic populations and dipole

transitions:

n1 =
√

3
2 (d∗

1 + d1), n2 =
√

3ı
2 (d∗1 − d1),

n4 =
√

3
2 (d∗

2 + d2), n5 =
√

3ı
2 (d∗2 − d2),

n6 =
√

3
2 (d∗

3 + d3), n7 =
√

3ı
2 (d∗3 − d3),

n3 =
√

3
2 (1 − 2p2 − p3), n8 = 1

2 (1 − 3p3).

(5)

(recall that d1 : |1〉 → |2〉, d2 : |1〉 → |3〉, d3 : |2〉 → |3〉.)

Evolution in the presence of spontaneous emission

Spontaneous emission is a dissipative process, in which the atom is coupled

to the electromagnetic vacuum. The dissipative evolution of the atomic

variables in the presence of spontaneous emission is characterized by two

Einstein coefficients A1 and A2 that describe the irreversible depopulation

from excited states. This corresponds to the following Bloch equations with

time independent coefficients:

d

dt
~n(t) = M~n(0) + ~m0, (6)

where M is a (almost) diagonal matrix with only one non-diagonal entry

and ~m0 is a translation.

The solution to this equation is of the form:

~n(t) = T · ~n(0) + ~n0(t), (7)

T =




e−
A1t

2 0 0 0 0 0 0 0

0 e−
A1t

2 0 0 0 0 0 0

0 0 e−A1t 0 0 0 0 1√
3
(e−A2t − e−A1t)

0 0 0 e−
A2t

2 0 0 0 0

0 0 0 0 e−
A2t

2 0 0 0

0 0 0 0 0 e−
(A1+A2)t

2 0 0

0 0 0 0 0 0 e−
(A1+A2)t

2 0

0 0 0 0 0 0 0 e−A2t



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where ~n0(t) is a translation dependant on time:

~n0(t)=




0

0
1

2
√

3
(3 − e−A2t − 2e−A1t)

0

0

0

0
1
2 (1 − e−A2t)




Hence, density operator representing the state of an atom in presence of

spontaneous emission is of the form:

ρ(t) =
1

3

(
I +

√
3(T ~n(0) + ~n0(t)) · ~λ

)
. (8)

4. Completely positive maps and Kraus representation

Channel acting on a density operator maps density operators into density

operators3,12,19 :

Φ : ρin 7→ ρout (9)

It is well known that the channel transformation Φ is described by a com-

pletely positive map (CPM)12. The simplest way to describe a channel is

by means of an operator-sum representation19,20 :

ρout = Φ(ρin) =
∑

i

KiρinK†
i , (10)

where Ki are Kraus operators that satisfy normalization condition:
∑

i

K†
iKi = I. (11)

From the Bloch equations, we can calculate the action of spontaneous emis-

sion channel (SE channel) on the V-atom in terms of the operator-sum

representation. In this case the set of corresponding Kraus operators is as

follows:

K0 =




1 0 0

0 e−
A1t

2 0

0 0 e−
A2t

2


 , K1 =




0

√
1− e−A1t 0

0 0 0

0 0 0


 , K2 =




0 0

√
1− e−A2t

0 0 0

0 0 0


 .
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5. Influence of SE channel on state separability

5.1. Generalized Werner state for two qutrits

We generalize our discussion to the situation in which we have two qutrits.

The generalized Werner state describing two qutrits labelled by A and B is

of the form5 :

ρǫ =
1 − ǫ

9
IA ⊗ IB + ǫ|ΨAB〉〈ΨAB |, (12)

where 0 ≤ ǫ ≤ 1. The state is a convex combination of a maximally mixed

state and a pure state. The aim is to characterize the values of parameter ǫ

for which ρǫ is separable8,9 (meaning it can be represented as an ensamble

of product states).

We will consider only Werner states that consist of a specific pure state,

namely:

|Ψ〉 =
1√
3
(|1A〉 ⊗ |1B〉 + |2A〉 ⊗ |2B〉 + |3A〉 ⊗ |3B〉). (13)

To investigate the separability condition on ǫ we follow the discussion given

in5. Therefore we represent density operator ρǫ in the basis of the Gell-Mann

matrices {λα}8
α=0 enriched by λ0 =

√
2
3 I (with tr(λαλβ) = 2δαβ):

ρǫ =
1

9
cαβλA

α ⊗ λB
β , cαβ =

9

4
tr{ρλA

α ⊗ λB
β }. (14)

In this form, the state is characterized by the cαβ coefficients (α, β ∈
{0, ..., 8}). It turns out5 that the condition for the state to be separable

is of the form:

4ǫ =
1

3

8∑

j=1

|cjj | ≤ 1. (15)

Hence we obtain:

ǫ ≤ 1

4
. (16)

5.2. SE channel action on qutrits

Action of the channel Φ on ρǫ changes the coefficients:

Φ : cαβ 7→ cαβ(t), (17)
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Therefore, the condition on the ǫ to produce a separable state becomes time

dependant.

Consider the channel that alters only one subsystem (for instance A):

Φ1(ρǫ) =

2∑

i=0

(KA
i ⊗ IB)ρǫ(KA

i ⊗ IB)† =
1

9
cαβ(t)λα ⊗ λβ . (18)

In this case the separability condition is:

sqt(t) ≡
ǫ

8

(
2e−

1
2 A1t + 2e−

1
2 A2t + 2e−

1
2 (A1+A2)t + e−A1t + e−A2t

)
≤ 1

4
,

(19)

where obviously, for t = 0 we have:

sqt(0) = ǫ ≤ 1

4
. (20)

The function sqt(t) is shown on Fig. 2. It is clear, that even initially maxi-

mally entangled state (meaning ǫ = 1) becomes separable eventually. Two

qutrit SE channels with various parameters A1, A2 are compared.

0.2 0.4 0.6 0.8 1
t

0.2

0.4

0.6

0.8

1

s

/

Fig. 2. The function sqt(t) (Eq. 19) for ǫ = 1. Region below s =
1

4
corresponds to

separable states.

In the following we shall compare the decoherence of a qutrit with a

similar decoherence for a qubit.
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5.3. SE channel and Werner state for qubits

The Kraus representation for spontaneous emission channel for qubits is as

follows (A is the Einstein coefficient):

K0 =

(
1 0

0 e−
At
2

)
, K1 =

√
1 − e−At

(
0 1

0 0

)
. (21)

Whereas the Werner state describing two non-interacting qubits is of the

form21 (α, β ∈ {0, 1, 2, 3}, σ0 = I):

ρǫ =
1 − ǫ

4
IA ⊗ IB + ǫ|ΨAB〉〈ΨAB | =

1

4
dαβσA

α ⊗ σB
β , (22)

where:

|ΨAB〉 =
1√
2
(|1〉A ⊗ |2〉B + |2〉A ⊗ |1〉B). (23)

The state ρǫ is separable when5,8 :

ǫ ≤ 1

3
. (24)

5.4. SE channel altering qubit separability

In analogy to what has been done before, we consider SE channel altering

only one qubit, with (two) Kraus operators of the form: KA
i ⊗ IB . Initial

qubit state has the form:

ρǫ =
1

4
dαβσA

α ⊗ σB
β . (25)

Action of the channel changes coefficients of expansion:

Φ(ρǫ) = ρǫ(t) =
∑

i=1,2

KA
i ⊗ IBρǫ(KA

i ⊗ IB)† =
1

4
dαβ(t)σA

α ⊗ σB
β . (26)

And the separability condition leads to the inequality:

sqb(t) ≡ ǫ

3
(2e−

At
2 + e−At) ≤ 1

3
, (27)

with initial condition: sqb(0) = ǫ.

Function sqb(t) is depicted on Fig. 3. Again, it is clear that any state be-

comes eventually separable. Time in which maximally entangled state be-

comes separable can be calculated and depends on the value of parameter

A.
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Fig. 3. Function sqb(t) (Eq. 27) for ǫ = 1. Region below s =
1

3
corresponds to separable

states.

5.5. Comparison of qubit and qutrit states under the action

of SE channels

Knowing how spontaneous channel acts on both qutrit and qubit states

we can compare these two cases in order to state whether qutrit or qubit

Werner states preserve entanglement longer. In Fig. 4 we show the com-

parison of the SE channel action. Points of intersection of sqt = 1
4 and

sqb = 1
3 , associated with time needed to reach separability, are crucial to

this analysis. The proper choice of parameters A,A1, A2 can lead us to the

case in which qutrit entanglement is stronger or vice versa. The function

sqt(t) is symmetric with respect to the change A1 ↔ A2, the relative value

of A parameter (with respect to A1, A2) in sqb(t) influences the result of

qubit–qutrit comparison.

6. Summary

We have presented an example of a qutrit state, namely a 3-level atom

in the V–configuration, and its evolution under the action of spontaneous

emission channel. Separability of two qutrit states is, obviously, influenced

by spontaneous emission. This influence is governed by channel parameters.
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Fig. 4. Comparison of functions sqb(t) and sqt(t) (Eqs. 27,19) for initial condition

ǫ = 1.

As a consequence, Werner qutrit states can preserve entanglement longer

than Werner qubit states - depending on relative values of qubit and qutrit

channel parameters. This result might be of some experimental importance

when it comes to use of N-level atoms and multipartite entanglement. We

plan to investigate further examples of qutrit channels and their influence on

state separability. We aim as well at general description of qutrit channels

with respect to complete positivity.
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ADDITIVITY OF ENTANGLED CHANNEL CAPACITY

GIVEN QUANTUM INPUT STATES

VIACHESLAV P. BELAVKIN and XIANHUA DAI

School of Mathematical Sciences, University of Nottingham

University Park, Nottingham NG7 2RD, UK

An elementary introduction into algebraic approach to unified quantum in-

formation theory and operational approach to quantum entanglement as gen-

eralized encoding is given. After introducing compound quantum state and

two types of informational divergences, namely, Araki-Umegaki (a-type) and

of Belavkin-Staszewski (b-type) quantum relative entropic information, this

paper treats two types of quantum mutual information via entanglement and

defines two types of corresponding quantum channel capacities as the supre-

mum via the generalized encodings. It proves the additivity property of quan-

tum channel capacities via entanglement, which extends the earlier results of

V. P. Belavkin to products of arbitrary quantum channels for quantum relative

entropy of any type.

1. Introduction

Unlike classical channels, quantum channels can have several different ca-

pacities (e.g. for sending classical information or quantum information, one-

way or two-way communication, prior or via entanglement, etc.). Well, the

problem of characterizing in general the capacity of a noisy quantum chan-

nel is unsolved although several attempts have been made to define a quan-

tum analog of Shannon mutual information (see the conceptions of coher-

ent information1 or von Neumann mutual entropy234). Unfortunately most

of these attempts do not give a satisfactory solution because the defined

quantities fail to preserve such important property of classical informational

capacity as additivity and some do not have even monotonicity property.

This paper is based on the operational entanglement approach to quantum

channel capacity suggested in5–8 which is free of the above difficulties due

to the enlargement of the class of input encodings, including the encodings

via entanglement for one-way communication.

Quantum entanglement is a uniquely quantum mechanical resource that
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plays a key role, along with the celebrating paper9 of Einstein-Podolsky-

Rosen, in many of the most interesting applications of quantum information

and quantum computation, such as, Quantum entanglement is extensively

used in teleporting an unknown quantum state via dual classic and Einstein-

Podolsky-Rosen channels in the subject of quantum teleportation10 quan-

tum cryptography was investigated based on Bell’s theorem11 quantum

noiseless coding theorem appeared12 as a quantum analogous of Shannon’s

classical noiseless coding theorem. This paper will concentrate on applica-

tion of quantum entanglement to quantum source entropy and quantum

channel capacity in the subject of quantum information.

Recently tremendous effort has been made to better understand the

properties of quantum entanglement as a fundamental resource of nature.

Although there is as yet no complete understanding and proof of physical re-

alizability of quantum entanglement for quantum technologies, a theoretical

progress has been made in understanding this strange property of quantum

mechanics, for example, mathematical aspects of quantum entanglement

are extensively studied: V. P. Belavkin13 described the dynamical proce-

dure of quantum entanglement in terms of transpose-completely positive

maps in the subject of quantum decoherence and stochastic filtering the-

ory; V. P. Belavkin and M. Ohya78 initiated mathematical study of quan-

tum entanglement as truly quantum couplings from an operational view in

algebraic approach; Peter Levay14 investigated geometry of quantum entan-

glement for two qubits (quantum entanglement of two qubits corresponds

to the twisting of the bundle); R. Penrose15 treated quantum entanglement

via spinor representation in the subject of mathematical physics; Peter

Levay16 investigated twistor geometry of quantum entanglement for three

qubits still in mathematical physics. This paper will follow5–8 to treat with

quantum entanglement in algebraic approach.

Using the operational treatment of entanglement as “true quantum”

encoding, V. P. Belavkin and M. Ohya5–8 introduced quantum conditional

entropy of the entangled compound state related to the product of marginal

states which is positive and obeys all natural properties of the classical

conditional entropy as the relative conditional/unconditional entropy of a

compound state. They studied its relation to the mutual information as the

informational divergence (relative informational entropy) of the compound

state with respect to the product of its marginal states in the sense of Lind-

blad, Araki and Umegaki.17,18,19 This quantum mutual information leads

to an entropy bound of quantum mutual information and quantum channel

capacity via entanglement (entanglement-assisted quantum capacity intro-
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duced in34), which considered the mutual information of input-output state

of quantum channel. Also V. P. Belavkin and P. Staszewski20 investigated

C*-algebraic generalization of relative and conditional entropy including

two types of quantum relative entropy, such as Araki-Umegaki type and

Belavkin-Staszewski type, and even more general informational divergen-

cies which meet natural axiomatic properties of relative information were

studied in quantum information.21

Based on the combination of these two original ideas, after intro-

ducing compound quantum state and two types of quantum relative en-

tropy, namely Araki-Umegaki type and Belavkin-Staszewski type, this pa-

per treats two types of quantum mutual information via entanglement in

algebraic approach and corresponding quantum channel capacities via en-

tanglement in operational approach. It proves additivity property of quan-

tum channel capacities via entanglement, which extends the results of V. P.

Belavkin56 to products of arbitrary quantum channel and to quantum rela-

tive entropy of not only Araki-Umegaki type but also Belavkin-Staszewski

type.

The rest of this paper is organized as follows: section two and three

introduce related notion of quantum mechanics, such as quantum state and

quantum entanglement respectively; section four introduces two types of

quantum relative entropy via entanglement; section five introduces quan-

tum channel capacity via entanglement and show additivity of quantum

channel capacity via entanglement; final section contributes to conclusion

and further problems.

2. Quantum States in Algebraic Approach

This subsection is a brief mathematical review of Quantum State in Quan-

tum Mechanics in a discrete algebraic approach. Anyone can turn for gen-

eral physical review,22 or for mathematical foundations of Quantum Me-

chanics,23 or for a brief review of Quantum Mechanics Principles24,25 in

quantum information and computation.

In order to keep a closer link with classical information theory, we will

allow for a possibility of having classical-quantum combined systems de-

scribed in what follows by discrete non-commutative W*-algebras A = (Ai)

represented by block-diagonal matrices A = [A(i)δi
j ] with arbitrary uni-

formly bounded operators A (i) ∈ Ai on some separable Hilbert spaces Gi.

Let H denote the separable Hilbert space of a quantum system, and

L(H) denote the algebra of all linear bounded operators on H, with a de-

composable subalgebra B ⊆ L(H) of elements B ∈ B of the block-diagonal
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form B = [B(j)δi
j ], where B(j) ∈ L(Hj), corresponding to an orthogonal

decomposition H =
⊕

j Hj . Note that any such algebra is weakly closed

in L(H), i.e. is a W ∗-algebra having a predual space B∗, which can be

identified with the trace class subspace of B with respect to the pairing

〈ς|B〉 =
∑

j

TrHj
[ς (j)

†
B (j)] = TrH[Bς†],

where ς (j) ∈ Bj are such operators in Hj that TrH
√

ς†ς < ∞ and TrH is the

standard trace on B normalized on one dimensional projectors Pψ = ψψ†

for ψ ∈ Hj . We now remind the definition of quantum normal state.

Definition 2.1. A bounded linear functional σ : B → C of the form σ(B) =

TrH[Bς] for a ς = ς† ∈ B∗ is called the state on B if it is positive for any

positive operator B ∈ B and normalized σ(I) = 1 for the identity operator

I in B. The operator ς, uniquely defined as a positive trace one operator

on H, is called density operator of the state σ.

Let G be another separable Hilbert space and χ be a Hilbert-Schmidt

operator from G to H defining a decomposition ς = χχ† of the state density

with the adjoint operator χ† from H to G. We now equip G with an isometric

involution J = J†, J2 = I, the complex conjugation on G,

JΣkλkζk = Σkλ̄kJζk, ∀λk ∈ C, ζk ∈ G, (1)

defining an isometric transposition Ã = JA†J = A
†

on the algebra L (G),

where A = JAJ . A normal state ρ : A → C on the algebra A ⊆ L(G)

is called real (or equivalently symmetric) if its density is real, ̺ = ̺ (or

equivalently symmetric, ˜̺ = ̺). Given a state, J can be always chosen in

such a way that ̺ = ̺ as it was done in,5–7 but here we fix J but not ̺, and

in general we will not assume that ̺ = ˜̺. Instead, we may assume that the

transposition leaves invariant the decomposable subalgebra A ⊆ L(G) such

that A := JAJ = A, however from the notational and operational point

of view, it is preferable to distinguish the algebra A from the transposed

algebras Ã = {Ã : A ∈ A} = A.

Lemma 2.1. ( 5–8) Any normal state ρ on A ⊆ L(G) can be expressed as

ρ(A) = TrH[χÃχ†] = TrH[A̺], (2)

where the density operator ̺ ∈ A∗ is uniquely defined by ˜̺ = χ†χ = ̺ iff

χ†χ ∈ Ã.

Thus we have an operational expression ρ(A) =
〈
χAχ†|I

〉
of quantum

normal state, which is called standard in the case G = H and χ =
√

ς, in
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which case ̺ = ς. Generally χ is named as the amplitude operator, or simply

amplitude given by a vector χ = ψ ∈ H with ψ†ψ = ‖ψ‖2 = 1 in the case

of one dimensional G = C, corresponding to the pure state σ(B) = ψ†Bψ,

where χ† is the functional ψ† from H to complex field C.

Remark 2.1. The amplitude operator χ is unique up to a unitary trans-

form in H as a probability amplitude satisfying the conditions χ†χ ∈ Ã
such that ̺ = χ†χ is positive decomposable trace one operator ̺ = ⊕i̺(i)

with the components ̺(i) ∈ L(Gi) normalized as

TrGi
̺(i) = k(i) ≥ 0,

∑

i

k(i) = 1. (3)

Therefore we can identify the predual space A∗ with the direct sum⊕ T (Gi) ⊆ A of the Banach spaces T (Gi) of trace class operators in Gi.

Note that we denote the probability operators PA = ̺ ∈ A∗, PB = ς ∈
B∗ as trace densities of the states ρ, σ defined as the expectations on the

algebras A,B respectively by the variations of Greek letters ρ, σ which are

also used8 for the transposed (contravariant) density operators ˜̺ ≡ ρ =

̺, ς̃ ≡ σ = ς with respect to the bilinear pairings ρ (A) = 〈A, ρ〉 ≡ 〈ρ|A〉 ,

σ (B) = 〈B, σ〉 ≡ 〈σ|B〉.
We now define an entangled state ω on the W ∗-tensor product algebra

A⊗ B of bounded operators on the Hilbert product space G ⊗H by

TrG [Ãχ†Bχ] = ω(A ⊗ B) = TrH[χÃχ†B]. (4)

Obviously ω can be uniquely extended by linearity to a normal state on

the algebra A⊗B generated by all the linear combinations C = ΣkλkAk ⊗
Bk such that ω(C†C) = TrG [X†X] ≥ 0, where X = ΣkλkBkχÃk, and

ω(I ⊗ I) = Tr[χ†χ] = 1.

Remark 2.2. The state (4) is pure on L(G ⊗ H), since it is given by an

amplitude ψ ∈ G ⊗ H defined as (ζ ⊗ η)†ψ = η†χJζ, ∀ζ ∈ G, η ∈ H, with

the states ρ on A and σ on B as the marginals of ω:

σ(B) = ω(I ⊗ B) = TrH[Bς], ρ(A) = ω(A ⊗ I) = TrG [Ã̺]. (5)

Therefore, we call the state ω defined above as a pure entanglement

state for A = L(G), B = L(H).

More general, mixed entangled states for A = L(G), B = L(H) can be

obtained by using a stochastic amplitude operator χ : G → F ⊗H.

Given an amplitude operator υ : F −→ G⊗H on a Hilbert space F into

the tensor product Hilbert space G ⊗H such that ̟ := υυ† ∈ A ⊗ B and
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TrF [υ†υ] = 1, we define a compound state ω : A⊗ B −→ C as

ω(A ⊗ B) = TrF [υ†(A ⊗ B)υ] = Tr[(A ⊗ B)̟]. (6)

Lemma 2.2. ( 5–8) Any compound state (6) can be achieved via an entan-

glement χ as

TrG [Ãχ†(I ⊗ B)χ] = ω(A ⊗ B) = TrF⊗G [χÃχ†(I ⊗ B)], (7)

with ω(A⊗ I) = TrG [A̺], ω(I ⊗B) = TrH[Bς], ˜̺ = χ†χ and ς = TrF [χχ†],

where χ is an operator G −→ F⊗H with TrF [χAχ†] ⊂ B, χ†(I⊗B)χ ⊂ A.

Moreover, the operator χ is uniquely defined by χ̃U = υ, where

(ζ ⊗ η)†χ̃ξ = (Jξ ⊗ η)†χJζ, ∀ξ ∈ F , ζ ∈ G, η ∈ H, (8)

up to a unitary transformation U of the minimal space F = rankυ† equipped

with an isometric involution J .

Note that we have used the invariance of trace under the transposition

such that TrG [˜̺] = TrG [̺].

3. Entanglement as Quantum Operation

Quantum entanglement is iron to the classical world’s bronze age. Quantum

entanglement are recently researched extensively, such as Peter Levay14

via geometric method, Penrose15 and Peter Levay16 via spinor and twistor

representation, Belavkin5–8 via algebraic approach. We now follow7,8,26 for

entangled state.

Let us write the entangled state as

ω(A ⊗ B) = TrH[Bπ∗(A)] = TrG [Aπ(B)], (9)

where the operator π∗(A) = TrF [χÃχ†] ∈ B, bounded by ‖A‖ς ∈ B∗, is in

the predual space B∗ = T (H) of B for any A ∈ G, and

π(B) = Jχ†(I ⊗ B†)χJ = χ̃(I ⊗ B̃)χ̄, (10)

with B̃ defined by isometric involution in H as B̃ = JB+J , is in A∗ as a

trace-class operator in G, bounded by ‖B‖ς ∈ A∗.

The dual linear maps π and π∗ in (9), π∗∗ = π, with respect to the

standard pairing 〈A|A〉 = Tr[A∗A], are both positive, but in general not

completely positive but transpose-completely positive maps, with π∗(I) =

ς, π(I) = ̺.
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Remark 3.1. For the entangled state ω(A⊗B) = Tr[(A⊗B)̟], in terms

of the compound density operator ̟ = υυ†, the entanglements π and π∗

can be written as

π(B) = TrH[(I ⊗ B̃)̟], π∗(A) = TrG [(Ã ⊗ I)̟]. (11)

Definition 3.1. (5–8) The transpose-completely positive map π : B →
A∗ , (or its dual map π∗ : A → B∗), normalized as TrG [π(I)] = 1 (or,

equivalently, TrH[π∗(I)] = 1) is called the quantum entanglement of the

state σ(B) = TrH[π(B)] to a state on A described by the density operator

̺ = π(I) (or of ρ(A) = TrG [π∗(A)] to ς = π∗(I)).

We call the standard entanglement π = πq for (B, σ) the entanglement

to ̺ = ς̃ on A = B̃ by

πq(B) = ̺1/2B̺̃1/2, B ∈ B̃. (12)

Obviously π∗
q (A) = ς1/2Ãς1/2, where ς = ˜̺, and π∗

q = πq iff B = B̃ and

ς = ς̃.

The standard entanglement defines the standard compound state

ωq(A ⊗ B) = TrH[Bς1/2Ãς1/2] = TrH[A̺1/2B̺̃1/2]. (13)

Theorem 3.1. Every entanglement π on B to the state ̺ ∈ A∗ has a

decomposition

π(B) =
√

̺Π̃(B)
√

̺ ≡ πq(Π(B)), (14)

where Π is a normal completely positive map B → Ã normalized to the

identity operator at least on the minimal Hilbert subspace supporting density

operator ˜̺. This decomposition is unique by the condition Π(I) = E˜̺, where

E˜̺ ∈ Ã is the orthoprojector on this minimal Hilbert subspace G̺̃ ⊆ G.

Proof. Π can be found as a solution to the linear equation

˜̺1/2Π(B)˜̺1/2 ≡ π̃(B) ∀B ∈ B (15)

which is unique if ̺ and therefore ˜̺ is not degenerate:

Π(B) = ˜̺−1/2π̃(B)˜̺−1/2. (16)

If ̺ is degenerate, we should consider the Hilbert subspace G˜̺ = E˜̺G given

by the minimal orthoprojector E˜̺ ∈ Ã supporting the state ρ̃(A) = ρ(Ã)

on the transposed algebra Ã such that ρ̃ (E˜̺) = 1.
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4. Quantum Mutual Information via Entanglement

Quantum mutual information is extensively researched in the past starting

from Belavkin and Stratonovich26 and more recently by Belavkin and Ohya5

Belavkin and Ohya17 Benjamin Schumacher and Michael D. Westmore-

land.27 Belavkin and Ohya78 introduced quantum mutual information as

the von Neumann negaentropy R(̟) = −S(̟) of the entangled compound

state related to negaentropy R(̺⊗ς) = −S(̺⊗ς) of the product of marginal

states, i.e. as the relative negaentropy R(a)(̟ : ϕ) = −S(a)(̟ : ϕ), in the

sense of Lindblad, Araki and Umegaki relative entropy171819 with respect

to ϕ = ̺ ⊗ ς. Cerf and Adami2 discussed mutual quantum information

entropy and its subadditivity property via entropy diagram.

Note that we prefer to use in what is following the term “information”

for negaentropy, leaving the term “entropy” for the opposite quantities like

relative negainformation S(a)(̟ : ϕ) = −R(a)(̟ : ϕ), which coincides with

usual von Newmann entropy S(̟) if it is taken with respect to the trace

φ = Tr.

We now follow7,8,26 to define quantum mutual information via quantum

entanglement.

Definition 4.1. Relative quantum information of Araki-Umegaki type to

compound state ω on the algebra A ⊗ B, (or information divergence of

the state ω with respect to a reference state φ) is defined by the density

operator ̟, ϕ of these states ω and φ as

R(a)(̟ : ϕ) = Tr[̟(ln̟ − lnϕ)]. (17)

This quantity is used in most definitions of quantum relative informa-

tion. However unlike the classical case, this is not only possible choice for

informational divergence of the states ω and φ, and it does not relate explic-

itly the informational divergence to the Radon-Nikodym type (RN) density

̟φ = ϕ−1/2̟ϕ−1/2 of the state ω with respect to φ as in the classical case.

Another quantum relative information (of Belavkin-Staszewski type28)

was introduced21 as

R(b)(̟ : ϕ) = Tr[̟ ln(ϕ−1̟)], (18)

where ̟ ln(ϕ−1̟) = ln(̟ϕ−1)̟ is understood as the Hermitian operator

̟1/2 ln(̟1/2ϕ−1̟1/2)̟1/2 = υ ln(υ†ϕ−1υ)υ†. (19)

This relative information can be explicitly written in terms of the RN

density ̟φ as R(b)(̟ : ϕ) = φ(r(̟φ)), where r(̟φ) = ̟φ ln̟φ.
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Ohya and Petz28 were able to show that, in finite dimensions and faithful

states, the Belavkin-Staszewski information divergence based on quantum

relative information of Belavkin and Staszewski type gives better distinction

of ̟ and ϕ in the sense that it is greater than relative quantum informa-

tion of Araki-Umegaki type, and that it satisfies the following important

property.

Lemma 4.1. Given a normal completely positive unital map K : M →
M0, if ω = ω0K, φ = φ0K, then for both relative informations,

R(̟ : ϕ) ≤ R(̟0 : ϕ0). (20)

Generally this is called monotonicity property of relative information,

which is well known for Araki-Umegaki type17,29 while it is less known that

Belavkin-Staszewski type also satisfies all axioms for quantum relative en-

tropy including this inequality. Of course it is worth mathematically proving

this inequality of Belavkin-Staszewski type in the most general case.

Definition 4.2. We define the mutual quantum information IA,B(π) =

IB,A(π∗) of both types in a compound state ω achieved by a quantum

entanglement π : B → A∗, or by π∗ : A → B∗ with

ρ(A) = ω(A ⊗ I) = TrG [A̺], σ(B) = ω(I ⊗ B) = TrH[Bς] (21)

as the relative information of each type of the state ω on M = A⊗B with

the respect to the product state φ = ρ ⊗ σ:

I(a)
A,B(π) = Tr[̟(ln̟ − ln(̺ ⊗ I) − ln(I ⊗ ς))]. (22)

I(b)
A,B(π) = Tr[̟ ln((̺ ⊗ ς)−1̟)]. (23)

The definition of mutual quantum entropy for Araki-Umegaki type can

be found.5–8 Note that I(a)
A,B(π) ≤ I(b)

A,B(π) as it follows from Ohya and

Petz.28

The following inequality for Araki-Umegaki type can also be found.5–8

Similarly this inequality for Belavkin-Staszewski type holds.

Theorem 4.1. Let λ : B → A0
∗ be an entanglement of the state σ(B) =

Tr[λ(B)] to (A0, ρ0) with A0 ⊆ L(G0), ̺0 = λ(I) on B, and π = K∗λ be

entanglement to the state ρ = ρ0K on A ⊆ G defined as the composition

of λ with the predual operator K∗ : A0
∗ → A∗ normal completely positive

unital map K : A → A0. Then for both mutual quantum informations, the

following monotonicity holds

IA,B(π) ≤ IA0,B(λ). (24)
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Proof. This follows from the commutativity of the following diagrams:

A∗ A0
∗

K∗oo

B
π

ggP
P

P

P

P

P

P

P

P

P

P

P

P

P

P

λ
__@
@

@

@

@

@

@

Commutative diagram for entan-

glement π

A K //

π∗

((P

P

P

P

P

P

P

P

P

P

P

P

P

P

P A0

λ∗

ÃÃB
B

B

B

B

B

B

B

B∗

Dual commutative diagram for

entanglement π∗

Applying the monotonicity property of the relative information on M =

A⊗B with respect to the predual map ̟0 7→ (K∗ ⊗ Id)(̟0) corresponding

to ω0 7→ ω0(K⊗Id) as the ampliation K⊗Id of a normal completely positive

unital map K : A → A0.

Definition 4.3. The maximal quantum mutual information JB̃,B(πq) for

both types as the supremum

HB(ς) = sup
π∗(I)=ς

IB,A(π∗) = JB,B̃(π∗
q ) (25)

over all entanglements π∗ of any (A, ρ) to (B, σ) is achieved on A0 = B̃,

̺0 = ς̃ by the standard quantum entanglement π∗
q (A) = ς1/2Ãς1/2 for

a fixed σ(B) = TrH[Bς], which is named as entangled, or true quantum

entropy of each type of the state σ.

This definition for Araki-Umegaki type can be found.5–8

Definition 4.4. We call the positive difference

HB|A(π) = HB(ς) − IA,B(π) (26)

entangled (or true quantum) conditional entropy respectively of each type

on B with respect to A.

This definition for Araki-Umegaki type can be found.5–8 Obviously, the

conditional mutual quantum entropies of both types are positive, unlike the

“conditional entropies” considered for example.24

5. Entangled Channel Capacity and its Additivity

Entanglement-assisted quantum capacity, or entangled quantum capacity

is extensively researched recently, such as entangled quantum capacity5–8

and entanglement-assisted quantum capacity34 Generally C. H. Bennett,

P. W. Shor, J. A. Smolin and A. V. Thapliyal34 defined entanglement-

assisted capacity of quantum channel via a common framework, we now
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discuss quantum channel capacity via entanglement via mutual quantum

information entropy.

Let B ⊆ L(H) be the W ∗-algebra of operators in a (not necessarily

finite dimensional unitary) Hilbert space H. Generally we denote the set

of states, i.e. positive unit trace operators in B(H) by S(H), the set of

all m-dimensional projections by Pm(H) and the set of all projections by

P(H).

Definition 5.1. A quantum channel Λ is a normal unital completely pos-

itive linear map (UCP) of B into the same or another algebra B0 ⊆ B(H0).

These maps admit the Kraus decomposition, which is usually written in

terms of the dual map Λ∗ : B0
∗ → B∗ as Λ∗(ς0) =

∑
k Akς0A∗

k ≡ Λ∗(ς
0) (W.

F. Stinespring29 G. Lindblad30 A. S. Holevo,28), Λ(B) =
∑

k A∗
kBAk, for

Ak are operators H0 → H satisfying
∑

k A∗
kAk = I0. For example, quantum

noiseless channel in the case B = L(H), B0 = L(H0) is described by a single

isometric operator Y : H0 → H as Λ(B) = Y ∗BY . See for example29,30 for

the simple cases B = L(H), dim(H) < ∞.

A noisy quantum channel sends input pure states σ0 = ρ0 on the algebra

B0 = L(H0) into mixed states described by the output densities ς = Λ∗(ς0)

on B ⊆ L(H) given by the predual Λ∗ = Λ∗ | B0
∗ to the normal completely

positive unital map Λ : B → B0 which can always be written as

Λ(B) = TrF+
[Y †BY ]. (27)

Here Y is a linear operator from H0 ⊗ F+ to H with TrF+ [Y †Y ] = I, and

F+ is a separable Hilbert space of quantum noise in the channel. Each input

mixed state σ0 is transmitted into an output state σ = σ0Λ given by the

density operator

Λ∗(ς0) = Y (ς0 ⊗ I+)Y † ∈ B∗ (28)

for each density operator ς0 ∈ B0
∗, the identity operator I+ ∈ F+.

We follow5–8 to denote Kq the set of all normal transpose-completely

positive maps κ : A → B0 with any probe algebra A, normalized as

Tr[κ(I)] = 1, and Kq(ς
0) be the subset of κ ∈ Kq with κ(I) = ς0.

We take the standard entanglement π0
q on (B0, σ0) =

(
A0, ρ

0
)
, where

ρ0(A0) = Tr[A0̺0] given by the density operator ̺0 = ς0, and denote by K

a normal unital completely positive map A → A0 = Ã0 that decomposes

κ as κ(A) = ̺
1/2
0 K̃(A)̺

1/2
0 . It defines an input entanglement κ∗ = K∗π

0
q

on the input of quantum channel as transpose-completely positive map on

A0 = B0 into A∗ normalized to ̺ = K∗̺
0, ̺0 = ˜̺0.
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The channel Λ transmits this input entanglement as a true-quantum

encoding into the output entanglement π = K∗π
0
qΛ ≡ K∗λ mapping B

via the channel Λ into A∗ with π(I) = ̺. The mutual entangled infor-

mation, transmitted via the channel for quantum encoding κ, is therefore

JA,B(κ∗Λ) = JA,B(K∗π
0
qΛ) = JA,B(K∗λ), where λ = π0

qΛ is the standard

input entanglement π0
q (B) = ς

1/2
0 B̃ς

1/2
0 with ς0 = ς̃0, transmitted via the

channel Λ.

Lemma 5.1. Given a quantum channel Λ : B → B0, and an input state

σ0 on B0, the entangled input-output quantum information capacity via a

channel Λ : B → B0 as the supremum over the set Kq(ς
0) including true-

quantum encodings κ achieves the maximal value

J (ς0,Λ) = sup
κ∈Kq(ς0)

(κ∗Λ) = IA0,B(λ), (29)

where λ = π0
qΛ is given by the corresponding extremal input entanglement

π0
q mapping B0 = Ã0 into A0 = B̃0 with Tr[πq(B)] = σ0(B) for all B ∈ B0.

Note that this Lemma for Araki-Umegaki type can be found.5–8

The following definition uses commutativity of diagrams:

A∗ A0
∗

K∗oo

B0

κ∗

``A
A

A

A

A

A

A

A

π0

OO

B
Λ

oo

λ
__?
?

?

?

?

?

?

?

Commutative diagram for quan-

tum channel Λ with standard en-

tanglement

π0 = π0
q for A = B̃0

A K //

κ
ÂÂ@

@

@

@

@

@

@

@

A0

π0
∗

²²

λ∗

ÃÃA
A

A

A

A

A

A

A

B0
∗ Λ∗

// B∗

Dual commutative diagram for

quantum channel Λ with stan-

dard entanglement

π0
∗ for A0

∗ = B̃0
∗

Definition 5.2. Given a quantum channel Λ : B → B0, and a input state

σ0 on B0, we can define the input-output entangled information capacity

as the maximal mutual quantum information

J (ς0, Λ) = IB0,B(π0
qΛ) (30)

for input standard entanglement of the state ς0 to the state ̺0 = ς̃0.

Note that this definition for Araki-Umegaki type can be found in.5–8

Thus we have at least two types of such mutual quantum entropy, and
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obviously, J (a)(ς0,Λ) ≤ J (b)(ς0,Λ) with input product state ρ⊗0 = ⊗n
i=1ρ

i
0

corresponding to the states ρi
0 = σ0

i on B0
i .

Here and below for notational simplicity we implement the agreements

Ai
0 = B0

i , ρi
0 = σ0

i , A⊗
0 = ⊗n

i=1B0
i , ρ⊗0 = ⊗n

i=1σ
0
i such that ς⊗0 = ⊗n

i=1̺
0
i

is transposed input state ˜̺⊗0 = ⊗n
i=1ς̃

0
i on B⊗

0 = ⊗n
i=1A0

i with B̃0
i = A0

i ≡
Bi

0 = Ãi
0, ς̃0

i = ̺0
i ≡ ςi

0 = ˜̺i
0.

Let Λi be channels respectively from the algebra Bi on Hi to B0
i on H0

i

for i = 1, 2, ..., n, and let Λ⊗ = ⊗n
i=1Λi be their tensor product.

We now show the additivity property of this entangled input-output

quantum information capacity under a given input state, using monotonic-

ity property (as indicated5–8 for Araki-Umegaki type).

Theorem 5.1. Let Λ⊗ be product channel from the algebra B⊗ = ⊗n
i=1Bi

to A⊗
0 = ⊗n

i=1Ai
0, and let ρ⊗0 = ⊗n

i=1ρ
i
0 be the tensor product of input states

σi
0 on Bi

0, then

J (̺⊗0 , Λ⊗) =
n∑

i=1

J (̺i
0, Λi). (31)

Proof. Take Λi∗ : B0
i∗ → Bi∗, and ̺i

0 ∈ B0
i∗, ςi = Λi∗(̺

i
0) ∈ Bi∗, and

K
(n)
∗ : A⊗

∗ → A(n)
∗ , where A⊗

0∗ = ⊗n
i=1B0

i∗, but A(n)
∗ is predual to a general,

not necessarily product algebra A(n) ⊆ L(G(n)). For π(n) = K
(n)
∗ π0⊗

q Λ⊗,

below we consider quantum mutual information IA(n),B⊗(π(n)) as relative

quantum entropy

R((K
(n)
∗ ⊗ Λ⊗

∗ ) ˜̟⊗
0 : K

(n)
∗ (ς⊗0 )⊗Λ⊗

∗ (̺⊗0 )), (32)

where ˜̟⊗
0 = ⊗n

i=1 ˜̟ i
0 is the density operator of the standard compound

state ⊗n
i=1ω

i
0 with ωi

0(Ai ⊗ Bi) = ̟0
i (Ai ⊗ Bi) = Tr[Bi

√
̺0

i Ãi

√
̺0

i ] for

Ai ∈ B̃0
i , Bi ∈ B0

i , corresponding to ς0
i = ̺i

0.

Applying monotonicity property (Lemma 3) of quantum relative entropy

to the probe system (G(n),A(n)) for this given ̺i
0 and Λi, we obtain

R((K
(n)
∗ ⊗ Λ⊗

∗ ) ˜̟⊗
0 : K

(n)
∗ (ς⊗0 )⊗Λ⊗

∗ (̺⊗0 )) (33)

≤ R((Id⊗ ⊗ Λ⊗) ˜̟⊗
0 : Id⊗(ς⊗0 ) ⊗ Λ⊗

∗ (̺⊗0 )) (34)

=

n∑

i=1

R((Id ⊗ Λi∗)( ˜̟ 0) : Id(ςi
0) ⊗ Λi∗(̺

i
0), (35)
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where ςi
0 = ̺0

i = ˜̺i
0, ̺i

0 = ς0
i = ς̃i

0.

The suprema over K(n) is achieved on K(n) = Id⊗ identically mapping

A(n) = ⊗n
i=1Ai

0 to B⊗
0∗ = ⊗n

i=1Bi
0, where Bi

0 = B̃0
i , coinciding with such

A(n) due to Ai
0 = B̃0

i .

Thus J (̺⊗0 , Λ⊗) =
∑n

i=1 J (̺i
0,Λi).

Definition 5.3. Given a normal unital completely positive map Λ : B →
A, the suprema

Cq(Λ) = sup
κ∈Kq

IA,B(κ∗Λ) = sup
ς0

J (ς0,Λ) (36)

is called the quantum channel capacity via entanglement, or q-capacity.

Note that this definition for Araki-Umegaki type can be found in,5–8

there we have two types of entangled channel capacities, and obviously

C
(a)
q (Λ) ≤ C

(b)
q (Λ).

Lemma 5.2. Let Λ(B) = Y †BY be a unital completely positive map Λ :

B → B0 describing a quantum deterministic channel by an isometry Y :

H0 → H. Then

J (ς0, Λ) = HB0
(ς0), (37)

Cq(Λ) = ln dimB0. (38)

Note that this Lemma for Araki-Umegaki type can be found.5–8

Let Λ⊗ be product channel from the algebra B⊗ = ⊗n
i=1Bi to A⊗

0 =

⊗n
i=1B0

i . The additivity problem for quantum channel capacity via entan-

glement is if it is true that

Cq(Λ
⊗) =

n∑

i=1

Cq(Λi). (39)

We now still follow the idea of5–8 to give a proof of this additivity prop-

erty via operational approach using monotonicity property (as indicated5–8

for Araki-Umegaki type).

Theorem 5.2. Let Λ⊗ be product channel from the algebra B⊗ = ⊗n
i=1Bi

to A⊗
0 = ⊗n

i=1B0
i , then

Cq(Λ
⊗) =

n∑

i=1

Cq(Λi). (40)
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Proof. It simply follows from the additivity (31). Indeed,

Cq(Λ
⊗) = sup

κ∈K
(n)
q

IA(n),B(κ∗Λ⊗) = sup
̺⊗
0

J (̺⊗0 , Λ⊗) = sup
̺⊗
0

n∑

i=1

J (̺i
0, Λi)

(41)

Therefore by further taking suprema over ̺⊗0 as over independently for

each i = 1, 2, ..., n, thus we have

Cq(Λ
⊗) =

n∑

i=1

sup
̺⊗
0

J (̺i
0, Λi) =

n∑

i=1

Cq(Λi), (42)

which is the additivity property of entangled quantum channel capacity due

to encodings via entanglement obviously.

Remark 5.1. Note that there is no such additivity for the Holevo capacity

for a arbitrary channel Λ : B → B0. Indeed, this smaller, semiclassical

capacity is defined as the supremum

Cd(Λ) = sup
κ∈Kd

IA,B(κ∗Λ) (43)

over the smaller class Kd ⊆ Kq of the diagonal5–8 (semiclassical) encodings

κ : A → B0
∗ corresponding to only diagonal (Abelian) algebras A. This

supremum cannot in general be achieved on the standard entanglement of

A0 = B̃0 ≡ B0 if A0 is non Abelian corresponding to the non Abelian

input algebra B0. Therefore the supremum Cd(Λ
⊗) ≤ ∑n

i=1 Cd(Λi) can be

achieved not on a product Abelian algebra A(n) as is was in the true quan-

tum case where we could take A(n) = ⊗n
i=1Bi

0 with non Abelian Bi
0 = B̃0

i .

6. Conclusion

So far, continuing in this paper research on quantum channel capacity for

one-way communication via entanglement following,5–8,21 we treated two

types of quantum mutual information via entanglement in algebraic ap-

proach and corresponding quantum channel capacities via entanglement in

operational approach. Using monotonicity property of quantum mutual in-

formation of a- and b-type introduced5,21 we proved additivity property of

quantum channel capacities via entanglement, therefore extending the re-

sults of V. P. Belavkin5,6 to products of arbitrary quantum channel to quan-

tum relative entropy of both Araki-Umegaki type and Belavkin-Staszewski

type.
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As written in the introduction, quantum channel capacities can have

several different formulations when considering to send classical informa-

tion or quantum information, one-way or two-way communication, prior

or via entanglement, etc. in the form of different constraints on the en-

coding class K. Anyway general quantum channel capacity with different

constraints is still a big open and challenging research problem in quantum

information theory. Much more open problems can be found25 . There we

anticipate some research on quantum channel capacity for two-way com-

munication and prior or via entanglement, i.e. trading communication and

entanglement for quantum channel capacity.

Another natural problem in this direction is to compare true quantum

capacities in quantity for some interesting quantum channels with other

smaller capacities under constraints, such as Holevo capacity, entanglement-

assistant capacity, etc., and find for which channels they coincide.

The third natural problem in this direction is to consider quantum mu-

tual information via entanglement and corresponding quantum channel ca-

pacities via entanglement for γ type since21 studied this third and more

general quantum relative entropy in quantum information, which also meet

more natural axiomatic properties of relative entropy.

Tracing through the original research ideas on quantum mutual infor-

mation via entanglement and corresponding quantum channel capacities

via entanglement, it is easy to find that the maximal quantum information

and capacity is achieved on maximal (standard) entanglement for a given

state and on the absolutely maximal entanglement (which exists only in

finite dimensions) without constraint on the input state.

Generally how to access those capacities, using physically implementable

operations for encodings and decodings, such as in this direction of quantum

channel capacity for one-way communication via entanglement, is of course

an open problem in quantum information and quantum computation.

All those problems wait forthcoming papers in the future.
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In classical coding, a single quantum state is encoded into classical information.

Decoding this classical information in order to regain the original quantum

state is known to be impossible. However, one can attempt to construct a state

which comes as close as possible. We give bounds on the smallest possible trace

distance between the original and the decoded state which can be reached. We

give two approaches to the problem: one starting from Keyl and Werner’s no-

cloning theorem
3
, and one starting from an operator-valued Cauchy-Schwarz

inequality.

1. Introduction

There exist results which are possible in classical physics, yet forbidden in

quantum mechanics. For instance, it is generally impossible to perform a

joint measurement on two observables, or to clone one quantum state to

two identical ones. This yields a class of problems: exactly how close can

one approximate these desired, yet impossible results?

We examine this problem in the specific case of ‘classical coding’. Im-

possibility of classical coding is the following statement: if a single quantum

state is encoded into classical information, then it is impossible, starting

from this classical information, to reconstruct the original quantum state.

In order to quantify how far one is removed from the ideal situation,

we define ∆ to be the worst case trace distance between the original and

the decoded state. The impossibility of classical coding is then equivalent

to ∆ 6= 0. The aim is now to investigate which values of ∆ can be reached.

We will do this in two different ways.

- The heart of this paper is the operator-valued Cauchy-Schwarz in-
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equality, described in section 4. We will use it to obtain the bound

∆ ≥ (3 −
√

5)/4.

- We will also attack the same problem using a no-cloning theorem3,

which will yield the superior bound ∆ ≥ 1/3.

The Cauchy-Schwarz method was used earlier in1 for the three quantum

impossibilities called ‘no measurement without disturbance’, ‘no measure-

ment without decoherence’ and ‘no joint measurement’. In contrast with

the case considered here, the bounds in these three cases did turn out to

be sharp. The purpose of this paper is mainly to illustrate the flexibility of

the Cauchy-Schwarz method.

The article is structured as follows: in section 2, a short introduction to

quantum probability theory is given. In section 3, the problem of classical

coding is formulated in a rigorous mathematical fashion. In section 4, the

Cauchy-Schwarz inequality is given, and applied to the problem of classical

coding. This yields the bound ∆ ≥ (3−
√

5)/4. Section 5 provides the supe-

rior bound ∆ ≥ 1/3, based on the no-cloning theorem. A short discussion

of the results then follows in section 6.

2. Quantum Mechanics

A quantum mechanical system is described by a von Neumann algebra A
of bounded operators on a Hilbert space H, usually the algebra B(H) of

all bounded operators. Its state space is formed by the normalized density

matrices S(A) = {ρ ∈ A ; ρ ≥ 0, tr(ρ) = 1}. With the system in state

ρ ∈ S(A), observation of a (Hermitean) observable A ∈ A is postulated to

yield the average value tr(ρA).

2.1. Completely Positive maps

The natural notion of a map between von Neumann-algebras is that of a

completely positive (or CP for short) map.

Definition 2.1. Let A and B be von Neumann algebras. A weakly contin-

uous map T : B → A is called Completely Positive (or CP for short) if it is

linear, normalized (i.e. T (I) = I), positive (i.e. T (X†X) ≥ 0 for all X ∈ B)

and if moreover the extension Idn ⊗ T : Mn ⊗ B → Mn ⊗A is positive for

all n ∈ N, where Mn is the algebra of complex n × n-matrices.

Its dual T ∗ : S(A) → S(B), defined by the requirement tr(T ∗(ρ)X) =

tr(ρT (X)) ∀X ∈ B, has a direct physical interpretation as an operation
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between quantum systems. T is positive, linear and normalized. This is

equivalent to T ∗ being an affine map S(A) → S(B). That is, each state

ρ ∈ S(A) is again mapped to a state T ∗(ρ) ∈ S(B), and for all p ∈ [0, 1]

and ρ1, ρ2 ∈ S(A), we have pT ∗(ρ1) + (1− p)T ∗(ρ2) = T ∗(pρ1 + (1− p)ρ2).

This expresses the stochastic equivalence principle: a system which is in

state ρ1 with probability p and in state ρ2 with probability (1 − p) cannot

be distinguished from a system in state pρ1 + (1 − p)ρ2.

It is possible to extend the systems A and B under consideration with

another system Mn, on which the operation acts trivially. Due to complete

positivity, states in S(Mn ⊗A) are once again mapped to states in S(Mn ⊗
B). This is of course a crucial property if one seeks to interpret T ∗ as a

physical map: the mere act of coupling the system A to another system Mn

may never cause negative probabilities. Surprisingly enough, there exist

linear maps which are positive, but not completely positive. It is generally

believed that any operation which can be physically implemented on a

quantum system is described by a CP-map.

2.2. Probability Spaces

We are interested in quantum operations which take as input a quantum

state, and yield a classical probability distribution as output.

In order to encompass this in our framework of CP-Maps and von Neu-

mann algebras, we identify a classical probability space with a commutative

von Neumann algebra. (See4.) A classical probability space (Ω,Σ, P) gives

rise to A := L∞(Ω,Σ, P), the set of bounded measurable functions on Ω up

to the equivalence ∼, with f ∼ g if f = g almost surely. We think of these

as the random variables. Since f ∈ A acts on the Hilbert space L2(Ω) by

multiplication, we can regard A as a commutative subalgebra of B(L2(Ω)),

which turns out to be weakly closed. The probability measure P of course

induces the expectation E(f) =
∫
Ω

f(ω)P(dω) of a random variable. This

yields a state ρP by requiring tr(ρPMf ) := E(f).

In short, a classical probability space corresponds to a commutative

von Neumann algebra, and a probability measure corresponds to a state on

that algebra. An operation C∗ which maps quantum states in S(B(H)) to

classical probability distributions in S(A) must therefore be the dual of a

CP-map C : A → B(H).

For example, the direct measurement of an observable (= bounded Her-

mitean operator) X. With each Hermitean operator, there is associated

a projection valued measure P (dx), such that X =
∫
Spec(X)

xP (dx). The

measurement of X is then represented by the CP-map L∞(Spec(X)) →



378 B. Janssens

B(H) defined by f 7→
∫
Spec(X)

f(x)P (dx). In the dual (Schrödinger) pic-

ture, we then see that a state ρ ∈ S(B(H)) induces the probability dis-

tribution P(dx) = tr(ρP (dx)) on the spectrum of X. More generally, each

CP-map L∞(Ω) → B(H) corresponds to a Positive Operator Valued Mea-

sure, but we will not need this here.

Similarly, an operation D∗ which maps classical probability distributions

into quantum states must be the dual of a CP-map D : B(H) → A.

3. Classical Coding

By classical coding, we mean the following procedure. First, classical in-

formation is extracted from a quantum system. This is described by the

coding map C : A → B(H), with A = L∞(Ω) for some space Ω. Then, on

the basis of this classical information, the original state is reconstructed as

well as possible by means of some decoding procedure. This is described by

a CP-map D : B(H) → A. In the dual picture, this gives

S(B(H))
C∗

→ S(A)
D∗

→ S(B(H)) .

The coding procedure is flawless iff every state is reconstructed perfectly,

i.e. iff C ◦ D : B(H) → B(H) is the identity.

It is well known5,8 that perfect classical coding is impossible. So let

us investigate how close we can come to perfection. Define ∆ to be the

maximum difference between input and output probability on a single event

P , i.e.

∆ := sup
ρ,P

|tr(D∗C∗(ρ)P ) − tr(ρP )|,

where ρ runs over S(B(H)), and P runs over the projections in B(H).

We give two reformulations of this definition (see6). The first is ∆ =

supρ |D(ρ,D∗C∗(ρ))|, with D(ρ, τ) the trace distance or Kolmogorov dis-

tance D(ρ, τ) = 1
2tr(|ρ − τ |) between ρ and τ . The second is ∆ =

supB ‖B − CD(B)‖, where B runs over the positive operators 0 ≤ B ≤ I.

The latter is most convenient, and we will use it in the remainder of the

article.

We remark that ∆ quantifies the quality of the coding procedure: a large

value of ∆ corresponds to a poor classical coding procedure, a small value

of ∆ corresponds to a good one. Furthermore, ∆ = 0 if and only if all states

are encoded perfectly. We now investigate how close to zero ∆ can come.
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4. The Cauchy-Schwarz Method

We start with a lemma which, in all its simplicity, is the cornerstone of

a veritable zoo of quantum inequalities. (See1,2. The special case (A,A) =

0 ⇒ (A,B) = 0 is older, and due to Werner8.)

Lemma 4.1 (Cauchy-Schwarz). Let A, B be von Neumann algebras,

and let ( · , · ) : A×A → B be a positive semidefinite sesquilinear form. That

is, it is linear in the second argument, (A,B)† = (B, A) for all A,B ∈ A,

and (A,A) ≥ 0 for all A ∈ A. Then ‖ℜ(A,B)‖2 ≤ ‖(A,A)‖‖(B,B)‖ and

‖ℑ(A,B)‖2 ≤ ‖(A, A)‖‖(B, B)‖ for all A,B ∈ A.

Proof. For A,B ∈ A and λ ∈ C, we have (with ℜX := (X + X†)/2 the

‘real’ and ℑX := (X − X†)/2i the ‘imaginary’ part):

0 ≤ (A − λB,A − λB) = (A, A) − 2ℜλ(A,B) + |λ|2(B, B). (1)

If (A,A) = 0 and (B, B) = 0, the lemma follows immediately from (1). If

not, assume that (B, B) 6= 0, exchanging the roles of A and B if neces-

sary. Choose λ = ±‖ℜ(A,B)‖/‖(B, B)‖, so that (1) becomes the operator

inequality

±2ℜ(A, B)‖ℜ(A, B)‖/‖(B, B)‖ ≤ (A,A) + (B,B)‖ℜ(A, B)‖2/‖(B,B)‖2.

In particular, the spectrum of the operator on the l.h.s. is contained in

[−‖R‖, ‖R‖], with R the r.h.s. operator. Thus 2‖ℜ(A,B)‖2/‖(B, B)‖ ≤
‖R‖, and ‖R‖ ≤ ‖(A,A)‖+‖ℜ(A,B)‖2/‖(B, B)‖. This yields ‖ℜ(A,B)‖2 ≤
‖(A,A)‖‖(B, B)‖, as required. Since ℜ(iA,B) = ℑ(A,B) holds, we also

have ‖ℑ(A,B)‖2 ≤ ‖(A, A)‖‖(B, B)‖.

For example, each CP-map T : A → B induces a positive semidefinite

sesquilinear form by (A,B)T := T (A†B)−T (A)†T (B). Indeed, according to

Stinespring’s theorem (see7), we can assume without loss of generality that

T is of the form T (A) = V †AV , with ‖V ‖ ≤ 1. Then (A,A)T = V †A†(I −
V V †)AV = (

√
(I − V V †)AV )†

√
(I − V V †)AV ≥ 0. The sesquilinearity is

clear.

We use the Cauchy-Schwarz inequality to obtain a the bound on ∆ for

any classical coding procedure. (The proof is inspired by the ‘impossibility

of classical coding’ version in5.)

Theorem 4.1. Let A be a commutative von Neumann-algebra, and let

B(H) be the algebra of bounded operators on a Hilbert space H of dimension

> 1. Let C : A → B(H) and D : B(H) → A be CP-maps. Let ∆ :=

sup{‖B − C ◦ D(B)‖ : 0 ≤ B ≤ I}. Then ∆ ≥ (3 −
√

5)/4.
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Proof. Take two orthogonal vectors ψ, φ ∈ H, and define X to be the

projection on ψ, and Y the projection on (ψ + φ)/
√

2. We have ‖[X,Y ]‖ =

1/2. Since A is Abelian, we have D(X)D(Y ) = D(Y )D(X), and we can

write

[X,Y ] = [X,Y ] − CD([X, Y ]) + (2)

C (D(XY ) − D(X)D(Y )) − (3)

C (D(Y X) − D(Y )D(X)) .

We will bound the r.h.s. in terms of ∆. Remembering that the l.h.s. is at

least 1/2 in norm will then yield a minimum value on ∆.

We start with (2). Like any antihermitean operator, [X, Y ] can be writ-

ten as [X, Y ] = i(A+ −A−), with 0 ≤ A± ≤ ‖[X,Y ]‖I = 1
2I. Therefore, we

have ‖[X, Y ] − CD([X, Y ])‖ ≤ ∆‖A+‖ + ∆‖A−‖ ≤ ∆.

We then proceed with (3). Consider the positive semidefinite sesquilin-

ear form (X, Y ) := C
(
D(X†Y ) − D(X)†D(Y )

)
, in terms of which the

expression (3) equals 2iℑ(X, Y ). It is positive as the concatenation of

( · , · )D : B(H) × B(H) → A and the positive map C : A → B(H).

According to Lemma 4.1, we have

‖2iℑ(X,Y )‖ ≤ 2
√
‖(X,X)‖‖(Y, Y )‖.

Now (X, X) = (X, X)CD − (D(X), D(X))C ≤ (X, X)CD, and a similar

expression holds for Y .

Since X†X = X, we have (X, X)CD = CD(X)(I − CD(X)). Since

‖X − CD(X)‖ ≤ ∆, and X has spectrum {0, 1}, the spectrum of CD(X)

is contained in [0,∆] ∪ [1 − ∆, 1]. (Recall that 0 ≤ CD(X) ≤ I.) The

spectrum of CD(X)(I−CD(X)) therefore lies within [0, ∆(1−∆)], so that

‖(X, X)CD‖ ≤ ∆(1 − ∆). The same holds for Y of course. Putting this

together, we bound (3) as ‖2iℑ(X,Y )‖ ≤ 2∆(1 − ∆).

We conclude that 1/2 = ‖[X,Y ]‖ ≤ ∆+2∆(1−∆), or (∆−3/4)2 ≤ 5/16.

Thus ∆ ≥ (3 −
√

5)/4, which was to be proven.

5. The No-Cloning Method

It is easy to obtain a better bound from the no-cloning theorem of Keyl

and Werner3. The idea is, that each classical coding procedure yields a

cloning machine. All one has to do is to ‘decode’ the classical information

an arbitrary amount M of times, rather than just once.

To be more explicit, suppose that we are in the finite setting: H = Cd is

a finite-dimensional Hilbert space, and A = L∞(Ω) with Ω = {1, 2, . . . , n}.
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The ‘diagonal’ map Ω → ΩM : i 7→ (i, . . . , i) induces the ‘classical cloning’

map K : A⊗M → A, i.e. (Kf)(i) := f(i, . . . , i). (Note that for e.g. Ω = R,

a cloning map poses difficulties.)

The composition T := C ◦ K ◦ D⊗M , mapping B(Cd)⊗M to B(Cd),

is a so-called 1 → M cloner. By construction of T , it is clear that

T (I ⊗ . . . ⊗ B ⊗ . . . ⊗ I) = CD(B). The main result of3 then says that

sup0≤B≤I ‖T (I ⊗ . . . ⊗ B ⊗ . . . ⊗ I) − B‖ ≥ (M−1)
M

d−1
d+1 . Since M ∈ N+ was

arbitrary, this implies ∆ ≥ d−1
d+1 . The best possible coding occurs for d = 2,

when ∆ ≥ 1
3 .

6. Discussion

The number (3−
√

5)/4 ≈ 0.19, obtained from the Cauchy-Schwarz inequal-

ity, is inferior to the 1
3 ≈ 0.33 from the no-cloning theorem, in usefulness

as well as in the standard order on R.

Although it yields inferior results for classical coding, the Cauchy-

Schwarz method is simpler. At least taking into account the fairly heavy

machinery needed in3. It is also very flexible. For any kind of quantum im-

possibility, ranging from ‘no classical coding’ to ‘no measurement without

disturbance’, and from ‘decoherence after measurement’ to ‘no joint mea-

surement’, the Cauchy-Schwarz inequality yields a bound which quantifies

how far one is removed from the ideal, impossible situation. (See1,2.)

Surprisingly enough, in the cases of ‘no measurement without decoher-

ence’ ‘no measurement without disturbance’ and ‘no joint measurement’,

this bound becomes sharp in the sense that there exist quantum opera-

tions which reach it. Furthermore, as far as I am aware, these three bounds

cannot be obtained in any other way.

In conclusion, the Cauchy-Schwarz method yields quantitative bound for

a variety of quantum impossibilities, including classical coding. Although

this is not the case for classical coding, many of these bounds turn out to

be sharp.
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The quantum entropy was introduced by von Neumann around 1932, which de-

scribes the amont of information of the quantum state itself. It was extended

by Ohya for C*-systems. The quantum relative entropy was first defined by

Umegaki for σ-finite von Neumann algebras, which denotes a certain difference

between two states. It was extended by Araki and Uhlmann for general von

Neumann algebras and *-algebras, respectively. The development of commu-

nication theory is closely connected with study of entropy theory. The mutual

entropy denotes the amount of information correctly transmitted from the in-

put system to the output system through the channel. The classical mutual

entropy is defined by using the joint probability measure between the input

and output systems, but there does not exist the joint states in the quan-

tum systems. Ohya introduced the quantum mutual entropy by defining the

compund states instead of the joint probability measures in the classical com-

munication systems. Recently, Shor and Bennet et al formulated two mutual

entropy-type measures for discussing the coding theorem in quatum communi-

cation processes. These mutual entropy-type measures are defined by using the

entropy exchange relating the entanglement of the states. Belavkin and Ohya

introduced the most poweful tool to measure the degree of entanglement.

In this paper, three mutual entropy-type measures are compared and one can

conclude that the Ohya mutual entropy is the most suitable one for discussing

the information transmission in quantum systems.

1. Introduction

In communication theory, there are two kind of important measures. One

is called an entropy measuring the mount of information of a state itself

and another is called a mutual entropy (information) measuring the mount

of information correctly transmitted from an input system to an output
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system through a channel. The signal of the input system is sent through

a channel. In classical communication theory, the mutual entropy was de-

fined by using the joint probability distribution between the input and out-

put systems. The (semi-classical) mutual entropies for classical input and

quantum output were studied by several researchers8,9. In fully quantum

system, there does not exist the joint probability distribution in general.

Instead of the joint probability distribution, Ohya introduced a compound

state and defined Ohya mutual entropy11 based on quantum relative en-

tropy of Umegaki25 in 1983, he extended it12 to general quantum systems

by using the relative entropy of Araki2 and Uhlmann26. The channel is

represented mathematically by a mapping from the input state system to

the output state space. One of the example of the quantum channel is the

quantum teleportation by using the quantum entanglement state of the in-

put and out put systems. In3, Belavkin and Ohya introduced the measure

of entanglment for the states, which is one of the most effective tool for

measuring the degree of entanglement of the quantum states.

Shor24 and Bennet et al4,5,22,23 took the entropy exchange and defined

the mutual entropy-type measures so called the coherent entropy and the

Lindblad entropy to discuss a sort of coding theorem for communication

processes.

In this paper, we compare with mutual entropy-type measures and show

one of the results for quantum capacity for the attenuation channel.

2. Quantum Channels

The concept of channel has been carried out an important role in the

progress of the quantum communication theory. Here we review the def-

inition of the quantum channels.

Let H1,H2 be complex separable Hilbert spaces of an input and an out-

put systems, respectively, and let B (Hk) be the set of all bounded linear op-

erators on Hk. We denote the set of all density operators on Hk (k = 1, 2)

by

S (Hk) ≡ {ρ ∈ B (Hk) ; ρ ≥ 0, trρ = 1} . (1)

A map Λ∗ from the quantum input system to the quantum output system

is called a (fully) quantum channel.

(1) Λ∗ is called a linear channel if it satisfies the affine property, i.e.,
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∑

k

λk = 1 (∀λk ≥ 0) ⇒ Λ∗

(∑

k

λkρk

)
=

∑

k

λkΛ∗ (ρk) ,∀ρk ∈ S (H1) .

2. Λ∗ : S (H1) → S (H2) is called a completely positive (CP) channel

if its dual map Λ satisfies

n∑

j,k=1

B∗
j Λ

(
A∗

jAk

)
Bk ≥ 0 (2)

for any n ∈ N, any Bj ∈ B (H1) and any Ak ∈ B (H2), where the dual

map Λ : B (H2) → B (H1) of Λ∗ : S (H1) → S (H2) satisfies trρΛ (A) =

trΛ∗ (ρ)A for any ρ ∈ S (H1) and any A ∈ B (H2) .

2.1. Attenuation channel

In particular, an attenuation channel introduced in11 is one of the most

inportaint model for discussing the information transmission in quantum

optical communication.

Let us consider the communication processes including noise and loss

systems. Let K1, K2 be the complex separable Hilbert spaces for the noise

and the loss systems, respectively. The quantun communication channel

Λ∗
0(ρ) ≡ trK2

π∗
0 (ρ ⊗ ξ0) , ξ0 ≡ |0〉 〈0| and π∗

0 (·) ≡ V0 (·) V ∗
0 (3)

is called the attenuation channel, where |0〉 〈0| is vacuum state in H1 and

V0 is a linear mapping from H1 ⊗K1 to H2 ⊗K2 given by

V0 (|n〉 ⊗ |0〉) ≡
n∑

j=0

Cn
j |j〉 ⊗ |n − j〉 , Cn

j =

√
n!

j!(n − j)!
αj β̄

n−j

(4)

for any |n〉 in H1 and α,β are complex numbers satisfying |α|2 + |β|2 =

1. η = |α|2 is the transmission rate of the channel. π∗
0 is called a beam

splittings, which means that one beam comes and two beams appear after

passing throughπ∗
0 . This attenuation channel is generalized by Ohya and

Watanabe such as noisy optical channel18,19 . After that, Accardi and Ohya1

reformulated it by using liftings, which is the dual map of the transition

expectation by mean of Accardi. It contains the concept of beam splittings,

which is extended by Fichtner, Freudenberg and Libsher7 concerning the

mappings on generalized Fock spaces. For the attenuation channel Λ∗
0, one

can obtain the following theorem:
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Theorem 2.1. The attenuation channel Λ∗
0 is described by

Λ∗
0 (ρ) =

∞∑

i=0

OiV0QρQ∗V ∗
0 O∗

i , (5)

where Q ≡
∑∞

l=0 (|yl〉 ⊗ |0〉) 〈yl| , Oi ≡
∑∞

k=0 |zk〉 (〈zk| ⊗ 〈i|), {|yl〉} is a

CONS inH1, {|zk〉} is a CONS in H2 and {|i〉} is the set of number states

in K2.

3. Ohya S-Mixing Entropy

The quantum entropy was introduced by von Neumann around 193210,

which is defined by

S (ρ) ≡ −trρ log ρ

for any density operators ρ in S (H1) . It denotes the amount of information

of the quantum state ρ. It was extended by Ohya13 for general quantum

systems as follows.

Let (A, S(A)) be a C*-system. The entropy of a state ϕ ∈ S seen from

the reference system, a weak∗-compact convex subset of the whole state

space S(A) on the C*-algebra A, was introduced by Ohya, which is called

a Ohya S-mixing entropy. This Ohya S-mixing entropy contains von Neu-

mann’s entropy and classical entropy as special cases.

Every state ϕ ∈ S has a maximal measure µ pseudosupported on exS
(extreme points in S) such that

ϕ =

∫

exS

ωdµ. (6)

The measure µ giving the above decomposition is not unique unless S is a

Choquet simplex, so that we denote the set of all such measures by Mϕ(S).

Take

Dϕ(S) ≡
{

µ ∈ Mϕ(S); ∃{µk} ⊂ R+ and {ϕk} ⊂ exS s.t.

∑

k

µk = 1, µ =
∑

k

µkδ(ϕk)

}
, (7)

where δ(ϕ) is the delta measure concentrated on {ϕ}. Put

H(µ) = −
∑

k

µk log µk (8)

for a measureµ ∈ Dϕ(S).
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Ohya S-mixing entropy of a general state ϕ ∈ S w.r.t. S is defined by

SS(ϕ) =

{
inf {H(µ);µ ∈ Dϕ(S)} (Dϕ(S) 6= ∅)

∞ (Dϕ(S) = ∅)
(9)

When S is the total space S(A), we simply denote SS(ϕ) by S(ϕ). This

entropy (mixing S-entropy) of a general state ϕ satisfies the following prop-

erties13.

Theorem 3.1. When A = B(H) and αt = Ad(Ut) (i.e., αt(A) = U∗
t AUt

for anyA ∈ A) with a unitary operator Ut, for any state ϕ given by ϕ(·) =

trρ· with a density operator ρ, the following facts hold:

(1) S(ϕ) = −trρ log ρ.

(2) If ϕ is an α-invariant faithful state and every eigenvalue of ρ is non-

degenerate, then SI(α)(ϕ) = S(ϕ), where I (α) is the set of all α-invariant

faithful states.

(3) If ϕ ∈ K(α), then SK(α)(ϕ) = 0, where K (α) is the set of all KMS

states.

Theorem 3.2. For any ϕ ∈ K(α), we have

(1) SK(α)(ϕ) ≤ SI(α)(ϕ).

(2) SK(α)(ϕ) ≤ S(ϕ).

This Ohya S-mixing entropy gives a measure of the uncertainty observed

from the reference system S so that it has the following merits: Even if the

total entropy S(ϕ) is infinite, SS(ϕ) is finite for some S, hence it explains

a sort of symmetry breaking in S. Other similar properties as S(ρ) hold

for SS(ϕ). This entropy can be applied to characterize normal states and

quantum Markov chains in von Neumann algebras.

The relative entropy for two general states ϕ and ψ was introduced by

Araki and Uhlmann and their relation is studied by Donald, Petz and Hiai

et al.

4. Quantum Relative Entropy

4.1. Umegaki’s definition

Let B (H) be the set of all bounded linear operators on a Hilbert space H
and ρ, σ be density operators on H. The Umegaki’s relative entropy25 with

respect to ρ and σ is defined by

S (ρ, σ) ≡
{

trρ (log ρ − log σ) (when ranρ ⊂ ranσ)

∞ (otherwise)
(10)
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It represents a certain difference between two quantum states ρ, σ. There

were several trials to extend the relative entropy to more general quantum

systems and apply it to some other fields2,13,14,26.

4.2. Araki’s definition

Let N be σ-finite von Neumann algebra acting on a Hilbert space H and

ϕ,ψ be normal states on N given by ϕ(·) = 〈x, ·x〉 and ψ(·) = 〈y, ·y〉 with

x, y ∈ K (a positive natural cone). The operator Sx,y is defined by

Sx,y(Ay + z) = sN (y)A∗x, A ∈ N, sN ′

(y)z = 0, (11)

on the domain Ny + (I − sN
′

(y))H, where sN(y) is the projection from H
to {N′y}−, the N -support ofy. Using this Sx,y, the relative modular op-

erator ∆x,y is defined as ∆x,y = (Sxy)
∗
Sx,y, whose spectral decomposition

is denoted by
∫ ∞

0
λdex,y(λ) (Sx,y is the closure of Sx,y). Then the Araki

relative entropy2 is given by

S(ψ, ϕ) =

{∫ ∞

0
log λd 〈y, ex,y (λ) y〉 (ψ ≪ ϕ)

∞ (otherwise)
, (12)

where ψ ≪ ϕ means that ϕ(A∗A) = 0 implies ψ(A∗A) = 0 for A ∈ N .

4.3. Uhlmann’s definition

Let L be a complex linear space and p, q be two seminorms onL. More-

over, let H(L) be the set of all positive hermitian forms α on L satisfying

|α(x, y)| ≤ p(x)q(y) for allx, y ∈ L. Then the quadratical mean QM(p, q)

of p and q is defined by

QM(p, q)(x) = sup{α(x, x)1/2; α ∈ H(L)}, x ∈ L, (13)

and there exists a function pt(x) of t ∈ [0, 1] for each x ∈ L satisfying the

following conditions:

(1) For anyx ∈ L, pt(x) is continuous in t,

(2) p1/2 = QM(p, q),

(3) pt/2 = QM(p, pt),

(4) p(t+1)/2 = QM(pt, q).

This seminorm pt is denoted by QIt(p, q) and is called the quadrati-

cal interpolation from p toq. It is shown that for any positive hermitian

formsα, β, there exists a unique function QFt(α, β) of t ∈ [0, 1] with values

in the set H(L) such that QFt(α, β)(x, x)1/2 is the quadratical interpolation
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from α(x, x)1/2 to β(x, x)1/2. The relative entropy functional S(α, β)(x) of

α and β is defined as

S(α, β)(x) = −lim inf
t→0

1

t
{QFt(α, β)(x, x) − α(x, x)} (14)

for x ∈ L. Let L be a *-algebra A and ϕ,ψ be positive linear functionals on

A defining two hermitian forms ϕL, ψR such as ϕL(A,B) = ϕ(A∗B) and

ψR(A, B) = ψ(BA∗).

The Uhlmanns relative entropy26 of ϕ and ψ is defined by

S(ψ,ϕ) = S(ψR, ϕL)(I). (15)

5. Ohya Mutual Entropy for Genaral Quantum Systems

The classical mutual entropy is determined by an input state and a channel,

so that we denote the quantum mutual entropy with respect to the input

state ϕ and the quantum channel Λ∗ by I (ϕ; Λ∗) . This quantum mutual

entropy I (ϕ; Λ∗) should satisfy the following three conditions:

(1) The quantum mutual entropy is well-matched to the von Neumann

entropy. That is, if a channel is trivial, i.e., Λ∗ = identity map, then the

mutual entropy equals to the von Neumann entropy: I (ϕ; id) = S (ϕ).

(2) When the system is classical, the quantum mutual entropy reduces

to classical one.

(3) Shannon’s fundamental inequality 0 ≤ I (ϕ; Λ∗) ≤ S (ϕ) is held.

In order to define such a quantum mutual entropy, we need the quantum

relative entropy and the joint state, which is called a compound state,

describing the correlation between an input state ϕ and the output state

Λ∗ϕ through a channel Λ∗. For ϕ ∈ S ⊂ S(A) and Λ∗ : S(A) → S(A), the

compound states are defined by

ΦS
µ =

∫

S

ω ⊗ Λ∗ωdµ (16)

and

Φ0 = ϕ ⊗ Λ∗ϕ. (17)

The first compound state, which is called a Ohya compund state, general-

izes the joint probability in classical dynamical system and it exhibits the

correlation between the initial state ϕ and the final state Λ∗ϕ.

Ohya mutual entropy w.r.t. S and µ is

ISµ (ϕ; Λ∗) = S(ΦS
µ ,Φ0) (18)



390 N. Watanabe

and Ohya mutual entropy13 w.r.t. S is defined by

IS(ϕ; Λ∗) = lim sup
ε→0

{
ISµ (ϕ; Λ∗);µ ∈ F ε

ϕ(S)
}

, (19)

where

F ε
ϕ(S) =

{{
µ ∈ Dϕ(S);SS(ϕ) ≤ H (µ) ≤ SS(ϕ) + ε < +∞

} (
SS(ϕ) < +∞

)

Mϕ(S)
(
SS(ϕ) = +∞

)

(20)

The following fundamental inequality is satisfied for almost all physical

cases14.

0 ≤ IS(ϕ; Λ∗) ≤ SS(ϕ) (21)

In the case that the C*-algebra is B (H) and S is the set of all density

operators, the above Ohya mutual entropy goes to

I (ρ; Λ∗) = sup

{∑

n

S(Λ∗En, Λ∗ρ), ρ =
∑

n

λnEn

}
, (22)

where ρ is a density operator (state), S (Λ∗En, Λ∗ρ)is Umegaki’s relative

entropy and ρ =
∑∑ nEn is Schatten-von Neumann (one dimensional spec-

tral) decomposition. As was mentioned above, it satisfies the Shannon’s

type inequality as follows:0 ≤ I (ρ, Λ∗) ≤ min {S (ρ) , S (Λ∗ρ)}. It is easily

shown that we can take orthogonal decomposition instead of the Schatten-

von Neumann decomposition21.

5.1. Semi-classical mutual entropy

When the input system is classical, the state ϕ is a probability distribu-

tion and the Schatten-von Neumann decomposition is unique with delta

measures δn such that ϕ =
∑

n λnδn. In this case we need to code the

classical state ϕ by a quantum state ψ, whose process is a quantum cod-

ing described by a channel Γ∗ such that Γ∗δn = ψn (quantum state)

andψ ≡ Γ∗ϕ =
∑

n λnψn. Then Ohya mutual entropy I (ϕ; Λ∗ ◦ Γ∗) be-

comes Holevo’s one, that is,

I (ϕ; Λ∗ ◦ Γ∗) = S (Λ∗ψ) −
∑

n

λnS (Λ∗ψn) (23)

when
∑

n λnS (Λ∗ψn) is finite. These Ohya mutual entropy (ME) are com-

pletely quantum, namely, it represents the information transmission from a

quantum input to a quantum output. The quantum system is described by

a noncommutative structure. The classical system is expressed by a com-

mutative construction. In the mathematical point of view, the commutative
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systems are contained in the noncommutative framework. One can obtain

the following diagram.

ւ Semi-classical ME ←− Ohya ME

Shannon′s ME ↑
տ ME (GKY) ←− Ohya ME for GQS

6. Quantum Mutual Entropy Type Measures

Recently Shor24 and Bennet et al4,5 took the coherent entropy and defined

the mutual type entropy to discuss a sort of coding theorem for quantum

communication. In this section, we compare these mutual types entropy.

Let us discuss the entropy exchange22. For a stateρ, a channel Λ∗ is

denoted by using an operator valued measure {Aj} such as

Λ∗ (·) ≡
∑

j
A∗

j · Aj , (24)

which is called a Stinespring-Sudarshan-Kraus form. Then one can define

a matrix W = (Wij)i,j with

Wij ≡ trA∗
i ρAj , (25)

by which the entropy exchange is defined by

Se (ρ, Λ∗) = −trW log W. (26)

By using the entropy exchange, two mutual type entropies are defined as

follows:

IC (ρ; Λ∗) ≡ S (Λ∗ρ) − Se (ρ, Λ∗) , (27)

IL (ρ; Λ∗) ≡ S (ρ) + S (Λ∗ρ) − Se (ρ,Λ∗) . (28)

The first one is called the coherent entropy IC (ρ; Λ∗)23 and the second

one is called the Lindblad entropy IL (ρ; Λ∗)5. By comparing these mutual

entropies for quantum information communication processes, we have the

following theorem20 :

Theorem 6.1. Let {Aj} be a projection valued measure with dimAj = 1.

For arbitrary state ρ and the quantum channel Λ∗ (·) ≡
∑

j Aj ·A∗
j , one has

(1) 0 ≤ I (ρ; Λ∗) ≤ min {S (ρ) , S (Λ∗ρ)}(Ohya mutual entropy),

(2) IC (ρ; Λ∗) = 0 (coherent entropy),

(3) IL (ρ; Λ∗) = S (ρ) (Lindblad entropy).
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For the attenuation channel Λ∗
0, one can obatain the following theo-

rems20 :

Theorem 6.2. For any state ρ =
∑

n λn |n〉 〈n| and the attenuation chan-

nel Λ∗
0 with |α|2 = |β|2 = 1

2 , one has

(1) 0 ≤ I (ρ; Λ∗
0) ≤ min {S (ρ) , S (Λ∗

0ρ)}(Ohya mutual entropy),

(2) IC (ρ; Λ∗
0) = 0 (coherent entropy),

(3) IL (ρ; Λ∗
0) = S (ρ) (Lindblad entropy).

Theorem 6.3. For the attenuation channel Λ∗
0 and the input stateρ =

λ |0〉 〈0| + (1 − λ) |θ〉 〈θ|, we have

(1) 0 ≤ I (ρ; Λ∗
0) ≤ min {S (ρ) , S (Λ∗

0ρ)}(Ohya mutual entropy),

(2) −S (ρ) ≤ IC (ρ; Λ∗
0) ≤ S (ρ) (coherent entropy),

(3) 0 ≤ IL (ρ; Λ∗
0) ≤ 2S (ρ) (Lindblad entropy).

Therem 6.3 shows that the coherent entropy IC (ρ; Λ∗
0) takes a minus

value for |α|2 < |β|2 and the Lindblad entropy IL (ρ; Λ∗
0) is grater than the

von Neumann entropy of the input state ρ for |α|2 > |β|2. From these the-

orems, the coherent entropy and the Lindblad entropy can be used for the

measure of the tendency of entanglement of the quantum states, but these

are not fit for measuring the amount of information correctly transmitted

from the input system to the output system through the quantum chan-

nel. Therefore Ohya mutual entropy I (ρ; Λ∗) only satisfies the above three

conditions of the mutual entropy for information transmission in quantum

systems. One can conclude that the Ohya mutual entropy is a most suitable

one as quantum mutual entropy including the classical mutual entropy.

7. Quantum Capacity

The capacity means the ability of the information transmission of the chan-

nel, which is used as a measure for construction of channels. The fully quan-

tum capacity is formulated by taking the supremum of the fully quantum

mutual entropy with respect to a certain subset of the initial state space.

The capacity of purely quantum channel was studied in15–18.

Let S be the set of all input states satisfying some physical conditions.

Let us consider the ability of information transmission for the quantum

channelΛ∗. The answer of this question is the capacity of quantum channel

Λ∗ for a certain set S ⊂ S (H1) defined by

CS
q (Λ∗) ≡ sup {I (ρ; Λ∗) ; ρ ∈ S} . (29)

When S = S (H1) , the capacity of quantum channel Λ∗ is denoted by
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Cq (Λ∗) . Then the following theorem for the attenuation channel was proved

in.20

Theorem 7.1. For a subset Sn ≡ {ρ ∈ S (H1) ; dim s (ρ) = n} , the capac-

ity of the attenuation channel Λ∗
0 satisfies

CSn

q (Λ∗
0) = log n,

where s (ρ) is the support projection of ρ.

When the mean energy of the input state vectors {|τθk〉} can be taken

infinite, i.e., limτ→∞ |τθk|2 = ∞, the above theorem tells that the quantum

capacity for the attenuation channel Λ∗
0 with respect to Sn becomes log n.

It is a natural result, however it is impossible to take the mean energy

of input state vector infinite. Therefore we have to compute the quantum

capacity

CSe

q (Λ∗) = sup {I (ρ; Λ∗) ; ρ ∈ Se} (30)

under some constraint Se ≡ {ρ ∈ S;E (ρ) < e} on the mean energy E (ρ)

of the input state ρ. In,12,15 we also considered the pseudo-quantum

capacity CSe

pq (Λ∗) defined by

CSe

pq (Λ∗) = sup {Ip (ρ; Λ∗) ; ρ ∈ Se} (31)

with the pseudo-mutual entropy Ipq (ρ; Λ∗)

Ipq (ρ; Λ∗) = sup

{∑

k

λkS (Λ∗ρk,Λ∗ρ) ; ρ =
∑

k

λkρk, finite decomposition

}
,

(32)

where the supremum is taken over all finite decompositions instead of all

orthogonal pure decompositions for purely quantum mutual entropy.
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